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ABSTRACT 
 
The purpose of this study was to explore South African student teachers’ misconceptions in 
transformation geometry and address these through the lens of the van Hiele theory. It has been 
observed that students have weak knowledge of geometry is attributed to, among other factors, 
teachers’ incompetence in geometric knowledge. Teachers’ inability to communicate geometry 
content to students in ways that allow construction of students’ own conceptual knowledge, 
has been identified as a problem.  Literature suggests that the van Hiele theory of geometric 
reasoning has a potential to enhance students’ conceptual understanding of geometry, bridge 
the communication gap between teachers and students and help towards addressing the 
misconceptions that students have with the learning of geometry.    
 
Eighty-two Bachelor of Education Foundation Phase Teachers trainees were involved in the 
qualitative research study. An action research approach was used and data were collected firstly 
through pre-tests, followed by interviews with selected students, to get insight into the causes 
of the errors identified in the students’ test scripts. A van Hiele phase-based intervention 
programme was then designed and implemented, in order to address the students’ 
misconceptions and associated errors, as well as improve the researcher’s own practice. 
Students then wrote a post-test to determine the extent to which the van Hiele phase-based 
instruction helped address the misconceptions. Data was analysed using a thematic analysis 
approach. Various codes and patterns were formulated into themes that addressed the research 
questions.  
Findings indicated that students displayed some errors with transformation geometry and their 
misconceptions were exposed as they worked through the various phases of van Hiele phase-
based instruction. The errors fell under two main categories. Firstly, there were non-systematic 
errors, where, for example, students carelessly read instructions or wrote words or numbers 
without paying attention. Secondly, there were systematic errors, such as cases where students 
confused the properties of translations, reflections or rotations, as well as failing to recognise, 
describe or perform these transformations. The van Hiele phase-based instruction provided 
opportunities for students to confront their errors and address them as the programme continued 
over time. The results of the post-test showed that students improved their performance in 
general, but still struggled with problems that were set at higher van Hiele levels. Implications 
of the findings are discussed and then some recommendations are provided.  
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CHAPTER 1 
 INTRODUCTION 
 
1.1. Introduction  
 
This chapter contextualises this study by first giving some background relating to the state of 
affairs in mathematics education, mainly in the South African schooling system, but also 
including mathematics education issues in the global landscape. Included here are problems of 
performance by learners in the subject, as well as challenges relating to teachers and their role 
in teaching, and ability to teach the subject. Next an account of the kind of problems 
experienced by students in learning geometry, and transformation geometry in particular, is 
given, citing some of the literature that gives evidence to the existence of such problems. Then 
the importance of error analysis in addressing problems with mathematics learning and 
understanding is highlighted. The Van Hiele model, as the theoretical framework on which this 
study is based, is then discussed, together with research studies that have utilised this theory. 
After the background to the study and theory underpinning the study has been discussed, the 
chapter continues with the aims, objectives, research questions of the study, as well as a brief 
account of the research methodology applicable in this study. Lastly, the chapter ends with a 
discussion of the significance and limitations of the study, as well as an overview of this 
dissertation.  
 
1.2. Context and background to the study 
 
1.2.1. Mathematics in the South African schooling system 
  
Mathematics is regarded as a basic necessity for a nation’s scientific and technological 
advancement because of its useful links to many other fields of human endeavour (Department 
of Education [DoE], 1995; 2003). Within the schooling context, the subject is highly valued in 
all cultures because of the general belief that it enhances the development of learners’ logical 
thinking and problem-solving abilities (Jones, Langrall, Thornton & Nisbet, 2002; Graven & 
Schafer, 2014). Several objectives for teaching mathematics in the Foundation Phase (the level 
at which the study is focused) in South Africa have been identified. Among those objectives is 
the “deep conceptual understanding in order to make sense of mathematics” (Department of 
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Basic Education, 2011, p. 8). Thus, learners are expected to master key mathematical concepts 
from their early years of learning the subject. The importance of primary mathematics is also 
supported by Ma (2010, p. 116), who regards primary elementary mathematics as 
“fundamental, as it contains the rudiments of many key concepts in more advanced branches 
of the discipline”. Unfortunately, evidence, most of which comes from research done with 
secondary school learners, points to the fact that students often lack this deep conceptual 
understanding in mathematics (Siyepu, 2005; Atebe, 2008; Makonye, 2011).  
 
Students’ problems with learning mathematics are often evident through their performance in 
the subject. Even though mathematics is a highly valued subject and mathematics education 
has always been viewed as providing some of the underpinnings of the nation’s technological 
and scientific prowess (Schoenfeld, 2002), challenges with poor learner performance in 
mathematics still persist (Khembo, 2011; Spaull, 2013; Herholdt & Sapire, 2014). It is therefore 
not surprising that “one of the most significant contributors to the current South African 
national crisis in education is problems surrounding science and mathematics education” (Feza 
& Webb, 2005, p. 36). South African students’ performance in the Third International 
Mathematics and Science Studies (TIMSS) and the 2011 Trends in International Mathematics 
and Science Studies also bears testimony to the fact that mathematics education in the country 
is in a crisis. Their scores were very low, compared to those of other participating countries 
(Howie, 1997; Taylor & Vinjevold, 1999; Bernstein, 2013).  
 
The situation with poor student performance in mathematics in South Africa is also evident in 
the Annual National Assessment (ANA) results (Department of Basic Education (DBE), 2013).  
The 2013 ANA results show a decline in learners’ performance in mathematics as learners 
move up the grades, with averages of 53% for Grade 3, 39% for Grade 6 and only 14% for 
Grade 9 (Department of Basic Education (DBE), 2013, p. 31). ANA results on the performance 
of primary school learners in mathematics show that the problem of mathematics learning does 
not begin at the secondary school level. As suggested by Van der Berg and Louw (2006), the 
weak performance in matric originates much earlier, probably in the foundation and 
intermediate phases. Hence a study like this one, where pre-service teachers are hopefully being 
empowered with skills and knowledge relating to teaching Foundation Phase mathematics, is 
important. 
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1.2.2. Teachers’ content knowledge and pedagogical content knowledge 
 
Feza-Piyose (2012, p. 62) maintained that “one of the contributing factors to the poor 
performance of students in mathematics is the quality of instruction received by the majority 
of South African students”. This highlights the importance of the role of teachers in addressing 
some of the challenges with the learning of mathematics. One of the factors cited for limiting 
the quality of mathematics education, particularly numeracy and mathematics teaching, is the 
poor quality of teachers, especially at lower grade levels. For example, “the majority of Grade 
6 teachers in South Africa cannot answer a question that their learners ought to be able to 
answer based on the Grade 6 curriculum” (Bernstein, 2013, p. 6). This concern about teachers’ 
content knowledge has been raised in many studies, both in South Africa as well as in other 
countries (Shulman, 1986; Ball, Lubienski & Mewborn, 2001; Kahan, Cooper & Bethea, 2003, 
Van der Sandt, 2007; Khembo, 2011; Luneta, 2014).   
 
Content knowledge involves the disciplinary knowledge of a subject and the associated 
procedures for solving problems in that discipline (Ndlovu, 2012). Teachers’ mathematical 
content knowledge has been a reason for concern, especially with geometry (Knight, 2006). 
For example, in a study conducted by Van der Sandt and Nieuwoudt (2003), whose aim was to 
determine the geometry knowledge of Grade 7 teachers and prospective teachers, these teachers 
failed to reach the level of geometric reasoning expected from successful teachers. Kuzniak & 
Rauscher (2011, p. 129) also asserted that “in the case of geometry, mathematical subject 
knowledge among teachers appears uneven with a lot of gaps, especially among elementary 
school teachers”. A situation such as this is not desirable because teachers are supposed to help 
students understand the content they teach them. As Luneta (2014, p. 82) puts it about 
foundation phase prospective teachers in his study, “…the evidence of how little they know of 
basic geometry is disconcerting”. 
 
There is also concern about the effects of teachers’ judgements about the difficulty of certain 
topics, because such judgements may influence what and how they decide to teach. It is 
possible that teachers may not teach mathematics topics that they find to be very difficult, or 
they may treat topics whose conceptual demands they do not appreciate, perfunctorily (Chick 
2002, p. 180). It is therefore important that pre-service teachers’ challenges and misconceptions 
should be addressed to minimise the possibility of them not feeling confident enough to teach 
such topics in future.  
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Shulman (1986) came up with the concept of pedagogical content knowledge (PCK), which he 
described as knowledge of specific strategies for the imparting of particular subject matter. 
PCK is important for teachers since they play a substantial role in shaping the curriculum 
experienced by students (Remillard, 1999). For example, it does not help much if a teacher 
knows the mathematical content but cannot successfully impart it to learners. In such a case, 
the teacher’s difficulties are of a didactical nature. Didactical obstacles may arise as a result of 
teachers’ specific choices of methods or because of their limited knowledge of their students’ 
cognitive capacities (Kuzniak & Rauscher, 2011, p. 130). The implications of this for this 
current study is that the BEd pre-service teachers need to be developed in skills that help them 
impart subject matters effectively to their learners, over and above the development of the 
actual content they will teach. This is especially important because “to address the issue of 
effective geometry instruction at secondary school, one needs to focus on the instructional 
approaches and content knowledge of primary school teachers” (Luneta, 2014). 
 
For prospective teachers to be effective, they have to reflect on their connected mathematical 
knowledge bases and fluidly combine them with their experience and understanding of 
geometry when teaching (Luneta, 2013). Ideally, the teacher education course, in mathematics, 
“should enable them to disseminate content to learners in ways that ensure that they are able to 
construct their own knowledge of the concepts” (Luneta, 2014, p. 76). A big part of 
disseminating this content is their ability to identify and remedy learners’ misconceptions and 
enrich them where necessary (Luneta, 2014). Hence, by identifying their own misconceptions 
and then addressing them, this study serves as a model for the students to do the same with 
their own learners when they actually start to teach. 
 
Novice teachers need to have ‘modified’ content knowledge and pedagogical content 
knowledge in order to teach effectively (Rosemary & Feldman, as cited in Luneta 2014, p. 77). 
In other words, the knowledge they come out with from their teacher training courses should 
be adequate and relevant for the students they are supposed to teach. For example, through 
debriefing after teaching a lesson, the teacher must be able to re-examine the original lesson 
plan to assess its effectiveness, as well as decide how to modify it, if necessary, to improve 
student performance (Rosemary & Feldman 2009). Unfortunately, this is barely the case in 
South Africa, where “mathematics teaching is often poor quality, with teachers not able to 
answer questions in the curriculum they are teaching” (Bernstein, 2013, p. 1). Further support 
for this poor quality of teachers comes from Spaull (2013) who asserted that literature on the 
5 
 
content of South African teachers reveals that many have not mastered the curricula they are 
expected to teach. This state of affairs is disheartening, considering that “being the single most 
important element of the education system, the quality of a country’s teachers is intimately 
related with the quality of its education system” (Spaull 2013, p. 24). By identifying students’ 
misconceptions and addressing them, this study then facilitates the development of some of the 
attributes of a quality teacher, namely: 
 the inclination to teach (attitudes and desires), 
 the ability to teach (knowledge, skills and pedagogy), and therefore, 
 the competence to teach (imparting and instilling the knowledge, skills and values pupils should be 
acquiring at school) 
                                                                                                                    (Spaull 2013, p. 24). 
 
1.2.3. Students’ problems with learning geometry 
 
Clements and Battista (1992, p. 420) proposed a formal and comprehensive definition of school 
geometry by describing geometry as the “study of spatial objects, relationships, and 
transformations that have been formalized (or mathematized) and the axiomatic mathematical 
systems that have been constructed to represent them”. Geometry, as a component of 
mathematics in the school curriculum, is important because it allows students to analyse and 
interpret the world they live in, as well as equip them with tools they can apply in other areas 
of mathematics (Özerem 2012, p. 25). Some of these tools or skills are visualisation, critical 
thinking, intuition, perspective, problem-solving, conjecturing, deductive reasoning, logical 
argument and proof (Jones, 2002). 
 
Because geometry appeals to our visual, aesthetic and intuitive senses, it can capture the 
interest of learners, often those learners who may find other areas of mathematics, such as 
number and algebra, a source of bewilderment and failure, rather than excitement and creativity 
(Jones, 2002). It is therefore important that learners are taught geometry in such a way that they 
appreciate its beauty and usefulness. This highlights the role of teachers in making sure that 
students have an adequate understanding and appreciation of geometry. Unfortunately, this role 
is not always realised, with the result that sometimes there are barriers or problems to learning 
geometry, by which the teacher and pupils do not understand each other (Hoong & Khoh, 
2003). For example, in geometry the communication of information at different levels of 
reasoning of the sender (the teacher) and the receiver (the student) become a major cause of 
misconception (Lim, as cited in Luneta, 2015, p. 2). Thus, there is a possibility of errors 
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occurring mainly because students have difficulties in understanding the instructional 
approaches used by the teacher. 
 
Challenges with the learning of geometry are not unique to the South African context; geometry 
is regarded as a problematic learning area in mathematics around the globe (Snyders, 1995). 
Hence, research needs to be done to determine the nature of these problems as well as to come 
up with possible solutions. An important aspect of this research direction would be a study of 
the strategies that students use in different geometrical tasks as well as the identification of 
their mistakes (Panaoura & Gagatsis, 2009). It was the intention of this study, therefore, to help 
pre-service teachers learn geometry effectively by identifying challenges experienced by 
Bachelor of Education (BEd) Foundation Phase students in learning transformation geometry, 
and then addressing these problems using the Van Hiele theory of geometric reasoning. 
 
Luneta (2014) carried out a study aimed at establishing the level of basic knowledge of 
geometry of foundation phase students at university, using Van Hiele theory. The findings 
revealed that, although the students had passed Grade 12, their knowledge of basic geometry 
was found wanting, supporting other South African studies which established that, in general, 
Grade 12 learners have weak knowledge of geometry (Luneta, 2014). Research acknowledges 
that geometry is difficult to teach as well as to learn, for example, analysing transformation 
geometry involves many types of knowledge such as procedural, conceptual, strategic and 
declarative knowledge (Luneta, 2015b). In terms of teaching and learning it, many educators 
even wonder, why, in the first place, geometry was brought back to the (South African) 
curriculum yet they had difficulties with it in the past, and those impediments have not been 
fixed (Ndlovu, 2013). This calls for further investigation into the problems encountered with 
geometry learning, such as it was the intention of this study. 
 
The problems experienced by learners (and pre-service teachers) when learning geometry have 
been investigated in various studies, many of which used the Van Hiele theory (Mayberry, 
1983; Jones, 2002; Feza & Webb, 2005; Siyepu, 2005; Wu & Ma, 2006; Atebe, 2008; Panaoura 
& Gagatsis, 2009; Evbuomwan, 2013). Examples of some of the findings of these studies are 
discussed under Section 1.2.5 below. Within the broader context of geometry, students have 
been found to be struggling with the learning of transformation geometry (Bansilas & Naidoo, 
2012; Evbuomwan, 2013; Luneta, 2015b). Transformational geometry has been described as 
an aspect of geometry which deals with the way geometrical shapes of objects are changed into 
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their various images under reflections, translations, rotations, glide reflections and 
magnifications on a plane. Research concerning problems with transformation geometry 
reveals that students struggle with rotations and translations performed diagonally 
(Evbuomwan, 2013). Furthermore, students seemed to know the algebraic meaning of 
translation and rotation but they do not seem to understand the geometric meaning of these 
concepts (Ada & Kurtulus, 2010). 
 
In a recent study, Luneta (2015b) used Van Hiele’s levels of geometric thought as guiding 
principles for studying Grade 12 students’ knowledge of, among other topics, transformation 
geometry. The results of the study revealed that students have challenges with transformation 
geometry. For example, the majority of the students who completed the Grade 12 examination 
could not differentiate between the lines y = x, the x-axis or the y-axis (Luneta, 2015b). He 
recommends that findings from studies such as his can significantly inform tertiary and 
vocational institutions as to the instructional support in transformation geometry that students 
need, as they engage with fundamental mathematics and physics courses (Luneta, 2015b). The 
findings were also critical for this current study because they provided a description of common 
conceptual and procedural errors in transformation geometry to look out for when doing the 
intervention with BEd students.  
 
1.2.4. Error analysis in mathematics 
 
In the preceding sections, it has been established that learners (and pre-service student teachers) 
experience problems with learning mathematics, geometry in particular. Some of the sources 
of the problems they experience are due to misconceptions. These misconceptions then 
manifest in errors that are displayed by learners when they solve geometric problems. Luneta 
(2008, p. 386) defines errors as “simple symptoms of the difficulties a student is encountering 
during a learning experience.” This means that, behind an error that is displayed by a learner 
during a learning experience, lies a misconception associated with that error. Hence Luneta 
(2015b) regarded errors as symptoms of misconceptions student possess.  
 
In trying to describe misconceptions, Luneta and Makonye (2010) distinguished between errors 
and misconceptions. They claimed that “an error is a mistake, slip, blunder or inaccuracy and 
a deviation from accuracy” (Luneta & Makonye, 2010, p. 35). Errors may be constructed 
methodically and repeated, thus becoming systematic errors, in which case they are 
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symptomatic of a faulty line of thinking, causing them to be referred to as misconceptions 
(Riccomini, 2005). It has been suggested that often these misconceptions in students are 
acquired during lower levels of their education (Žilková, Gunčaga & Kopáčová, 2015, p. 28). 
Hence this current study is an endeavour towards minimising the existence of misconceptions 
in pre-service teachers who will be teaching learners in the lower levels of education.  
 
Drews (2005, p. 18), suggested that a misconception could be the consequence of “a 
misapplication of a rule, an over- or under-generalization, or an alternative conception of the 
situation”. In the context of the current study, the researcher did come across errors that 
suggested the existence of misconceptions relating to misapplications of rules described in the 
preceding sentence. More often than not, the term misconception is used when learners’ 
conception is seen to be in conflict with accepted meanings and understanding in mathematics 
(Barmby, Bilesborough, Harries & Higgins, 2009). The view that misconceptions are a “natural 
stage of conceptual development” (Swan 2001, p. 154) resonate well with this study. For 
example, during the implementation of the intervention programme, the researcher expected 
some errors to be displayed by learners, naturally, while working on some transformation 
geometry problems. This was especially the case during the Information phase of Van Hiele’s 
phases of learning, in which the researcher tried to establish what the students already know 
about the topic. Errors were displayed by the learners and the researcher had to find ways to 
address such errors during the implementations of the subsequent phases of learning. In this 
way, students were provided with an opportunity to “display their errors as these will be 
essential stepping stones for effective instruction” (Luneta 2015b, p. 2).  
 
It is crucial that teachers (and lecturers) can diagnose and analyse errors made by their students 
because one of the factors that contributes to students’ poor performance in mathematics 
originates from errors they make in their attempts to solve mathematical problems (Siyepu, 
2012). Essentially, errors and misconceptions are related to procedural and conceptual 
knowledge (Hiebert & Wearner, 1986) or the instrumental and relational understanding of 
mathematics (Skemp, 1976). Thus, by identifying or recognising and addressing 
misconceptions, problems with the conceptual understanding of the topic dealt with are likely 
to be addressed. Luneta (2015a, p. 8), in his study involving issues in communicating 
mathematically in rural classrooms, found that “there was very little feedback given to learners 
and because the teachers’ content knowledge required attention, learners’ misconceptions and 
the subsequent errors were inadequately addressed by the teachers”. This further emphasises 
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the importance of developing teachers’ (pre-service teachers, in the case of this study) content 
knowledge, for them to better deal with students’ misconceptions. 
 
In the context of this study, error analysis played a crucial role in diagnosing the causes of 
some of the misconceptions that students displayed when learning transformation geometry. 
This was done through an analysis of their written work as well as through interviews. After 
the investigation of these misconceptions, the researcher got insight into students’ difficulties 
with learning transformation geometry. Having understood the misconceptions involved, this 
was used to feed back into their learning (Makonye, 2011) by means of the implementation of 
an intervention programme. The intervention programme was developed based on findings 
from analysing the misconceptions (and associated errors), with the aim of rectifying the 
misconceptions. 
 
As far as the topic of transformation geometry is concerned, most common errors occur as a 
result of students and their teachers operating at different levels of reasoning, causing the 
teacher and the students not to understand each other (Luneta, 2015b, p. 3). Van Hiele’s theory 
of geometric thought can be used to bridge this difference in levels of reasoning, and by so 
doing reducing the occurrence of errors. Van Hiele theory will be discussed next.  
 
1.2.5. The Van Hiele theory  
  
The Van Hiele theory was developed by a Dutch educator, Pierre van Hiele, and his wife Dina 
van Hiele-Geldof, after realising the difficulties experienced by secondary school learners in 
learning geometry. Through their experience in teaching geometry, the couple proposed that 
learners go through several levels of reasoning when they learn geometric concepts (van Hiele, 
1986). They developed a theory that became known as the Van Hiele theory or model, which 
theorises that learners advance through five hierarchical levels of reasoning when learning 
geometry, namely, recognition or visualisation, analysis, ordering, deduction and rigour (Van 
Hiele, 1986). At the first level, recognition or visualisation, students can recognise and name 
geometric shapes based on their physical appearance, without fully understanding their 
properties (Usiskin, 1982; Burger & Shaughness, 1986). The second level is analysis, where 
the student recognises and names the properties of shapes but does not understand the 
relationships between these properties and between different shapes, nor does he understand 
definitions (Van Hiele, 1986). Hence the student can, for example, list the properties of a square 
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as well as those of a rectangle, but does not realise that a square is a special type of rectangle. 
The third level is ordering, where the student logically orders properties of shapes and 
recognises the relationships between the properties and the shapes, as well as between different 
shapes (Pegg, 1995). However, the student at this level of reasoning does not understand the 
role of formal proofs or deduction. The fourth level is deduction, where the student is able to 
use and develop formal proofs and theorems. In the last level, known as rigour (Van Hiele, 
1986), the student is able to reason formally about mathematical systems and analyse various 
deductive systems (Mayberry, 1983; Atebe, 2008). 
 
Unlike with Piaget’s theory of learning, which proposes four stages of cognitive development 
that correlate with age (Piaget & Inhelder, 1969), the Van Hiele levels are not age bound. Jones 
(2002, p. 130) emphasises that “of relevance here is the fact that the level of attainment of the 
levels does not depend on age but rather on the teaching method used” (Jones, 2002, p. 130). 
In Van Hiele theory, students advance from one level to the next as a consequence of purposeful 
instruction, with each stage in the instructional learning process building upon and adding to 
the reasoning of the previous level (Teppo, 1991). This is done by means of allowing students 
to go through various phases of sequenced activities, namely, Information/Enquiry, 
Directed/Guided Orientation, Explanation/Explication, Free Orientation and Integration 
(Usiskin, 1982; Teppo, 1991; Abdullah & Zakaria, 2013). This is the kind of instruction that 
was done with the participants in this study. Therefore, the theory can be applied to adult 
students, such as those doing the BEd programme, even though, in most studies that did 
research, the theory was applied to secondary school learners (Atebe, 2008; Alex & Mammen, 
2014).  
 
One of the properties of Van Hiele theory is “attainment” or “advancement”, which implies 
that students move from one level to the next depending on instructional experience received, 
rather than on age or biological maturation (Crowley, 1987; Clements, 2004). Thus, the 
transition from one level to the next is “not a natural process, it takes place under the influence 
of a teaching-learning program” (Van Hiele, 1986, p. 50). This property, therefore, emphasises 
the role of the teacher and relates to Vygotsky’s concepts of students' “zone of proximal 
development” (ZPD) and “scaffolding”. ZPD refers to “the distance between the actual 
developmental level as determined by independent problem solving and the level of potential 
development as determined through problem solving under adult guidance, or in collaboration 
with more capable peers” (Vygotsky, 1978, p. 86). Teachers therefore have an important role 
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of helping students to bridge the gap between what the student can do alone and what he can 
do with assistance. Vygotsky (1978) refers to this process as “scaffolding”.  
 
Research has shown that the Van Hiele theory has implications for curricula, teacher education, 
and classroom practice. Various studies have been carried out to determine learners’ Van Hiele 
levels of geometric thought and proposing ways of helping students achieve higher levels of 
reasoning in geometry (Siyepu, 2005; Knight, 2006; Ding & Jones, 2007; Atebe, 2008; 
Abdullah & Zakaria, 2013). In most of the studies using the Van Hiele model, it proved to be 
a useful framework for extracting, measuring, understanding and addressing students’ 
difficulties with school geometry. Different studies applied the Van Hiele theory for different 
purposes. Some studies used the theory to determine the levels at which students’ reason in 
geometry (Mayberry, 1983; Feza & Webb, 2005; Wu & Ma, 2006). The purpose of using the 
theory in other studies was to identify students’ misconceptions or challenges in learning 
geometry (Siyepu, 2005; Atebe, 2008; Alex & Mammen, 2014; Luneta, 2015b). In some 
studies, researchers looked at the effects of interventions with learners and teachers based on 
the model (Knight, 2006; Ndlovu, 2013). This was the case in this study.   
 
In Mason’s study with academically gifted students, he administered a multiple-choice Van 
Hiele test to the students before they had any formal course in geometry (Usiskin, 1982). The 
results showed that these students had an understanding of, and reasoning in, geometry that 
was at a higher level than that of older students. Therefore, the study confirmed the claim that 
the levels are not dependent on a student’s age (Jones, 2002; Clements, 2004). Findings such 
as these are critical for the current study because the researcher’s starting point for the study 
assumed that the BEd students were not reasoning at a higher Van Hiele level just because they 
were at a tertiary level of studying. Hence the plan was to use the Van Hiele theory to improve 
their level of geometric thinking and understanding, based on the misconceptions they 
displayed. 
 
A major purpose for distinguishing learners’ levels of understanding is to recognise obstacles 
that they may experience in the learning process and to allow teachers to develop strategies 
which will enable children to progress in terms of conceptual development (Feza & Webb, 
2005). The Van Hiele theory thus attempts to explain why many students have difficulty with 
geometry and what could be done to address these difficulties (Pusey, 2003). However, few 
studies focused on transformation geometry, especially in the South African context (Nyaumwe 
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& Ngoepe, 2011; Bansilal & Naidoo, 2012). Even though some studies dealt with the use of 
the Van Hiele theory in the context of transformation geometry, the focus of these studies was 
on technological forms of intervention (Jung, 2002; Hollebrands, 2003; Guven, 2012). Others 
focused on one type of transformation, such as translation or rotation only (Yanik, 2013; 
Evbuomwan, 2013), while others were carried out in countries other than South Africa 
(Usiskin, 1982; Molina, 1990; Ada & Kurtulus, 2010). While a study on learners’ engagement 
with transformation geometry by Bansilal and Naidoo (2012) took place within a South African 
context, it focused on visualisation and analytic strategies rather than on the Van Hiele theory 
as a whole. This study thus contributes towards closing these gaps in research on Van Hiele 
theory. 
 
Not much research on the application of the Van Hiele theory to learn transformation geometry 
in the context of pre-service teachers in a South African context has been done either. A Google 
desktop analysis of the use of Van Hiele theory in transformation geometry with student 
teachers yielded 9760 results internationally. Reducing the context to Africa yielded 7020 
results and 5730 results within the South African context. Out of those studies, none dealt with 
using Van Hiele theory in transformation geometry with student teachers in a South African 
context. Most of these studies involved the general content knowledge of teachers in geometry, 
as well the learners’ thinking of geometry. This was a motivating factor for the researcher to 
plan to do this study. Further motivation for this study came from Ding and Jones’ analysis 
which indicates that “although the second and third Van Hiele teaching phases could be 
identified in the Chinese lessons, the instructional complexity of, for example, the guided 
orientation phase means that more research is needed into the validity of the Van Hiele model 
of teaching” (Ding & Jones, 2007, p. 612). It was the intention of this study to utilise the guided 
orientation phase as one of the five phases during the implementation of the intervention 
programme with the BEd students, with the intention of validating or refuting the usefulness 
of the Van Hiele model. 
 
In the context of this study, the use of the Van Hiele theory served two purposes. First, it was 
used to design the question items for the tests. Second, it helped with the determination and 
analysis of the misconceptions and associated errors (Luneta & Makonye, 2010) that the BEd 
students have regarding solving problems involving transformation geometry. Although the 
aim of the study was not to determine the Van Hiele levels of geometric thinking of the students 
per se, the misconceptions were related to the levels at which they were thinking. For example, 
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a student might have made a “conceptual error” (Makonye, 2011) due to a failure to grasp the 
concept or to appreciate the relationships involved in the problem. This might be associated 
with the fact that he is operating at a Van Hiele level that is lower than the one expected at his 
level of education. This possibility was evident in some studies in South African schools 
(Siyepu, 2005; Alex & Mammen, 2014) where high school learners in general were found to 
be still operating more at concrete and visual (recognition) levels than at an abstract level in 
geometry, despite the fact that the national school exit examination requires a clear 
understanding of underlying abstract processes (Govender, 1995). Third, the theory helped 
with the design of an intervention programme, after determining the misconceptions. During 
the intervention students were assisted, through appropriate instructional experiences based on 
the Van Hiele theory, to move from a lower level to the next level (Ndlovu, 2013) and 
ultimately to the highest level of reasoning. Students were guided to go through various phases 
of sequenced activities, namely Information/Enquiry, Directed/Guided Orientation, 
Explanation/Explication, Free Orientation and Integration (Usiskin, 1982; Teppo, 1991). This 
is, therefore, a strategy which was intended to help the students to progress in terms of 
conceptual understanding in transformation geometry. The intervention was more like 
Patsiomitou and Emvalotis’ (2010) “guided re-invention process”. 
 
Various authors have subjected the Van Hiele theory to scrutiny and as such there are 
controversial issues pertaining to it. For example, Burger and Shaughnessy (1986) argued that 
the levels are not as discrete as proposed by the Van Hiele descriptions. Rather, it seems that 
learners can be in transition between levels (oscillate). Fuys, Geddes and Tischer (as cited in 
Ndlovu, 2013) also found students who advanced through the levels at different paces for 
different geometric content. Furthermore, Mayberry (1983) argued that learners’ level of 
thinking might differ according to how recently a topic has been learned. 
 
Despite all the criticism (Burger & Shaughnessy, 1986; Pusey, 2003; Ding & Jones, 2007; De 
Villiers, 2010; Ndlovu, 2013), the Van Hiele theory continues to be used as an important 
framework for developing and implementing geometry instruction programmes and for 
analysing and interpreting students’ understanding of geometrical concepts (Mayberry, 1983; 
Burger & Shaughnessy, 1986; Feza & Webb, 2005; Knight, 2006; Wu & Ma, 2006; Atebe, 
2008; Patsiomitou & Emvalotis, 2010; Khembo, 2011; Abdullah & Zakaria, 2013; Alex & 
Mammen, 2014; Luneta, 2015b).  
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1.3. Research problem and motivation for the study  
 
With the reintroduction of transformation geometry into the curriculum in the Foundation 
Phase in South Africa (Department of Basic Education, 2011), it is crucial that prospective 
teachers of primary school learners are well grounded in the topic. This, coupled with the fact 
that quite a number of  students who enrol for the BEd Foundation Phase programme at the 
researcher’s institution did not learn transformation geometry as part of their high school 
curriculum because it had been phased out. The topic is part of the Senior Phase in the South 
African curriculum but it is not found in the Further Education and Training band of schooling, 
thus creating the “hodgepodge” of unrelated geometrical concepts (Clements and Battista, 
1992) from phase to phase. Thus, these students have gaps in their knowledge of transformation 
geometry. This calls for an intervention to be done, especially because research studies, as 
discussed in the preceding sections, have indicated that pre-service teachers have basic errors 
concerning mathematical content, and in particular about geometrical concepts. Therefore, it 
was important to do research on this topic with the students, hopefully, to give them the 
knowledge, skills and confidence to teach the topic competently to their own learners when 
they become teachers. This is crucial to break the tradition of primary school teachers who 
“generally tend to spend the minimum amount of instruction time on the teaching of geometry” 
(King 2001, p. 2). Moreover, few studies have dealt with pre-service teachers’ problems in 
transformation geometry, especially in the South African context. Hence the importance of a 
study such as this one, in which the mathematics class for future Foundation Phase teachers 
“provided a site for influencing what teachers know about mathematics”, transformation 
geometry in particular (Liu, Billings, Francis & McCrory 2009, p. 1). 
 
Luneta’s (2014) study focused on BEd students’ conceptual understanding of shapes, with van 
Hiele levels of geometric thought model being “used as a lens to gauge and understand 
students’ knowledge of geometry” (Luneta 2014, p. 71). The current study focussed 
particularly on the transformation geometry, with the van Hiele theory being used as a vehicle 
for driving lessons that intend to address the misconceptions that the students had. Thus a study 
such as that of Luneta (2014), through the findings regarding pre-service teachers’ 
incompetences in geometry, provided impetus for further exploration of specific geometry 
concepts. Hence the recommendation that, for further research to address the issue of effective 
geometry at secondary school, there needs to be a “focus on the instructional approaches and 
content knowledge of primary school teachers” (Luneta 2014, p. 82). Mathematics learning is 
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cumulative and a students’ inability to assimilate and accommodate new knowledge, leads to 
mathematical errors or misconceptions (Sarwadi & Shahrill, 2014). For example, due to lack 
of understanding of the concepts involved in reflection, rotation and translation, pre-service 
teachers make errors such as misidentifying lines of reflection (Harper, 2003). Thus, a study 
that explores these errors and the underlying reasons for their occurrence, as well as attempt to 
address such errors, has a potential to improve these pre-service teachers’ content knowledge. 
 
The study focussed on transformation geometry, which involves representation of spatial 
objects and relationships between them (Clements & Battista, 1992). Thus the desire was for 
students to communicate and expressing mathematics in a language that uses spatial and visual 
reasoning concepts and modalities. The van Hiele theory, being proven by literature to enhance 
learners’ understanding of geometry by providing strategies for effective communication 
between teacher and learner (Abdullah and Zakaria, 2013; Alex & Mammen, 2016), seemed to 
be the logical choice to facilitate this communication. It was hoped that students would be able 
to communicate effectively using visual, symbolic and language skills in various modes (DBE, 
2011), over and above developing geometric understanding.  
 
1.4. The rationale for the study 
 
1.4.1. Objectives  
 
The overall aim of this study was to establish the misconceptions and the associated errors that 
Foundation Phase student teachers displayed solving problems involving transformation 
geometry and address the misconceptions through an intervention programme based on the 
Van Hiele theory of geometrical thought. The objectives of this study were: 
 To determine the misconceptions and associated errors displayed by BEd Foundation 
Phase students when solving transformation geometry problems. 
 To develop and evaluate an intervention programme based on the Van Hiele phases that 
addresses the misconceptions.  
 
1.4.2. Research questions 
 
The research questions for this study were: 
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1. What misconceptions and associated errors do BEd (Foundation Phase) students possess 
and display when solving transformation geometry problems? 
2. To what extent can the Van Hiele theory be used to address BEd (Foundation Phase) 
students’ misconceptions when learning transformation geometry? 
 
1.5. Research methodology  
 
This study is based on the interpretivist paradigm, which seeks to understand the situation from 
the perspective of the participant (Ary, Jacobs & Razavieh, 2002) The study is interpretive in 
nature because its aim was to understand the misconceptions displayed by students and then 
attempt to get answers from the perspective of the students through face-to-face interactions 
during classwork activities and detailed written work (in the form of tests, classwork and 
homework) and through interviews.  
 
The study is qualitative in nature in that its aim was to understand a social phenomenon, from 
the perspective of the human participants in the study, data is collected in a natural setting and 
research aims at generating theory rather than testing theory (Creswell, 2003; Ary, Jacobs, & 
Razavieh, 2002). An investigation was carried out on students’ misconceptions with 
transformation geometry and sought to understand their perspectives, during classroom 
interactions and assessment periods in their natural setting, the classroom. The investigation 
resulted in the generation of solutions to the misconceptions they had, by suggesting some 
guidelines on how to approach the topic of transformation geometry.  
 
The action research approach was used to conduct this study. Winter and Munn-Giddings 
(2001) described action research as a study of a social situation carried out by those involved 
in that situation in order to improve both their practice and the quality of their understanding. 
The aim of the study was to improve the researcher’s practice through the implementation of 
an intervention programme, with the hope of an increase in the quality of students’ 
understanding of transformation geometry. Therefore, the focus of the study was on students 
as the lecturer wanted to understand and improve their learning. The lecturer’s practice is also 
affected in the sense that, in action research, “teacher quality and the evaluation of effective 
teaching are dependent upon student outcomes (Hong & Lawrence 2011, p. 1). 
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The study used the theory of Van Hiele to find practical solutions to the problems associated 
with transformation geometry. This was done through a “spiral of self-reflective cycles” 
(Kemmis & McTaggart, 2000) involving planning a change, acting and observing the 
consequences (of implementing an intervention programme), reflecting on the whole process 
and then re-planning. 
 
The action research cycle for this study is depicted below:  
 
Figure 1.1: Action research cycle for the current study (Adapted from Susman & 
Evered, 1978) 
 
Purposeful sampling was done, with participants being a class of 82 second-year BEd 
Foundation Phase students at a university in the Mpumalanga province. McMillan and 
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Schumacher (2001, p. 598) described purposeful sampling as “a strategy to choose small 
groups or individuals likely to be knowledgeable and informative about the phenomenon of 
interest”. This group of students had to learn transformation geometry as part of their BEd (year 
two) curriculum, thus being the relevant group for the investigation of the phenomenon of 
interest, namely, misconceptions displayed in transformation geometry. The whole group of 
second-year students who were taught by the researcher were selected because this was an 
action research study in which an enquiry is done while executing an intervention aimed at 
improvement (Waterman, Tillen, Dickson & de Koning, 2001) of the researcher’s practice as 
well as the quality of understanding of the students.  
 
Data was collected by means of tests, an interview and the implementation and evaluation of 
an intervention programme. First, a pre-test was administered to participants before any 
instruction on the topic of transformation geometry was done. The test items were based on 
and modified from the general frameworks for investigating learners’ Van Hiele levels of 
development, as suggested by Mayberry (1981) and Usiskin (1982). The purpose of the tests 
was to help identify students’ misconceptions with transformation geometry.  
 
As a follow-up to a written pre-test, semi-structured interviews, based on individual students’ 
responses, were conducted with selected students. The purpose of the interviews was to do an 
in-depth probing of and expanding on the students’ responses (Hitchcock & Hughes, 1995), 
thus providing better knowledge of their ideas and thinking processes. The interview questions 
were based on some of the ideas used in the interview schedule of Burger and Shaughnessy 
(1986). The interviews were video-recorded and transcribed. 
 
The outcomes of the pre-testing and interviews were used to determine the misconceptions that 
students had in transformation geometry, with the aim of developing an intervention 
programme that attempted to address these misconceptions. The intervention programme, 
implemented over a period of eight weeks, consisted of a series of tasks set at each of the Van 
Hiele levels (Mayberry, 1983). The tasks allowed students to go through various phases of 
sequenced activities, namely, Information/Enquiry, Directed/Guided Orientation, 
Explanation/Explication, Free Orientation and Integration (Usiskin, 1982; Teppo, 1991). These 
activities allowed students to use concrete materials or manipulatives, thus facilitating a hands-
on approach. In addition, students were given an opportunity to work individually, as small 
groups and as a whole class during class discussions, using various teaching strategies. Video-
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recording of the intervention programme was done to capture some of the interactions between 
lecturers and students in order to get an idea of the conversations and scaffolding (Vygotsky, 
1978) that took place while the lecturer attempted to address students’ misconceptions during 
the implementation of the programme. 
 
A post-test was administered to the students after the completion of the intervention programme 
to evaluate the success of the programme, that is, whether students’ understanding of 
transformation geometry had been improved. Inductive analysis of data was done, with the aim 
of uncovering patterns and regularities in data as well as general explanations, in order to 
generate theory (Hatch, 2003). Content analysis of the scripts was done. The responses to the 
written pre-test, classwork, homework and the interviews were carefully analysed to determine 
common patterns of difficulties and errors, leading to the identification of misconceptions that 
students had. The post-test was analysed to determine the extent to which student 
understanding of transformation geometry did or did not improve in response to the 
intervention. This was done in order to decide whether to keep pursuing the method used during 
the intervention programme, modify or extend it, or try a different method altogether, for the 
next cycle of the action research.  
 
To increase the validity of this study, the tests and intervention programme were first piloted 
with different groups of BEd students who were not participants in the study, to determine 
whether they elicited the intended responses and interactions. The piloting process also served 
the purpose of checking the reliability of the instruments, that is, the extent to which the 
instruments consistently measured what they were supposed to measure (Creswell, 2003). 
Furthermore, triangulation of sources (Patton, 1999) was done through the use of tests.  
 
1.6. Significance of the study 
 
This study sought to examine students’ errors and associated misconceptions with 
transformation geometry and address these through the implementation of an intervention 
programme that uses Van Hiele phases of learning. Thus, the study adds to the theoretical body 
of knowledge in the field of mathematics education research in that it brings together the theory 
on error analysis and Van Hiele’s theory of geometric reasoning. Despite may studies having 
been conducted to determine students’ challenges with geometry using Van Hiele’ theory, few 
such studies attempt to address the challenges identified. Thus, this current study, besides 
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providing a systematic record of student errors and misconceptions in transformation geometry, 
bridges the gap in the research involving addressing those errors. 
 
In this study, a series of activities, based on the Van Hiele phases of learning, was developed 
and used during the implementation of an intervention programme to address students’ errors 
in transformation geometry. These activities were organised into a comprehensive document 
that provides guidelines and activities on teaching transformation geometry to student teachers 
in the Foundation Phase. This study thus contributes to knowledge creation. This is important 
because it gives teachers an idea of how to design and use instructional programmes such as 
one based on Van Hiele theory to improve learners’ reasoning and understanding of geometry, 
a component of mathematics that presents with challenges throughout the schooling years. 
 
Few studies have dealt with pre-service teachers’ problems in transformation geometry, 
especially in the South African context. Therefore, it is hoped this study adds value to the 
current limited research on pre-service teachers’ knowledge of, and problems experienced with, 
transformation geometry. The findings and recommendations from this study could also trigger 
further research, as suggested in the last chapter. 
 
The Department of Basic Education, as well as many NGOs and private sector interventions, 
tended to focus on the secondary school level, especially on matric outcomes, yet much 
evidence shows that the best way to raise achievement is to focus on the primary school level 
(Bernstein, 2013). Therefore, this study has an important contribution in that it focuses on the 
development and improvement of geometry instruction and the content of pre-service training 
in the Foundation Phase level. 
 
1.7. Limitations of the study 
 
This study focuses on the researcher’s practice with learners in one particular educational 
institution. Therefore, there is a lack of generalisability in that it is applicable only in this case. 
For example, there is a limitation associated with sampling. Most of the BEd students who 
participated in this study did Mathematical Literacy in Grade 12. Unlike in Mathematics, the 
topic of transformation geometry is not dealt with in depth in the subject Mathematical 
Literacy. An implication of this might be that most of the participants were not exposed before 
to some of the deep concepts and calculation procedures involved in transformation geometry, 
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which were part of the pre-test they had to write as part of this study. This gap in their previous 
knowledge and skills might have led to the occurrence of more errors or the presence of more 
misconceptions that one would get in another group of students doing a similar BEd 
programme in some other university in the country. This would thus contribute more towards 
the lack of generalisability of the study. However, the findings and recommendations from this 
study are useful, to some extent, in other similar contexts. 
 
There was a lapse of time between the period when the pre-test was given and the time when 
interviews were conducted with selected participants, because the researcher had to first 
analyse the content of the written tests and then decide which participants to conduct interviews 
with. This lapse of time could have an influence in the kind of responses or explanations given 
by participants during the interviews. This is because students might have discussed the test 
after writing it, realised some of the errors they have made, and then given an explanation that 
is influenced by the opinion of others by the time they gave explanations on how they came up 
with the answers they gave in the test. Some participants might, therefore, have given 
‘contaminated’ responses, yet the researcher was interested particularly in their own individual 
opinions and the reasoning behind the answers they wrote in the test. Furthermore, the lapse of 
time between the pre-test and the post-test could influence the interpretation of the finding. 
 
There was a limit of time during which participants could be involved with the research. The 
participants involved in this research were second-year BEd students, who had various other 
commitments in terms of both their own studies, involving other modules in the BEd 
programme, as well as in other topics that they had to learn and master within their second-
year BEd mathematics curriculum. Therefore, the number of cycles in the action research 
approach used in this study was limited to the amount of time that the researcher could manage 
to engage with the participants on the topic of transformation geometry. Although the periods 
used to do the research with the participants were outside their normal lecture periods, the 
researcher had to be aware of their other commitments and leave enough room for them to 
engage with such commitments. However, the rigour with which the research was conducted, 
in terms of validity issues and deep analysis of data, compensated for any insufficient time that 
might have been a limitation to the study. Furthermore, the recommendations given by the 
researcher in connection with changes that could be effected for subsequent actions research 
cycles, would contribute more towards strengthening the significance of this study.  
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The researcher was actively involved in the design and implementation of the intervention 
programme following the analysis of the written pre-tests and the interviews. Consequently, 
the researcher had a vested interest in the success of the intervention programme for both her 
students’ sake as well as for the sake of the research study as a whole. Thus, the fact that there 
was no outside opinion in terms of evaluating an intervention programme that was designed by 
the researcher, implemented by the researcher with her own students and evaluated by the 
researcher, might be a limitation in terms of researcher bias towards the need to see the 
programme being a success. That being said, the researcher acknowledges that action research, 
as the method used to conduct this research, is subjective in nature and the researcher has more 
control of how to conduct the research. What is more important is that the researcher has to 
explain what she is doing and why she is doing it. The researcher in this current study did 
provide explanations in support of the activities developed for, and actions taken during, the 
implementation of the intervention programme. Therefore, there is a possible reduction in the 
bias that might be caused if decisions were taken and actions carried out without explanation.  
 
Few studies have been conducted within the South African context on the use of Van Hiele 
theory with pre-service student teachers. For example, it would have helped if there was a good 
deal of literature on the Van Hiele levels at which BEd Foundation Phase students in South 
Africa were reasoning in transformation geometry (this was not part of the objectives of this 
current study). Then the researcher would base some of the arguments, before conducting this 
current study, on such literature, as well as relate the errors displayed by students in this current 
study, to such literature from a South African perspective. However, as much as the lack of 
such studies as mentioned above is a limitation, it is also a strength in terms of the study’s 
contribution to the limited research in the South African context, thus increasing the 
significance of this present study. 
 
1.8. Overview of this dissertation 
 
This is how this dissertation is structured: 
Chapter 1 has presented the context and background to this study, as well as an outline of the 
research problem and motivation for the study. Then the rationale for the study, in terms of 
aims, objectives and research questions, was given. The research methodology, significance 
and limitations of the study were also discussed. 
Chapter 2 gives an account of the theoretical bases of the study. 
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Chapter 3 provides an in-depth critical review of the literature pertinent to the study.  
Chapter 4 describes and justifies the research design and methodology of this study. This 
includes the research paradigm on which the study is based, the research approach, as well as 
the methods used to collect data. The chapter also discusses how data was analysed and 
interpreted, as well as ethical considerations and credibility issues. 
Chapter 5 presents the results of this research and analysis thereof, in relation to the goals and 
research questions of the study. 
Chapter 6 provides the discussion of the findings, in line with the theoretical and conceptual 
perspectives on which this study was formulated, as well as give a conclusion and offers 
recommendations based on the outcomes of the study.   
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CHAPTER 2 
 THEORETICAL FRAMEWORK 
 
2.1. Introduction  
 
The current study is based on various theories. This chapter describes the theoretical framework 
that orientates this study methodologically and conceptually. First, an explanation is given as 
to why theory is important for a research study. This is followed by a discussion of the theories 
of learning that are relevant and significant for this study. These are Von Glasersfeld’s theory 
of constructivism, in particular, social constructivism, as well as Piaget’s theory of radical 
constructivism. The Van Hiele theory is then explored as the conceptual framework on which 
this study is based. Since the Van Hiele model bears commonalities with other theories such 
as those of Piaget and Vygotsky, a comparison of these other theories with the Van Hiele model 
is provided. Lastly, error analysis and the construction of misconceptions are discussed, 
relating them to the theories mentioned above.  
 
2.2.The role of theory in research studies  
 
In this section, it is argued that the researcher’s theoretical position, or theoretical foundations 
on which the researcher’s study is based, is a critical component of the research, without which 
the whole study would not exist. The researcher thus articulates the theoretical framework that 
is relevant and valuable for her study, in explaining the research questions, the choice of 
methodology used and the philosophical assumptions made about reality in this study. This is 
done by discussing the link between the theoretical aspects and practical components of the 
current study, as depicted in the diagram below. 
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Figure 2.1: Theoretical framework for the current study (Source: Author) 
 
Some of the component parts of the above framework are discussed in subsequent chapters, 
such as the paradigm, epistemology and methods, which are further discussed in the 
methodology chapter. In the next sections, the theories of learning that are relevant to the 
current study are discussed. 
 
2.3. Theories of learning 
 
Learning theories attempt to explain all the factors involved as an individual grows in 
knowledge and understanding (Cottrill, 2003). Various theories exist, which propose ideas on 
how students learn, as well as how effective mathematics instruction can best be achieved. The 
mathematics research community needs a varied set of theoretical lenses to study the 
complexity of mathematics learning and teaching. With respect to theories of learning, Kieren 
Research Questions 
What errors and misconceptions are 
made by students? 
How are they addressed using van Hiele 
theory? 
Conceptual Framework - van 
Hiele model 
Address errors and 
misconceptions through van 
Hiele phases of learning 
Learning theories 
Radical constructivism – knowledge 
is actively built by the cognising 
subject- subjective ontological reality. 
Social constructivism – collaborative 
creation of shared meanings 
 
Error Analysis 
Process-oriented: Analysing and 
preventing errors 
Methodology 
Qualitative: understanding 
participants’ experiences 
Action Research: Researcher-
participant interaction 
Methods 
Tests (include student 
explanations) 
Semi-structured interviews 
Interactive intervention 
programme 
Analysis  
Inductive, informed by existing 
theories – Error analysis and van 
Hiele theory 
 
Situated within 
Interpretivist paradigm 
(Ideas are produced and 
understood through 
interaction between 
researcher and participants - 
subjective) 
Evaluation of research study 
Interpretation of results leading 
to 
Confirmation and/or Extension 
of existing theory 
 
Constructivist Epistemology 
Knowledge is in the heads of 
persons and the thinking subject 
constructs what he or she knows 
on the basis of his or her own 
experience 
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(2000, p. 228) described different theories as “separate ‘truths,’ providing different lenses 
through which to attain a more complete reciprocal embodied view of mathematics education”. 
 
The figure below depicts some of the theories of learning.  
 
 
 
Figure 2.2: Overview of theories of mathematics learning (Dengate & Lerman, 1995, p. 
32) 
 
It should be noted that in the above diagram, a contrast is made between the transmission of 
knowledge and the construction of meaning. This current study is aligned with the latter, 
namely, the constructivist view of learning. Hence constructivism, as a theory of learning, is 
discussed next.  
 
2.3.1. Constructivism 
 
During the 1980s and 1990s, Constructivists introduced their theory as based on two main 
principles: 
 knowledge is not passively received but built up by the cognising subject; 
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 the function of cognition is adaptive and serves the organisation of the experiential world, not the 
discovery of ontological reality  
 
                                                                                             (Von Glasersfeld, 1995) 
 
The first principle, stated above, implies that constructivists do not believe in the idea of 
learning as an activity of teachers providing information to learners, or teachers being 
“responsible for filling children up with knowledge”, as if children could “just open a little 
bottle cap to let adults pour the knowledge in” (Duffy & Cunningham, 1996, p. 1). 
Constructivists are opposed to the traditional, non-interactive methods of instruction where the 
teacher delivers a lesson with minimal learner active participation. Instead, they believe that 
knowledge is constructed by learners as they make sense of their experiences or their 
environment (Cottrill, 2003; Newby, Stepich, Lehman, Russel & Ottenbreich-Leftwhich, 
2011). Therefore, children do not passively receive information from their teachers; they are 
creators or constructors of their own learning (Van de Walle, Karp & Bay-Williams, 2016) and 
“the development of understanding requires active engagement on the part of the learner” 
(Jenkins, 2000, p. 601).  
 
The second principle regarding the function of cognition, as stated above (Von Glasersfeld, 
1995), implies that children can think or reason themselves, making meaning of a reality that 
exists around them (Lee, 2012). They do not come to the learning situation as empty vessels. 
Rather, they already have everyday knowledge, referred to as spontaneous concepts (Vygotsky, 
1978). Spontaneous concepts are “the result of generalization of everyday personal experience 
in the absence of systematic instruction” (Karpov, 2003, p. 65). Due to their unsystematic 
nature, spontaneous concepts can often be wrong; hence, the teacher has to play a key role in 
helping learners adapt these concepts, through systematic instruction, towards becoming 
scientific concepts. Scientific concepts are taught to learners during systematic instruction and 
then learners acquire the concepts consciously and according to a certain system (Karpov, 
2003). The learners are thus assisted to connect new mathematical knowledge to old 
knowledge. 
 
The connection between new knowledge and old knowledge is a key feature of constructivism. 
Constructivists believe that real conceptual understanding occurs only when this connection 
happens. They perceive learning as the result of learners realising the relationships between 
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new and previously acquired information (Henson, 2015). The processes through which this 
relationship or connection occurs is discussed in the next section. 
 
Two constructivists have made major contributions to the theory of constructivism. These are 
Piaget and Vygotsky, whose contributions and beliefs are discussed in the next two sections 
under radical constructivism and social constructivism.  
 
2.3.2. Piaget’s radical constructivism 
 
Piaget’s theory of radical constructivism became popular for the coining of the terms 
“assimilation” and “accommodation”. Radical constructivists believe that learning occurs due 
to the processes of assimilation and accommodation. “Cognitive assimilation comes about 
when a cognising organism fits an experience into a conceptual structure it already has” (Von 
Glasersveld, 1995, p. 62). However, it might happen that the new experiences confronting the 
cognising individual do not yield the expected result. That is, the individual might not be able 
to connect the new information to the old one he already possesses, even after assimilation, 
leading to some perturbation (Von Glasersveld, 1995) or cognitive conflict (Scott, Asoko & 
Driver, 1991). When the individual becomes perturbed, this will lead to accommodation of the 
new knowledge, in order for the individual to make sense of it.  Learners accommodate and 
assimilate new information with their existing reality, thus gaining new insights, through the 
balance between assimilation and accommodation (Riegler, 2012). 
 
A major contribution of Piaget, in his theory of learning, is the proposal of four stages of 
cognitive development that correlate with age (Piaget & Inhelder, 1969). These stages are 
sensorimotor, pre-operational, concrete operational and formal operational thinking (Cottrill, 
2003). Piaget’s theory of learning is often referred to as a “stage theory” in which the mental 
development of a child is described. The theory postulates that the development of children 
involves the transformation of thought processes, which occurs continuously (Ojose, 2008). 
This development occurs over a period of months or years, with children exhibiting different 
modes of thought as they develop steadily and gradually through the different stages (Berk, 
1997). There is an indication that children pass through these stages in the order in which Piaget 
proposed, as outlined below.  
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Sensorimotor stage (birth – 2 years) 
 
At this stage, from the infant’s birth up to the beginning of language abilities, the child 
understands the world through senses and actions. He is able to locate objects even when they 
have been removed or hidden away from his field of vision (Ojose, 2008). In addition to the 
child’s acquisition of object permanence, children at this stage can make some sense of 
numbers and counting. They should be encouraged to act on the environment so that they can 
start building concepts (Martin, 2000). 
 
Pre-operational stage (2 – 7 years) 
 
At this stage, the child has an increased language ability, which allows the teacher to elicit 
conversation from him in order to understand his thought processes. This stage is characterised 
by a lack of logic from the child, with limited signs of rational thought (Ojose, 2008). 
 
Concrete operational stage (7 – 12 years) 
 
Logical operations such as seriation, the ability to order objects in increasing measures, and 
classification are developed at this stage (Piaget, 1977). It is suggested that children should be 
given an opportunity for hands-on experiences that will allow them to represent mathematical 
solutions in various ways (Burns & Silbey, 2000). 
 
Formal operational stage (12 years onwards) 
 
At this stage, the child begins to develop abstract thought by using logical arguments, inference 
and application (Ojose, 2008). The child can evaluate and judge the correctness of his solution, 
as well as connect mathematical concepts to real-life situations (Ojose, 2008). Unlike with 
social constructivists, who believe in the role of communication with others and facilitation of 
learning by the teacher, radical constructivists believe that radical constructivism “shifts the 
focus of learning from the teacher and from the content to the learner, and represents the latest 
model of child-centred learning” (Dengate & Lerman, 1995, p. 29). 
 
Piaget’s theory of cognitive development has been criticised for various reasons. For example, 
it is argued that pre-school children do not perform at the pre-operational level in all tasks and 
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that there is an indication that children may be more competent than Piaget originally thought 
(Wood, Smith & Grossniklaus, 2001). Furthermore, there is criticism of the fact that Piaget’s 
theory is inclined towards focussing mainly on the development of the individual without 
consideration of his socio-cultural context (Jones & Brade-Araje, 2002, p. 3). Further details 
and characteristics of Piaget’ radical constructivism will be discussed in a subsequent section 
in which the theory is compared with the Van Hiele theory. In the next session, Vygotsky’ 
social constructivism is discussed. 
 
2.3.3. Socio-culturalism 
 
Socio-culturalists see meaning as being carried within social interchange through 
acculturation, as well as viewing discourse about the world as a historically and culturally 
situated artefact of communal interaction (Dengate & Lerman, 1995). This view claims that 
knowledge is neither real nor construed, but rather that it is situated by people in context and 
that communication drives cognition (Dengate & Lerman, 1995). Socio-culturalists believe in 
“human conversations that sustains and extends our common knowledge” so that “we and 
others benefit and grow” (Ernest, 2012, p. 13). There is a strong belief that the development of 
a child’s intelligence “results from social interaction in the world and that speech, social 
interaction, and co-operative activity are all important aspects of this social world” (Sutherland, 
1993, p. 104). Hence learning should engage children in activities that give them an opportunity 
to explore, communicate and express their ideas to others (Kynigos, 2012). During the process 
of learning, language is used when learners communicate, with each other as well as with the 
teacher, thereby socially negotiating meaning. Therefore, language is regarded as one of the 
most important psychological tools that impact children’s cognitive development (Bodrova & 
Leong, 2007).  
 
The theory of social constructivism belongs to the socio-culturalistic view. Communication as 
part of the children’s learning process is a key idea in which social constructivists, such as 
Vygotsky, believe. According to social constructivism, conversation is “a basic underlying 
metaphor for human knowing and interaction” (Ernest, 2005, p. 27). Constructivists believe 
that individuals are interconnected with society and with each other through conversation. 
Vygotsky (1978), as one of the key social constructivists, believed that children use society in 
order to communicate and create their own meaning, thus developing individual cognition in 
the process. Social constructivism suggests that learning, being mainly a social phenomenon, 
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is constructed through language and culture. According to Powell and Kalina (2009), language 
and culture are crucial for the development of thought and emotions, as well as the human 
understanding of reality.  
 
Communication and child’s speech are crucial because “children not only speak about what 
they are doing; their speech and action are part of one and the same complex psychological 
function, directed toward the solution of the problem at hand” (Vygtosky, 1978, p. 25). In the 
context of this current study, students had to work together, during some of the activities in the 
intervention programme, towards solving various problems which needed their collaborative 
effort. For example, when one member of a group had to stand in front of a mirror and perform 
certain actions, the other members had to observe and record what was happening. Therefore, 
as social constructivists suggest, there was collaborative construction of knowledge with shared 
meaning. Collaborative learning implies that all members of the group have to be at the same 
level of understanding in order for ideas to be shared meaningfully. However, at certain 
intervals of time the researcher, as a facilitator of the interventions programme, had to assist 
by sharing meaning with the students as well, especially during the Guided Orientation phase 
of the Van Hiele phases. The role of the researcher, therefore, alternated between that of being 
a facilitator and that of being a mediator of learning.  
 
When the researcher mediated learning, she was acting as the more knowledgeable and 
experienced adult, guiding the inexperienced student, in order to close the gap in 
understanding. Vygotsky described this process as a Zone of Proximal Development (ZPD), 
namely, the distance between the level of development of a student working alone on problems, 
and the student’s level of potential development when working with a more knowledgeable 
adult. The ZPD gives the teacher an opportunity to have control of the conceptual development 
of the student, with the possibility of assisting him up to a stage at which the learner is capable 
of internalising the new knowledge. This process is referred to as scaffolding, that is, the 
teacher’s act of assisting the student in order for him to solve a problem, or work on a task that 
would normally be impossible to solve without assistance (Reiser, 2004). 
 
2.4.Van Hiele theory 
 
The Van Hiele theory has its origin from a Dutch couple, Pierre van Hiele and Dina Van Hiele-
Geldof. The Van Hieles were mathematics educators experiencing challenges with the teaching 
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of geometry in their own classrooms. Throughout many years of their teaching experience, they 
noticed with disappointment the difficulties that their students had in learning geometry 
(Clements, 2004). Based on their classroom observations, the Van Hieles came to the 
conclusion that students pass through several levels of reasoning about geometric concepts 
(Van Hiele, 1957; Shaughnessy & Burger, 1985). This observation inspired them to seek to 
explore it more and so it became the focus of their doctoral dissertations at the University of 
Utrecht in 1957 (Usiskin, 1982). Their aim was to try and classify student thinking in geometry 
by levels, henceforth referred to as the Van Hiele levels of geometric thought. In their research, 
each of them looked at the levels from a different angle. Pierre van Hiele was responsible for 
the development of the model and for describing the levels in more detail. His wife Dina van 
Hiele-Geldof, on the other hand, sought to come up with an explanation, from a teaching 
perspective, of how to assist children in progressing through the levels and described five 
teaching phases within each level (Lawrie & Pegg, 1997). 
 
2.4.1. Description of the Van Hiele theory 
 
The Van Hiele model describes levels of thinking through which students develop when 
reasoning about geometry. It recognises five progressive levels of geometric thinking that 
learners pass through. According to the model, the student, supported by suitable instructional 
experiences, goes through these levels in a hierarchical order, starting with recognition of 
figures as a whole (level 1), progressing to the understanding of the properties of figures and 
informal reasoning about these figures and their properties (levels 2 and 3), and ultimately 
reaching a formal deductive and rigorous learning of formal geometry proof-writing (levels 4 
and 5) (Van Hiele, 1986; Fuys, et. al., 1988). The following is a description of the Van Hiele 
levels:  
 
Level 1: Recognition 
 
Students at this level, which is also called visualisation, have the ability to learn the names of 
figures and view the figures as a whole according to their appearance only. For example, if 
they are asked to explain why a particular quadrilateral is a rectangle, the typical response 
would be, “because it looks like a rectangle” (Shaughnessy & Burger, 1985, p. 420). The 
student in this case associates a rectangle with other objects that are shaped like a rectangle, 
such as a door, window, and so on, from his previous encounters. He is able to name the figure 
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but properties of the figure do not feature at all in his ability to recognise the figure. At this 
level, the student can, for example, differentiate between a rectangle and a square. However, 
he does not do this because of the knowledge of the properties of these two figures but because 
a square and a rectangle “seem to be different”. Because of the inability to understand 
definitions (which are based on the properties of the figures), the student at this level is not able 
to, for example, recognise a square as a special case of a rectangle.  
 
Level 2: Analysis 
 
At this level, also known as the descriptive level, students do not view a figure only as a whole, 
but rather by its features as well. They can identify the properties of figures, for example, they 
can recognise and describe a square as a figure that has all its sides equal. However, they see 
these properties discretely, without the ability to understand that there exists a relationship 
among these properties or that there are closely related classes of figures (Van Hiele, 1986; 
Usiskin, 1982). For example, the student might be able to give a list of the properties of a square 
without relating these to each other, such as mentioned “it has four equal sides and four 
corners”, even though the four corners are implied in the four sides. Therefore, the student does 
not yet have insight into which properties are essential or which ones are sufficient to define a 
figure.  
 
Level 3: Ordering 
 
Students at this level, which is also called informal deduction, can recognise the relationship 
between different properties of a figure as well as between the properties of different figures. 
They use the properties that they already know to describe shapes and reason about 
relationships between shapes. A student can now see how one figure could be described in 
different ways if it shares the same properties as another figure. For example, the student can 
reason that, since all the properties of a rectangle are also properties of a square, then a square 
is a rectangle, but a rectangle is not necessarily a square. Therefore, a basic deduction can be 
made. However, students at this level do not understand the role and significance of proof or 
formal deduction. (Mayberry, 1983; Pusey, 2003). 
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Level 4: Formal deduction 
 
At this level, the student understands the significance of deduction and can understand the 
logical development of a proof as well as appreciate the role of postulates, theorems and proof 
(Usiskin, 1982). They can produce a logically sound argument and conclusion. Definitions 
involving essential and sufficient conditions are now understood. Students can define things 
and limit them with a minimum amount of information, compared to the “laundry list” 
associated with the second level (Pusey, 2003). For example, it is sufficient for a figure to have 
four sides if it is to be identified as a quadrilateral but it is necessary for all the sides to be equal 
in length for it to be a square or a rhombus and it is necessary that all four angles be right angles 
for it to be a square. 
 
Level 5: Rigour 
 
The fifth and final level is described by students being able to go between geometries 
(Euclidean vs non-Euclidean) and think outside of one axiomatic system (Pusey, 2003). The 
essence of geometry and the necessity for rigour is appreciated. Pupils can accept logically 
correct proofs even if the concepts are counter to general intuition. Geometry is seen in the 
abstract with a high degree of rigour, even without concrete examples (Khembo, 2011). This 
level is the least developed in the original works of Van Hiele and has received little attention 
from researchers (Crowley, 1987). Furthermore, since the majority of high school geometry 
courses are taught at level 3, it is not surprising that most research has also concentrated on 
lower levels. 
 
The Van Hiele levels have been modified since their original inception (Pegg & Davey, 1991). 
The original Van Hiele levels were numbered from 0 to 4 and Van Hiele claimed that all 
students were at least at level 0 (Senk, 1989). However, in his research he was working with 
secondary students who did not operate at a level below 0. With more research involving 
elementary students, researchers saw it necessary to classify geometric thinking that was below 
the Van Hiele introductory first level (level 0). Rather than categorise these students as being 
below level 0, Van Hiele and some other researchers introduced a system that renumbered the 
levels 1 to 5 to provide for this (Hoffer, 1981, Van Hiele, 1999; Atebe, 2008). Therefore, a 
student not at the first level, that is, previously below 0, was now assigned level 0, known as 
the pre-recognition level (Pusey, 2003).  
35 
 
 
While students at the visualisation level (level 1) can describe shapes based on their 
appearance, students at the pre-recognition level (level 0) recognise only a few of the shape’s 
visual features. For example, even though they might be able to distinguish between a rectangle 
and a circle, which are rectilinear and curvilinear shapes respectively (Atebe, 2008), they might 
not be able to distinguish between a circle and an oval (both curvilinear). Students at the pre-
recognition level, therefore, can reason about objects that are “the same shape” by only 
focusing on certain visual or tactile properties (Mansi, 2003). In this study, all references made 
to research studies that used the level 0 to 4 numbering system have been modified to the level 
1 to 5 numbering system. 
 
2.4.2. Properties of the Van Hiele levels 
 
In order to gain insight into how an individual student advances from one level to another, or 
what kind of geometric thinking is inherent at each level, the Van Hieles identified some 
properties that characterise the model. These properties were crucial for the understanding of 
the role of the Van Hiele theory in influencing geometry classroom teaching (Usiskin, 1982; 
Atebe, 2008). These properties are discussed below. 
 
Property 1: Fixed Sequence and hierarchy 
 
The Van Hieles argued that the levels of geometric thinking are sequential and hierarchal. This 
means that a student must proceed through the levels in order from the lowest level to the 
highest possible level (Crowley, 1987). An implication of this is the fact that, for a student to 
gain real understanding, he or she cannot skip a level. The student has to go through level n 
first before going through level n+1 (Van Hiele, 1986; Mason, 1998). To perform with success 
at a specific level, the learner must have attained the skills and strategies of the preceding 
levels. Teachers should, therefore, be aware of the fact that a student who has attained level n 
may not understand thinking of level n+1 or higher (Mayberry, 1983; Pegg, 1995). Hence, two 
people reasoning at different levels may not understand each other. 
 
Despite the claim of sequence and hierarchy of the levels, there have been occasions where 
students assumed the higher levels by memorising rules or definitions, resulting in the 
application of routine algorithms that they hardly understand (Pegg, 1995). In such cases, one 
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might be falsely led to believe that a student has mastered the skills at that level, whereas that 
is not true. Therefore, any information or knowledge acquired without understanding cannot 
be regarded as the attainment of a certain level of thinking (Mateya, 2008). 
 
Property 2: Linguistic character 
 
Each Van Hiele level has “its own linguistic symbols and its own relations between these 
symbols” (Crowley, 1987). A particular term may be interpreted differently depending on the 
level at which different people are reasoning. For example, a student at level 2 may not 
understand that a square is also a rectangle, as implied by reasoning at level 3. Yet this kind of 
language (a figure having more than one name because of the properties of such a figure) is 
fundamental at level 3.  
 
For example, it is possible that, in a classroom situation, “one might find the teacher, the texts, 
and the students functioning at different levels and hence using different linguistic symbols or 
networks of relations.” (Atebe, 2008, p. 63). The consequence of this is that there might be a 
lack of understanding between the students and the teacher (Van Hiele, 1986; Mason, 1998). 
In such a case, therefore, a possible “mismatch” between teaching and students’ geometric 
reasoning is caused mainly by the teacher’s failure to provide instruction to the students in a 
language that is appropriate to the students’ thinking levels (Van Hiele, 1986). This mismatch 
is actually another property of the Van Hiele levels, which is discussed next. 
 
Property 3: Discontinuity/mismatch 
 
Van Hiele (1986) maintained that the most distinctive property of the levels of thinking “is 
their discontinuity, the lack of coherence between the network of relations” (p. 49). This is also 
referred to as a “mismatch”, that is, the student is at one level of thinking and instruction is at 
a different level, such that the desired learning and progress may not occur (Crowley, 1987). 
 
According to Van Hiele (1986), this property is the most critical in the learning process because 
it, regrettably, sometimes forces students to imitate the teacher’s actions without 
understanding. This happens particularly if the teacher, the teaching material, the subject 
matter, language, and so on, are at a higher level than the student. For example, teachers may 
use a language or vocabulary that is at level 3 while students do not even understand language 
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at level 2. Thus, teachers may be guilty of “level reduction”, a state in which the structures at 
a higher level are re-interpreted at a lower level (Pegg, 1995). During level reduction students 
try to recall (rather than think out) what their teacher told them (Fuys, Geddes & Tischler, 1988, 
p. 155). This results in rote memorisation instead of functioning at the appropriate higher level; 
hence the level is “reduced”. An example that resonates with the researcher’ s own experiences 
in this case is provided by Mateya (2008), involving the use of the popular “Z” or “F” symbols 
in parallel lines, commonly used to help students to identify alternate or corresponding angles. 
Students are told that, wherever they see the Z-like sign, they must know that it represents 
alternate angles, or, wherever they see the F-like sign they must know that they are dealing 
with corresponding angles. This leads to students not appreciating the need for learning the 
proofs of theorems, because the symbols enable students to easily understand the concepts 
through visualisation (Mateya, 2008). 
 
Pegg (1995) further claims that if a student has reached a particular level of geometric thinking, 
he remains at that level for some time, as if ‘maturing’. In support of this, Clements and Battista 
(1992) explained that there are jumps in the learning curve which reveal the presence of 
discrete, qualitatively different levels of thinking. Furthermore, Pegg (1995) warns that forcing 
a student to perform at a higher level will not succeed until the maturation process has occurred. 
It is then not advisable to try and force the student to perform at a higher level until this 
maturation process has happened. Otherwise, the student will not succeed in his learning. 
 
To address the problem of discontinuity or mismatch, Van Hiele (1986) proposed that “a 
teacher beginning the teaching of geometry should address himself to the pupils in a language 
they understand” (p. 45). By this Van Hiele meant that teachers should use level-appropriate 
terminology, symbols, or general language in their geometry instructional practices (Atebe, 
2008). 
 
Property 4: Adjacency or intrinsic/extrinsic 
 
This property deals with the idea that concepts that were implicitly understood at level n 
become explicitly understood at level n+1 (Fuys et al., 1988). For example, students who are 
reasoning at level 1 only perceive the structure or overall look of a figure in order to identify 
or recognise it. Yet it is the properties of the figure that determine it (its name, definition, and 
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so on). However, the properties of the figure are only understood explicitly at level 2, when the 
student begins to analyse it and discover its components (Crowley, 1987). 
 
Closely related to, and significant for the property of adjacency is the point that, according to 
the Van Hiele theory, the levels are discrete, and being able to move from one level to the next 
is not gradual but a “jump” (Pusey, 2003, p. 14). According to Lawrie and Pegg (1997), a 
“crisis of thinking” is necessary before a student can reach a new level. This means that students 
should be given more thought-provoking tasks that would encourage them to create their own 
strategies in trying to solve a particular problem. As they struggle to reach the solution, students 
will develop a meaningful understanding of the particular concept dealt with. However, further 
research advocates that students can reason at more than one level, under certain circumstances 
(Pusey, 2003). Furthermore, it is possible for students to be in-between levels, making it 
difficult to classify them according to the Van Hiele levels. Although students may be 
reasoning at more than one level, typically the acquisition of the lower level is more complete 
than the acquisition of the higher level (Siyepu, 2005).  
 
Property 5: Retention  
 
There has been research evidence to indicate that students may be on different Van Hiele levels 
of reasoning for different concepts (Mayberry, 1983; Burger & Shaughnessy, 1986; Mason, 
1998). Some students also oscillate between levels (Burger & Shaughnessy, 1986; Orton, 
2004). Furthermore, students may vary in their conceptual understanding. For example, 
students may be classified at the same Van Hiele level, yet they may not have the same 
understanding of particular concepts. However, Pegg (1995, p. 93) maintained that raising one 
concept to a higher level will make it easier for other concepts to reach that level. This is 
especially true if the concepts are interrelated.  
 
Property 6: Ascendancy/Advancement 
 
This property relates to the fact that the advancement or progress of a student in the Van Hiele 
levels takes place from a lower level to the next one higher up in the hierarchy. This progression 
does not depend on age or biological maturation of the student, but rather on instructional 
experience (Clements, as cited in Atebe, 2008). As Van Hiele (1986) stated it, “the transition 
from one level to the following is not a natural process; it takes place under the influence of a 
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teaching-learning program” (p. 50). This highlights the importance of the role of the teacher to 
help the student advance from one level to the next. In doing so, caution needs to be taken that 
a student should not skip a level. For example, some methods of teaching enhance progress 
while others could delay or even prevent movement between levels (Crowley, 1987), leading 
to “reduction”, as discussed under the property of Discontinuity above.   
 
Pegg (1995) explained that the teacher needs to engage students in direct instruction, as well 
as provide opportunities for student exploration and reflection, in order to help them move from 
one level to the next. This implies that sufficient time needs to be provided for the successful 
progression of students through the Van Hiele levels. This will allow students to collaborate 
when explaining, clarifying, elaborating, questioning and discussing possible solutions to the 
problem (Siyepu, 2005). One practical example on how to assist students to move from one 
level to the next is provided by Pusey (2003), where a distinction is made between “symbol 
character and signal character” (p. 13). According to Pusey (2003), the Van Hieles, in 
describing the kind of growth needed for a student to reach the next level, identified the first 
period that bridges the gap between the first two levels. This period helps students progress 
from seeing things holistically (level 1) to seeing objects with specific components or 
properties (level 2). In this period, the figures themselves are the symbol character. The goal is 
for students to start learning the properties of these symbols, thus focusing less on the figure 
itself. To test the achievement of this goal, the teacher could remove the figure and provide a 
list of its properties instead, and then check if the students could still identify the figure. At this 
stage, the symbol character has become a signal character. A similar procedure can be applied 
in a second period in trying to help the student connect the second and third level, as well as in 
a third period that closes the gap between the third and fourth level (Pusey, 2003). 
 
Students’ progress or advancement through the Van Hiele levels can be facilitated by carrying 
out instruction that is sequenced into five phases of learning, beginning with the information 
phase, moving through guided orientation, explicitation, free orientation and ultimately 
reaching integration (Van Hiele, 1986; Mason, 1998). In the next session, these phases are 
discussed in detail.  
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2.4.3. The Van Hiele phases of learning 
 
The Van Hiele theory proposes five phases of learning that can be utilised to help students in 
advancing from one level of geometric thinking to the next-higher level during classroom 
teaching (Van Hiele, 1986). These phases are: 
 
Phase 1: Information  
 
In this phase, the teacher identifies, through discussion, what students already know about a 
topic and in this way the student becomes acquainted with the topic of interest. Observations 
are made (for example, the teacher might display a picture or diagram to students), questions 
are raised, and level-specific vocabulary is introduced (Hoffer, 1981). For example, the teacher 
might ask students: “What is a rectangle? How is it different from a square? Is a rectangle a 
parallelogram? Why do you say so?” And so on. Further, examples and non-examples might 
be introduced (Pusey, 2003). For example, the teacher might show students pictures of shapes, 
some rectangles and others not, and ask them to identify those that are rectangles.  
 
It is desirable at this phase for the teacher to let students use their own language, even though 
it might not be precise, during the discussion, without the teacher interfering much (Atebe, 
2008). This makes it possible for the teacher to identify what the students already know about 
the topic or concept being explored. Therefore, the purpose of activities performed during the 
information phase is to give teachers an indication of students’ prior knowledge about the topic, 
as well as to give students an idea of the direction of further study (Crowely, 1987). The 
information phase thus is a vehicle for carrying out a baseline assessment, that is, an assessment 
usually used at the beginning of a phase, grade or learning experience to establish what learners 
already know (South Africa [DoE], 2002). Baseline assessment helps teachers to decide how 
to pitch the initial activities and to assess what aspects of work need more attention when 
teaching about a particular topic. 
 
Phase 2: Guided Orientation 
 
During this phase, students work on teacher-specified tasks and the teacher guides them so that 
they can make the necessary discoveries or notice possible relationships (Pusey, 2003; 
Abdullah & Zakaria, 2013). The tasks assigned by the teacher are carefully structured and 
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sequenced but simple, and permit only one solution (Mason, 1998; Van Hiele, 1986). For 
example, the teacher might ask students to use a geoboard to construct any rectangle, then 
construct another that is smaller, thereafter to build a rectangle using two squares, and so on. 
 
The activities used should gradually expose students to the structures characteristic of the level 
to which they have to progress. In this way, the teacher presents activities in the form of a 
learning unit to help students advance from one level to the next level. The teacher may still 
allow students to use their own language, but he will interject, from time to time, by 
encouraging the use of the right terminology (Pegg, 1995). 
 
Phase 3: Explicitation 
 
In the explicitation phase, students explain and express their views about the observed structure 
(Abdullah & Zakaria, 2013), building on their previous learning experiences. This helps to 
assess students' understanding of the topic taught earlier, so as to monitor their progress and 
improve their learning. Students describe what they have learned about the topic using their 
own language. However, the teacher introduces technical terms or standard vocabulary and 
correct mathematical language appropriate for the particular context, in order to promote 
accurate communication among the students (Crowley, 1987; Atebe, 2008). For example, they 
might talk about the properties of a rectangle and use appropriate mathematical terminology, 
such as right angle, diagonals, parallel, and opposite sides. 
 
Phase 4: Free Orientation 
 
In the free orientation phase, students are given more challenging tasks and are required to do 
investigations on their own, so as to discover certain relationships (Pusey, 2003). Open-ended 
tasks with multi-path solutions are provided to students, in order to encourage them to find 
their own solutions. By orienting themselves in the area of investigation, many relations 
between the concepts being learnt become explicit to the students (Crowley, 1987). For 
example, students might be asked to investigate, using concrete material (such as pieces of 
paper shaped according to the figures being discussed), what different types of shapes can be 
made by putting two identical triangles together in different ways. During this task they would 
be required to justify their answers, using appropriate vocabulary as developed during the 
explicitation phase. 
42 
 
Phase 5: Integration 
 
In this phase, students review, integrate and summarise what they have learned in order to 
develop a new overall view (Atebe, 2008; Abdullah & Zakaria, 2013). The teacher might assist, 
if necessary, by providing brief references to what the student has learnt. Caution should be 
taken, however, that these summaries should not entail anything new. To achieve this, Van 
Hiele (1986, p. 202) recommends that “problems set to check integration must be simple”. For 
example, the students would be asked to summarise the properties of the rectangle that have 
been discovered, and revise the origins of such properties.  
 
It is anticipated that when the integration phase is completed, the student will have now attained 
the next level of reasoning in the Van Hiele model (Pusey, 2003). The new domain of reasoning 
(according to Van Hiele levels) replaces the old, and the student is now ready to repeat the 
phases of learning at the next level (Crowley, 1987). The student thus has to go through all the 
five phases in order to achieve each of Van Hiele’s level of geometric thinking. That is, he 
must go through the information, guided orientation, explicitation, free orientation and 
integration phases to advance from the first level to the second level, and then he has to go 
through the same phases to advance to the next levels (Abdullah & Zakaria, 2013). 
 
The figure below summarises the relationship between Van Hiele phases and levels of 
geometric reasoning:  
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Figure 2.3: Link between Van Hiele levels and phases of learning (Teppo, 1991, p. 210) 
 
The Van Hiele phases assist teachers in comparing their current instructional practice with a 
model of teaching that places “introductory discussion, straightforward exercises, language 
development, multi-path solution exercises and topic overview in a sequence” (Pegg, 1995, p. 
98). Van Hiele phases were the cornerstone of the intervention programme that was 
implemented with students in this study. 
 
2.5. Comparison of Van Hiele theory with Piaget’s developmental theory 
 
There seems to be some significant similarities and differences between the theory of Van Hiele 
and that of Piaget.  Both theories link the development of learners’ thought to some levels. 
Piaget proposed four levels or stages of cognitive development and believed that the child’s 
progress from one level to the next occurred due to biological changes (Von Glasersveld, 
1995). With a certain degree of similarity, Van Hiele’s theory also proposes levels of reasoning 
through which students, with the help of the teacher, pass as they think about or solve geometry 
problems. Therefore, both theories are pertinent to and intended for the facilitation of learning 
activities, although in different ways (Pegg, 1997). According to Piaget, the child’s experiences 
in one stage form the basis for advancement into the next stage, allowing the child to develop 
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gradually through the different stages (Berk, 1997; Ojose, 2008). Therefore, all individuals 
supposedly advance through all the stages without skipping any stage (Eggen & Kauchak, 
2000). To a certain extent, this is similar to one of the properties of Van Hiele’s levels, namely, 
fixed sequence and hierarchy (Crowley, 1987; Mateya, 2008). 
 
However, the two theorists differ significantly in various ways. For example, in Piaget’s levels, 
cognitive development is linked to the biological age of the child. This implies that older 
children should have a higher level of cognitive development than younger children. Therefore, 
Piaget’s theory suggests that maturation, on its own, should lead to more advanced reasoning 
abilities, to the extent that instruction should be carried out in an order that corresponds to the 
cognitive development of the child, according to age (Evbuomwan, 2013). In contrast to 
Piaget’s age-related cognitive development, Van Hiele (1986, p. 50) stated that “the transition 
from one level to the following is not a natural process; it takes place under the influence of a 
teaching-learning program”. Therefore, the teacher, according to Van Hiele’s theory, plays a 
crucial role in the learners’ development of thought from one level to the next. “The Van Hiele 
levels are a series of signposts of cognitive growth reached through a teaching/learning process 
as opposed to some biological maturation” (Pegg, 1997, p. 391). Therefore, Van Hiele 
emphasises the role of the teacher, which can also be related to Vygotsky’s concept of students' 
ZPD and scaffolding, as discussed in Section 2.3.3 above.  
 
Piaget’s viewpoint on cognitive development is that human capabilities advance through 
interaction with the environment, and this happens through the processes of assimilation and 
accommodation (Von Glasersfeld, 1990). According to Piaget, the child constructs his or her 
own logical thoughts without bringing in external elements (Bliss, 2002). This seems to suggest 
that the advancement in cognitive abilities is achieved through processes that occur in the mind 
of the learner, without teacher support. Thus, Piaget’s theory places emphasis on the active role 
of the individual child, during the process of learning (Jones & Brade-Araje, 2002). This is in 
contrast to Van Hiele’s emphasis on the importance of the teacher in helping the learner 
advance from one level of thought to the next. 
 
Piaget (1997) had the view that interests are crucial for the intellectual development of the 
child. He presumed that there is an inherent predisposition in children that brings about a 
systematic organisation of their experiences and thoughts of their surroundings, as they 
assimilate and accommodate information. With the existence of the child’s interest in the 
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stimulus he is faced with, the child will then be able to make sense of the information. For Van 
Hiele, on the other hand, the learner has to be guided (hence the Guided Orientation as one of 
his phases of learning, where learners are given guiding questions or activities) in a step-by-
step process, so that they can be able pass from one stage of development to the next, until they 
can solve problems on their own (through, for example, the more open-ended questions given 
to them in the Free Orientation stage). 
 
2.6. The van Hiele theory as the main theoretical framework for the current study 
 
The theories discussed in the preceding sections are all relevant for understanding students’ 
reasoning about mathematical concepts. However, the van Hiele theory, with its original focus 
on understanding students’ reasoning in geometry, similarly to the focus of this current study, 
seemed to be the most appropriate theoretical framework to choose. Hence data analysis and 
interpretation of results in this study was based on van Hiele theory only. 
 
 The support for choosing the van Hiele theory as the main theoretical framework for this study 
also lies in the fact that it provides clear guidelines, in the form of phase-based instruction, on 
how to help students progress from one level of understanding to the next, in an attempt to 
address their problems. The ultimate objective of the current study, upon identifying challenges 
experienced by students with transformation geometry, was to offer some intervention. Van 
Hiele phase-based instruction thus provides well-researched ideas and step by step guidelines 
on how to do such intervention. Hence the van Hiele theory has been chosen, for example, over 
Piaget’s and Vygotsky’s constructivist theory. Also, given the fact that Piaget’s theory of 
cognitive development links cognition to learner’s biological age, the researcher thought that 
his theory would not suffice to explain university students’ reasoning or lack thereof since their 
ages do not conform to those stipulated in Piaget’s theory. On the other hand, the van Hiele 
theory emphasises the role of the teacher in the development of student reasoning, hence the 
researcher saw it fit that the van Hiele theoretical framework would work well for this current 
study. This was more especially that the current study involved action research, with the 
researcher playing a key role in facilitating students’ learning and understanding.   
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2.7. Error analysis  
 
Error analysis, also referred to as error pattern analysis, is the study of errors in learners’ work 
with a view to finding explanations for these reasoning errors (Herholdt & Sapire, 2014). In 
their approach to error analysis, Rach, Ufer & Heinze (2013, p. 23) distinguished between a 
“pragmatic, outcome-oriented, and an analytic, process-oriented path of action”, as depicted in 
the figure below. 
 
Figure 2.4: Process model for learning in error situations (Rach, Ufer & Heinze, 2013) 
 
While the former approach depicted on the left in the above figure, proceeds directly from error 
recognition to error rectification, the latter route includes a closer analysis of the error and the 
generation of error prevention strategies. With respect to this study, the latter approach was 
applicable since, after detecting the students’ errors and misconceptions that are responsible 
for such errors, these were analysed and an intervention programme was carried out to address 
them with the hope that in the long run they would be prevented or minimised in future.  
 
2.8. Chapter summary 
 
This chapter discussed the theory that underpins the current research study. Piaget’s radical 
constructivism, as well as social constructivism as theories of learning, which propose ideas on 
how children learn, were outlined and their relevance to the current study discussed. Then the 
Van Hiele theory of learning, upon which this current study relies for implementation of 
research activities and analysis of findings, was presented. Lastly, the theory of error analysis 
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in mathematics learning in general, as well as its role in the context of its role in this current 
study, was discussed.  
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CHAPTER 3 
 LITERATURE REVIEW 
 
3.1. Introduction 
 
The main purpose of this literature review is to properly position this study within the context 
of current and past research grounded in theories of teaching and learning. Then some research 
that has been conducted using the Van Hiele theory is further explored, which is relevant for 
this study. Thereafter, the place of geometry in the school mathematics curriculum is discussed, 
both internationally and within South African contexts. Then the discussion explores some 
research evidence indicating the difficulties encountered by students in school geometry in 
general and transformation geometry in particular. This research is about misconceptions in 
transformation geometry; hence it includes a review of literature on misconceptions and 
associated errors. Following that, teacher content knowledge and its effect on the learning of 
geometry is discussed. Lastly, the discussion considers some theories that are relevant for the 
teaching and learning of geometry.  
 
3.2. Research involving Van Hiele theory 
 
Various researchers and authors have carried out studies on, or written extensively about the 
use of the Van Hiele theory in the classroom teaching and learning context. The kind of 
research done took different forms and was done for different purposes. For example, some 
researchers sought to identify the Van Hiele levels of reasoning and create tools to assess them. 
Others set out to determine whether the Van Hiele model is precise in describing geometric 
thinking. Some studies also attempted to confirm if the Van Hiele levels are discrete and form 
a hierarchy. Others researched the relationship between the Van Hiele levels and student 
achievement in the classroom, whether the levels can predict success in geometry. Some studies 
assessed students or mathematics teachers’ Van Hiele levels of geometric thought. Lastly, 
various intervention strategies, based on the Van Hiele theory, have been created and 
implemented in mathematics classrooms, with the aim of determining the extent to which these 
can improve the learning and teaching of geometry. Therefore, it can be said that the “Van 
Hiele model of geometric thought can be used to guide instruction as well as assess student 
abilities” (2015, p. 25)  
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This current study seeks to explore student teachers’ misconceptions with transformation 
geometry and then develop an intervention programme based on Van Hiele theory, to address 
the misconceptions. Therefore, the current study relates more to the last two of the research 
endeavours mentioned above. For example, studies that assessed mathematics teachers’ levels 
of reasoning in geometry might shed some light as to where the problems lie with teachers’ 
knowledge of and ability to teach geometry. Furthermore, studies that develop intervention 
strategies might give the researcher some pointers as to the advantages/benefits and 
disadvantages/challenges of implementing such strategies. Next, some of these research studies 
are discussed in detail and an explanation of why they are relevant for this study is given. 
 
3.2.1. Assessing students’ and teachers’ Van Hiele levels of geometric thought 
 
Assessments have been conducted with students of middle and upper grades as well as pre-
service and in-service teachers. Many studies sought to assess the subjects’ (both students’ and 
teachers’) levels of geometric thought, using the Van Hiele theory (Siyepu, 2005; Van Putten, 
2008; Alex & Mammen, 2012; Ma, Lee, Lin & Wu, 2015). Areas of interest with student 
assessment have been how well Van Hiele levels can predict success in geometry and proof-
writing as well as readiness for taking geometry. Areas of interest with teacher assessment have 
been identifying where teachers stand in terms of the levels as well as their possible 
misconceptions. Researchers have been perturbed by learners’ poor performance in geometry 
(Mistretta’s, 2000; Panaoura & Gagatsis, 2009; Kaur, 2012; Bernstein, 2013; Hansen, 2017), 
and therefore they sought to explore possible reasons for this. It was deemed necessary to also 
assess teachers’ levels of reasoning in order to find out where deficiencies occur, so that 
instruction can be tailored to the needs of the teachers, to reinforce those particular problem 
areas (Khembo, 2011). Hopefully, the improvement of teachers’ geometric reasoning, 
knowledge and understanding would spill over to learners’ own understanding of, and 
reasoning in, geometry.  
 
Literature shows that geometry is taught to learners, especially in secondary school, in a formal 
axiomatic style and is accessible only to a small minority of learners at this level (De Villiers, 
1997; Atebe, 2008). The reason for this is that very few learners in secondary school have 
reached the Van Hiele level of formal deduction, which is necessary for success in learning 
geometry at this level (De Villiers, 1997; Siyepu, 2005; Atebe, 2008; Abdullah & Zakaria, 
2013). Research evidence reveals that the problem with learners’ limited abilities with 
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reasoning in geometry seems to have originated earlier on in their schooling experience (De 
Villiers, 1997; Kilpatrick, Swafford & Findell, 2001; Siyepu, 2005; Reddy, 2006; Bernstein, 
2013). For example, De Villiers (1997) said “unless [and until] we [South Africans] embark 
on a major revision of the primary school geometry curriculum along Van Hiele lines, it seems 
clear that no amount of effort at the secondary school will be successful” (p. 43). De Villiers 
(1997) thus recognised the difficulties experienced by South African learners with geometry, 
and also confirmed the importance of the Van Hiele model in minimising these difficulties. In 
the light of the above-mentioned evidence, it is necessary for researchers to explore learners’ 
and teachers’ reasoning in geometry as well as to find ways to improve it. The Van Hiele model 
is one way of doing this exploration. Hence various studies, as will be seen below, have 
attempted to assess students’ and teachers’ Van Hiele levels of geometric reasoning and 
implemented or recommended strategies that can be used for the benefit of the students’ 
learning of geometry.  
 
One of the early researchers who conducted research involving the Van Hiele theory was 
Mayberry (1983). Her study involved the assessment of 19 American primary pre-service 
teachers’ Van Hiele levels of geometric reasoning. As part of her research methodology, she 
interviewed the teachers and found out that their responses showed a lack of readiness for a 
formal deductive geometry course.  For example, some students (pre-service teachers) found it 
difficult to recognise a square that did not have a standard orientation. For others, “giving the 
name of a concept seemed to be more difficult than choosing an example of the concept when 
the name was given and examples and non-examples were displayed” (Mayberry, 1983, p. 64). 
She concluded that “class inclusions, relationships, and implications were not perceived by 
many of the students” (Mayberry, 1983, p. 65), making it difficult for such students to achieve 
success in a course in formal geometry. Similar problems were later confirmed in Siyepu’s 
(2005) and Atebe’s (2008) studies involving the use of Van Hiele theory to examine secondary 
school learners’ levels of geometric conceptualisation. Most of the learners were not yet ready 
for the formal deductive study of secondary school geometry, as only 2% and 3% of them were 
at Van Hiele levels 3 and 4 respectively, while 47%, 22% and 24% were at levels 0, 1 and 2, 
respectively (Atebe, 2008, p. 321).  
 
In his study, Siyepu (2005) concluded that there was insufficient preparation of learners during 
the primary and senior phases. He also highlighted the over-reliance on traditional approaches 
to teaching geometry (Siyepu, 2005). The findings and conclusions from the above-mentioned 
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studies motivated the researcher to carry out research which involved primary school pre-
service teachers and the exploration of misconceptions in transformation geometry. It is 
believed that, by empowering pre-service primary school teachers with skills in geometry 
teaching and learning, they might be in a better position to improve their own students’ learning 
of geometry in future.  
 
In another study, Mason and Schell (1988) investigated the geometry levels of reasoning and 
misconceptions of pre-service and in-service elementary and secondary school teachers. Some 
misconceptions were noted, such as, teachers applying theorems of isosceles triangles to 
equilateral triangles, or an inability to distinguish between sufficient and necessary conditions 
(Van Hiele level 2). Mason and Schell’s (1988) results showed that 38% of the primary pre-
service teachers performed below level 4, with 8% not even attaining the lowest level, namely, 
visualisation (Van Hiele level 1). Lawrie and Pegg (1997) concurred with these results when 
they found that the majority of pre-service primary teachers were either at level 0 or level 1 
(based on the original 0-4 numbering system). According to Van der Sandt (2007, p. 6), “this 
correlation could imply that teachers, irrespective of educational history, could currently be 
teaching without the necessary subject content knowledge and also that PTs [pre-service 
teachers] enter the teaching career with less than adequate knowledge”. Therefore, the 
researcher was convinced that research should be conducted that would address prospective 
primary teachers’ misconceptions in transformation geometry, in order to help improve their 
possibly inadequate knowledge of geometry. 
 
It is worth noting that much research aimed at assessing Van Hiele levels of reasoning of 
students has been carried out at all levels of schooling or education, over the years and in 
different parts of the world. Most, if not all, such studies painted the same picture: students 
(and teachers) are not at the level they are supposed to be in their reasoning on, and 
understanding of geometry. Evidence of this is provided by studies focusing on primary level 
(King, 2002; Feza & Webb, 2005; Wu & Ma, 2006;), middle school level (Fuys, Geddes & 
Tischler, 1988; Mason, 1998; Mistretta, 2000), secondary level (Usiskin, 1982; Clements & 
Battista, 1992; Atebe, 2008; Abdullah & Zakaria, 2013) and pre-service and in-service teachers 
(Mayberry, 1983; Mason & Schell, 1988; Swafford, Jones & Thornton, 1997; Van der Sandt, 
2007; Khembo, 2011). Considering the BEd students involved in this study, therefore, it is very 
likely that their reasoning in geometry was never adequate or never improved as they 
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progressed through their schooling phases. For this reason, it was envisaged that their 
involvement in a study such as this one would most probably benefit them.  
 
There are particular studies that are more relevant to this current study in terms of how they 
were actually conducted. The aims of such studies, as well as the routes taken in collecting 
data, resonate well with this study. For example, the research conducted by Burger and 
Shaughnessy (1986) was interested in, among others, developing an interview schedule, instead 
of a written test, to see if certain Van Hiele levels were dominant in students’ reasoning while 
working on a specific task. This current study involves the use of both written tests (that relate 
to Van Hiele theory) as well as interviews. Therefore, it was worthwhile for the researcher to 
get well-tested ideas on how to incorporate the Van Hiele theory in designing or developing 
interview schedules. Several ideas that came up in Burger and Shaughnessy’s (1986) interview 
template could be beneficial for the current study. For example, students are asked to identify 
and define quadrilaterals pictured on a page by labelling them accordingly and justifying their 
labels. Such activities and explanations are definitely relevant when students have to recognise 
shapes and do transformations of these shapes from given diagrams in the current study.  
 
Students in Burger and Shaughnessy’s (1986) study have to explain, for example, how they 
would tell someone else to find a particular shape (such as a rectangle) from a mixture of other 
shapes. Similar questioning techniques were important for this study, when the researcher 
followed up on interviews, trying to get students to elaborate on what they had written in the 
tests. By recognising the level at which students were reasoning, through listening to their 
explanations, the researcher was then in a better position to implement the intervention 
programme based on Van Hiele phases of learning. 
 
An inspiration to conduct this study also particularly came as a result of Mistretta’s (2000) 
study in which she used a pre-test and post-test to assess Grade 8 students’ Van Hiele levels. 
As part of data collection in this current study, students wrote a pre-test before lessons on 
transformation geometry were taught, as well as a post-test after the intervention programme 
based on Van Hiele theory. The examples of items or tasks used by Mistretta (2000) gave the 
researcher ideas about designing and compiling tasks for the tests that were used in this study. 
The purpose of this study was also strengthened by the fact that Mistretta’ (2000) results of the 
post-test showed that there were improvements in students’ geometric reasoning after she 
implemented a teaching unit based on Van Hiele phases of learning. This study also involved 
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the development of an intervention programme based on Van Hiele phases, which was 
implemented with students after the pre-test, with the hope that there would be an improvement 
in their understanding of transformation geometry, leading to the minimising of their 
misconceptions on the topic.  
 
Recent research on Van Hiele theory, conducted in the South African context, with pre-service 
and in-service teachers, portrays a bleak future for the learning of geometry by South African 
school children. For example, in a study by Van der Sandt (2007), an investigation of Grade 7 
geometry knowledge of pre-service and in-service teachers, as well as students, was carried 
out. The results indicated that both categories of teachers, irrespective of subject specialisation 
or time spent in pre-service education, failed to reach the expected level of geometric reasoning 
(level 3 or 4) and the expected standard of achievement. Sadly, Van der Sandt (2007) also the 
reached the conclusion that “some pre-service preparation programmes had no significant 
impact by either maintaining or positively impacting on the already attained thought levels” (p. 
1). This means that the geometry learning of students doing teacher education training 
programmes is not doing much to prepare these pre-service teachers for the effective teaching 
of geometry to their future students. These findings validate earlier ideas that it is not enough 
for pre-service teachers to attain understanding at the next-higher Van Hiele level if that new 
level just is not the level at or above the level of their expected audience (Knight, 2006). Hence 
Van der Sandt (2007), as part of her recommendations, suggested an improved programme for 
both pre- and in-service training. Therefore, this study responds to such calls as made by the 
above-mentioned researchers. By identifying the BEd students’ misconceptions, and 
addressing those misconceptions together with the students themselves (through an action 
research method), it was hoped this would have a positive impact on their levels of geometric 
thought. The anticipation was that this would, in turn, impact positively on their own students’ 
learning of geometry in future, especially that teachers exhibit similar misconceptions to those 
displayed by students (Pusey, 2003). 
 
Some more other recent studies using Van Hiele theory, carried out with South African primary 
school teachers and learners, further emphasise the importance of interventions to be done with 
these teachers to prepare them for the successful teaching of geometry (Feza and Webb, 2005; 
Khembo, 2011; Luneta, 2014). For example, Khembo (2011), being troubled with the low 
performance of Gauteng learners in the International Competitions and Assessments for 
schools (ICAS) tests, explored the geometric thinking of Grade 6 teachers. Among other data 
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collection techniques she used were the written tasks based on the ICAS, as well as task-based 
interviews. The results of Khembo’s (2011) study revealed that most of the teachers were not 
at the required level of geometric thinking, as expected for teaching successfully in the South 
African curriculum at the primary school level. Furthermore, the teachers in the study were 
found to be at lower Van Hiele levels than expected.  
 
Similarly, Luneta (2014), in his study which explored student teachers’ knowledge of basic 
geometry, found that the majority of the student teachers were operating at Van Hiele Level 1 
of geometric reasoning. This situation is not unique to South Africa; it seems to be prevailing 
in some other countries as well. For example, pre-service teachers in Ghana were found to be 
“operating at the basic Van Hiele Levels (i.e. Levels 1 and 2) as well as the pre-recognition 
level, and that a very small number of pre-service teachers operated at Van Hiele Levels 3, 4 
and 5” (Armah, Cofie & Okpoti, 2017, p. 104). Based on findings such as those mentioned 
above, Khembo (2011) recommends that in-service teacher training should help teachers 
develop new skills in the teaching and learning of geometry in order to avoid misconceptions. 
Furthermore, Luneta (2014) suggested that teachers have to be trained in such a way that they 
are competent in basic knowledge of the content they are supposed to teach. Hence this current 
study sought to identify student teachers’ misconceptions in order to address them, or at least 
minimise them, while empowering the student teachers with relevant knowledge that will allow 
them to competently teach transformation geometry.  
 
Khembo (2011) also emphasised the importance of the relationship between language and the 
Van Hiele levels. From the researcher’s own experience, she has seen how difficult it was for 
students to express their ideas, either orally or in written form, due to a lack of sufficient 
language development. Through this current study, it was envisaged that students would have 
a better chance of improving both their general language skills and the technical 
(mathematical/geometry) vocabulary. This was made possible through the implementation of 
Van Hiele phases, especially during the Guided orientation and Explicitation phases, where 
the researcher gradually introduced technical terms or standard vocabulary. 
 
The next section discusses some studies that implemented intervention strategies using Van 
Hiele phases of learning. The researcher gained valuable information from these studies and 
could better develop and implement an intervention programme for this current study.  
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3.2.2. Implementing intervention strategies based on Van Hiele theory 
 
Another avenue of research that deals with the Van Hiele theory has explored the effects of 
interventions based on the model, with students and teachers. With students, the researcher has 
sought to determine if lessons based on Van Hiele’s model are effective in promoting improved 
reasoning on geometry. Intervention with teachers has sought to determine if there might be an 
improvement in their geometry content knowledge, as well as to familiarise them with the Van 
Hiele theory in order to help develop more effective teaching and learning of geometry. It 
seems even more worthwhile to do interventions with primary teachers, based on claims such 
as: “the gap in learners’ understanding could be partially due to the lack of geometric 
knowledge and low Van Hiele levels of teachers in the early grades” (Khembo, 2011, p. 9).  
 
Swafford, Jones & Thornton (1997) established a teacher institute for in-service teachers in 
order to examine the impact of improving teacher content knowledge and awareness of research 
on student learning in geometry. In their study, 49 middle school teachers were given a 
multiple-choice Van Hiele test with the purpose of assessing changes in their Van Hiele levels, 
and an achievement test to assess improved content knowledge after attending a four-week 
geometry course at the institute. Following the administering of the tests, observations and 
interviews were conducted with some of the participants to determine the teachers’ perceptions 
and changes in their teaching. The findings indicated that this course was effective in improving 
the teachers’ Van Hiele levels and content knowledge, as well as encouraging teachers to 
improve their teaching based on the Van Hiele theory. The teachers felt more confident with 
geometry, prepared to encourage students and eager to spend more time teaching geometry. 
This is encouraging, especially because it has been found that teachers may not teach 
mathematics topics that they find to be very difficult, or they may treat topics whose conceptual 
demand they do not appreciate, perfunctorily (Chick, 2002,). It is therefore important that 
teachers’ challenges and misconceptions should be addressed to minimise the possibility of 
them not feeling confident enough to teach such topics.  
 
Swafford, Jones and Thornton’ study demonstrated that “an intervention program that enhances 
teachers’ knowledge of geometry and their knowledge of research-based findings on student 
cognition in geometry can influence instructional practice” (Swafford, Jones & Thornton 1997, 
p. 480). Even though the current study does not involve enhancing (pre-service) teachers’ 
knowledge of research on learners, it does, however, aim to enhance their (pre-service teachers) 
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knowledge of geometry. In that way, the study serves to take some of the responsibility required 
from teacher education institutions, as suggested in the following statement: “The 
responsibility to adequately prepare prospective teachers (PTs) in their behaviour as teachers 
and in teaching lies with tertiary institutions” (Van der Sandt 2007, p. 1). 
 
Many other studies confirm the possibility of using Van Hiele theory to implement a successful 
intervention programme aimed at improving students’ or teachers’ level of geometric reasoning 
(King, 2002; Ding & Jones, 2007; Noraini, 2007; Patsiomitou & Emvalotis, 2010; Siew, Chong 
& Abdullah, 2013). In their study, Ding and Jones (2007) designed and taught a series of 
geometry lessons based on Van Hiele phases to Grade 8 students in Shanghai, China. After 
carefully analysing the implementation of the lessons they found that the second and third of 
the Van Hiele teaching phases, namely, Guided orientation and Explicitation, were found 
across the range of lessons observed for their project. They were concerned, however, with the 
instructional complexity of, for example, the Guided orientation phase. Hence Ding and Jones 
(2007) recommended that far more research needed to be conducted into the validity of the 
Van Hiele teaching/learning phases. This current study, therefore, firstly, benefited from Ding 
and Jones’ research, in the manner that it gave the researcher some insight into the possible 
challenges to expect while implementing the intervention programme with the students. 
Second, by conducting this study, the researcher facilitated, even if on a small scale, the much-
needed further research on Van Hiele phases that was recommended by Ding and Jones (2007).  
 
A study by Patsiomitou and Emvalotis (2010), conducted in a secondary school in Athens, 
Greece, used ideas based on Van Hiele’s phases. The study sought to investigate ways in which 
the Geometer’s Sketchpad dynamic geometry software facilitated the development of students’ 
Van Hiele levels, and therefore changes in their geometrical thinking. Some of the methods 
used to facilitate the investigations involved Guided re-invention process. Guided re-invention 
involves “the student re-inventing teaching matter following the interaction with the teacher”, 
while the teacher’s task is to design a “course of action that fits anticipated student reactions” 
(Patsiomitou & Emvalotis 2010, p. 18). In some way, the Guided re-invention process works 
more like the Guided Orientation phase in Van Hiele theory. During Patsiomitou and 
Emvalotis’s (2010) study, the students progressed from lower (concrete structures) to higher 
(abstract structures) levels of thinking. This sequencing of instruction has positive effects on 
students’ success (Patsiomitou & Emvalotis, 2010). Even though this study does not involve 
the use of technological tools as is the case with Pastiomitou and Emvalotis (2010), there are 
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similarities in that some other manipulatives will be used. The researcher therefore also 
envisage that, by leading her students, during the implementation of the intervention 
programme, through the sequenced Van Hiele phases of learning, their chances of success with 
transformation geometry will be improved.  
 
Abdullah and Zakaria (2013) recently conducted a study in a secondary school in Malaysia 
involving 94 students and two teachers. Their aim was to assess the effectiveness of Van 
Hiele’s phase-based learning on students’ levels of geometric reasoning. The researchers 
divided students into two, a control group and a treatment group. Both groups were given a 
Van Hiele’s Geometry Test (VHGT) before and after the intervention that used Van Hiele 
phases of learning. An analysis of the results revealed that most of the students in the control 
group showed an improvement of geometric thinking from level 1 to level 2, with no student 
achieving level three. All the students in the treatment group, on the contrary, displayed a 
complete attainment of Van Hiele level 1 and almost all of them showed a complete attainment 
of level two. “As for level three, only one student did not achieve this level, whereas the rest 
showed a complete and high level of acquisition” (Abdullah & Zakaria, 2013). This proves that 
Van Hiele’s phase-based instruction can be applied in the teaching and learning situation in 
order to improve student achievement of higher levels of geometric thinking. This study, 
therefore, was significant and timely, considering that it involved primary school prospective 
teachers, whereas many intervention endeavours in the South African context tended to focus 
on the secondary school level. Yet “much evidence shows that the best way to raise 
achievement is to focus on the primary school level” (Bernstein, 2013, p. 6).  
 
Within the context of Africa, various studies on the use of Van Hiele theory have also been 
carried out. For example, Ndlovu (2012) conducted a study where pre-service teachers’ 
knowledge of proof in geometry was explored. Dhlamini (2012), in his study of Grade 12 
teachers’ knowledge of Euclidian geometry, found out that there is a Van Hiele gap between 
learners and teachers. 
 
3.3. Critique of Van Hiele theory 
 
Despite the fact that the Van Hiele theory has been mostly effectively and widely applied in so 
many studies and for different purposes, as discussed in the preceding section, it has been found 
to have some flaws or shortcomings. Most criticism of the Van Hiele theory (De Villiers, 2010; 
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Sinclair & Bruce, 2015), and questions raised about the theory relate to its properties as 
originally formulated by the Van Hiele couple (1986). For example, while Van Hiele (1986) 
clearly recognised discontinuity between the levels as the most distinctive property of the levels 
of thinking (p. 49), the levels do not seem to be that independent of each other. Burger and 
Shaughnessy (1986), for example, while supporting and acknowledging some research done 
on the Van Hiele model, refuted some other claims. To begin with, they maintain that they 
never identified the discontinuity; instead, they found that the levels seemed to be dynamic 
rather than fixed, and of a more continuous form than the Van Hiele’s discontinuity claims 
(Burger and Shaughnessy, 1986). On the other hand, the discontinuity of the levels, where it is 
(believed to be) existing, might cause communication problems in a class in which students 
function at different levels, and thus have a different understanding of (the same) terms. In 
other words, how does one negotiate meaning (through the use of Van Hiele theory) with a 
class full of students who are reasoning at different levels, without creating the mismatch 
(Crowley, 1987) mentioned earlier on? In this case, the problems associated with language 
implications in the use of Van Hiele theory (Khembo, 2011), which have been mentioned in 
this discussion before, are exacerbated. 
    
Further research questioned the sequential and hierarchical nature of the levels (Sinclair & 
Bruce, 2015) and pointed out that in some instances, some students were unidentifiable within 
the Van Hiele levels, or were in transition between levels (Burger and Shaughnessy, 1986). 
Burger and Shaughnessy’s research also supported Mayberry (1983), who had concluded 
earlier on that a student’s level may differ across themes and tasks in geometry. Burger and 
Shaughnessy’s (1986) claims are, in turn, supported by Fuys, Geddes and Tischer (1988), who 
also discovered quite a number of students who made some advancement towards level 2 with, 
for example, common shapes such as squares and rectangles, but experienced problems with 
unfamiliar figures. Fuys, Geddes and Tischer (1988), therefore, came to the conclusion that 
students’ progress was characterised by frequent instability and oscillation between levels. 
Other researchers also attest to this instability regarding the levels (Gutierrez, Jaime & Fortuny, 
1991; Sinclair & Bruce, 2015) with Jones (2000, p. 80) pointing out that “learners appear to 
show signs of thinking from more than one level in the same or different tasks, in different 
contexts”. Gutierrez, Jame and Fortuny (1991, p. 250) further provide some sort of explanation 
in support of the instability between levels when they asserted that “the levels were not as 
autonomous in that people do not behave in a single, linear manner, which the assignment of 
one single level would lead us to believe”. 
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Further reasoning about and explanation of the existence of the flaws with the Van Hiele theory 
is that the theory was formulated specifically in the context of 2-D geometry, and not in 3-D 
(Pittalis & Christou, 2010). Yet it has been established, for example, that children could 
progress from “visual-informal componential reasoning” to “informal and insufficient-formal 
componential reasoning” while working with a polyhedral (Sinclair & Bruce, 2015, p. 324). 
Other studies that used the context of 3-D objects also proved young children’s capabilities in 
geometry and spatial reasoning which could not be explained with Van Hiele’s level-specific 
theory (Bruce & Hawes, 2015; Hallowell, Okamoto, Romo & LaJoy, 2015). In a similar 
manner, the focus of Van Hiele theory on 2- D geometry that excluded other dynamic contexts 
is a source of criticism from some researchers. For example, De Villiers (1997) revealed that 
dynamic geometry contexts could facilitate the grasping of class inclusion as early as level 1. 
Sinclair & Bruce (2015, p. 323) also point out this flaw when they claim that “children might 
use inclusive relations to identify different types of triangles with the support of dynamic 
geometry software”.  
 
Treffers (1987) also remarked that the Van Hiele theory was proposed at a time when geometry 
was not part of the primary school curriculum in the Netherlands. Surprisingly, even van Hiele 
(1986) himself was not sure about the existence or testability of levels higher than the fourth 
and considered them as of no practical value. Yet research evidence (De Villiers 2010, p. 22) 
seemed to suggest that logical deduction (proof) of an intuitive or visual nature, in terms of 
explanation, discovery and verification “can be meaningful to students outside a 
systematization context, in other words, at Van Hiele Levels lower than Van Hiele Level 3” 
(De Villiers 2010, p. 22). Thus, it would seem that the Van Hiele levels are not flawless. Jones 
(2000) also frowned at the labelling of the lowest level as ‘visual’, as if the other levels do not 
involve visualisation, when visualisation is demanded at all levels. Still, other studies suggested 
the inclusion of a pre-recognition level at the lower end (Clements & Battista, 1992).  It does, 
therefore, look like the Van Hiele’s broad statements or general declarations and connotations 
are “not as black and white as they are often portrayed” (Pegg & Davey, 1998, p. 114). This 
generalisation is also questioned by Sinclair and Bruce (2015, p. 323), who referred to it as the 
“the snapshot approach in which students are described as being ‘at’ a particular level”, 
seemingly neglecting “the known complexities and malleability of spatial reasoning”.  
 
While Clements (2001) acknowledged that research generally responds well to the Van Hiele 
levels as valuable in describing students’ geometric concept development, he claimed that the 
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theory provides no certainty about children’s mental representations of geometric concepts. 
For example, he queried the labelling of the lowest level as ‘visual’ while visualisation is 
required at all levels, and the fact that learners seem to be thinking from more than one level in 
the same or different tasks, in different contexts. In light of this shortcoming, the emphasis is 
again placed on the fact that the model was developed in the 1950s, at a time when the geometry 
curriculum was mainly plane geometry in the Euclidean system (Jones, 2000; Dindyal, 2007). 
Thus, the applicability of the Van Hiele model in the context of other approaches to plane 
geometry, such as vectors and transformations, and other geometries, is not clear. All this raises 
critical awareness on the part of the researcher, to learn that the Van Hiele model seems not to 
be without fault, in determining the geometry curriculum and how this should be sequenced 
for teaching (Jones, 2000). This awareness is especially crucial in the context of this study, 
since it involves the application of the sequenced Van Hiele phases. 
 
As further caution against the implementation of Van Hiele phases in this study, the researcher 
takes Whitman et al.’s (as cited in Ding & Jones, 2007) comment seriously, that the model is 
quite loose since “the nature of the pedagogical sequence is far from clear”. Meaning that it is 
not at all obvious whether, for example, it is necessary for the teacher to go through each phase 
to help students to move from one level to the next. For example, if the teacher realises and is 
convinced that the student, after establishing his level of understanding during the Information 
Phase, is already at an advanced level of thinking regarding a particular concept, should the 
teacher still go through the Guided Orientation Phase, even though the student has already 
made the necessary discoveries and is therefore ready to express his views about the observed 
concept, as required in the next phase, namely, Explicitation Phase?  Closely related to this 
argument is Hershkowitz’s (1998) claim that the Van Hiele theory does not account well for 
the relationship between the context of the learning situation and the mathematical reasoning 
being developed.  
 
The current researcher also supports Hershkowitz’s (1998) claim because, from her own 
teaching experience, many factors (such as students’ learning styles, their background, general 
exposure to, or experience with certain personal situations that might have a bearing on their 
thinking abilities, among other aspects) could affect student’s mathematical reasoning. For 
example, the researcher, in her engagement with high school students learning geometry, 
witnessed some of them showing reluctance to even imagine that they can succeed in solving 
“complicated” geometry problems. On further probing, the researcher discovered that this was 
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an attitude that was adopted earlier on in their schooling years. This was due to, for example, 
teaching approaches that were adopted by their teachers at the time, leading to students’ belief 
that geometry was difficult. Yet when the researcher further worked, over time, with such 
students on geometry problems, it was clear that their geometric reasoning abilities were not 
“poor” or at an inferior level; rather, their personal experiences and attitudes made them believe 
the worst about themselves. 
  
In such cases or contexts, as mentioned in the preceding paragraph, therefore, the Van Hiele 
theory does not necessarily provide guidance for the teacher to address such “context-related 
challenges” when planning to teach using Van Hiele phases. Hershkowitz (1998) therefore 
suggested more context-specific research to evaluate the use of the Van Hiele theory with 
students of different cultural backgrounds. This study heeded this call for culturally specific 
research involving the researcher interacting, at a more personal level, with her own students, 
and it was exciting to see what the findings would reveal.  
 
In the paragraphs above the discussion touched on the criticism of, or identification of 
weaknesses in the Van Hiele theory. The implications of this for teaching and learning is that, 
even though the theory explicates the development of geometric thought fairly well, caution 
needs to be taken with its application, taking consideration of different situations and contexts 
under which it is applied. Notwithstanding, Usiskin (1982, p. 6) commended the Van Hiele 
theory “for its elegance, comprehensiveness and wide applicability” while De Villiers (2004, 
p. 722) acknowledged the need for teachers “to reflect on the implications of the Van Hiele 
theory for planning and designing their own learning and teaching activities”. This current 
study is a result of such reflection and planning, based on the implication of the Van Hiele 
theory.  
 
3.4. Geometry as a component of the broader school mathematics curriculum 
 
3.4.1. A brief glance at the subject mathematics 
 
Mathematics is regarded as one of the most important subjects in the school curriculum and 
children are expected to demonstrate a high level of competence in the subject (Atebe, 2008). 
To recognise why the subject is important, perhaps the following description, which captures 
what the essence of mathematics is, provides a reason: 
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“Mathematics is a language that makes use of symbols and notations for describing numerical, geometric 
and graphical relationships. It is a human activity that involves observing, representing and investigating 
patterns and qualitative relationships in physical and social phenomena and between mathematical 
objects themselves. It helps to develop mental processes that enhance logical and critical thinking, 
accuracy and problem-solving that will contribute to decision-making” 
                                                                                                   (South Africa [DoE], 2011, p. 8) 
 
From the description above, one can see that mathematics involves a combination of skills and 
competencies, which school children should have acquired by the end of their schooling 
experience. Effort should thus be taken by relevant stakeholders to ensure that students develop 
these skills sufficiently for them to succeed in their future professions and in their lives in 
general. This is especially crucial for meeting the demands of the 21st century.  
 
For the teaching and learning of mathematics to yield positive results in terms of student 
success in the subject, the teaching of the subject should be effective from the early grades of 
schooling. This is attested to by the following statement from the Curriculum and Assessment 
Policy Statement (CAPS) – Foundation Phase Mathematics Grade 1-3: “Foundation Phase 
Mathematics forges the link between the child’s pre-school life and life outside school on the 
one hand, and the abstract Mathematics of the later grades on the other hand” (Department of 
Basic Education [DBE], 2011, p. 10). It is further affirmed that primary elementary 
mathematics is where the rudiments of many key concepts required for more advanced 
branches of the discipline lie (Ma, 2010). Besides conceptual understanding that needs to be 
developed at the early stages of mathematics learning, there are other key competencies to be 
achieved, desirable attitudes to be cultivated, as well as some awareness to be created in 
learners. As a means of achieving this goal, the researcher likes Kilpatrick, Swafford and 
Findell’s (2001) notion of the strands of mathematical proficiency. On realising that no term 
captures fully all aspects of expertise, competence, knowledge and capacity in mathematics, 
Kilpatrick et al. (2001) chose the term mathematical proficiency to capture what they believe 
is necessary for anyone to learn mathematics effectively.  
 
Kilpatrick et al. (2001) asserted that mathematical proficiency has five interwoven and 
interdependent components or strands. These strands are conceptual understanding, procedural 
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fluency, strategic competence, adaptive reasoning and productive disposition (p. 116). Further 
elaboration on the five strands follows: 
 
 Conceptual understanding 
This refers to “an integrated and functional grasp of mathematical ideas” (Kilpatrick, 2001, p. 
118). Students with conceptual understanding can learn new concepts by relating those 
concepts to their previous knowledge. Therefore, they can remember facts and procedures 
because they learned them with understanding. This has the implication that these students are 
unlikely to have serious misconceptions when working on mathematical problems. 
 
 Procedural fluency 
Procedural fluency involves the skill of correctly, flexibly and efficiently performing 
calculations and procedures. Students with procedural fluency know and apply reasonably 
efficient methods in doing their mathematical calculations or in solving mathematical 
problems.  
 
 Strategic competence 
This involves the ability to formulate, represent, and solve mathematical problems (Kilpatrick, 
2001). This competence allows learners to work out what the problem is in the first place so 
that they can work out strategies to solve it. It is important for them to know various solution 
strategies that might work in different contexts involving problem-solving. 
 
 Adaptive reasoning 
Adaptive reasoning refers to the capability to reason logically about the manner in which 
concepts and situations are related. Such reasoning is “correct and valid, stems from careful 
consideration of alternatives, and includes knowledge of how to justify the conclusions” 
(Kilpatrick, 2001, p. 129). 
 
 Productive disposition 
This refers to “habitual inclination to see mathematics as sensible, useful, and worthwhile” 
(Kilpatrick, 2001, p. 131). Learners with productive disposition will continue working on 
solving a problem even when they are struggling to find a solution. They do this because they 
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believe in their own diligence as well as in the importance and usefulness of finding the solution 
to the problem. 
 
Successful teaching and learning of mathematics should be one that develops all of the above-
mentioned five strands, rather than focusing on one or two strands, because the strands 
complement each other (Grouws, Douglas & Cebulla, 2002). Furthermore, to become 
proficient, students “need to spend sustained periods of time doing mathematics—solving 
problems, reasoning, developing understanding, practising skills—and building connections 
between their previous knowledge and new knowledge” (Kilpatrick, 2001, p. 135). 
 
Based on the fact that this study involves geometry, a section of mathematics that sees many 
learners fail mathematics because of it (Roux, 2003; Yegambaram & Naidoo, 2010; 
Evbuomwan, 2013), the development and application of the productive disposition strand was 
found to be key in helping young school children succeed in their learning of school 
mathematics. For example, there is a belief that most children enter school keen and ready to 
learn and with positive attitudes towards mathematics (Kilpatrick et al., 2001). Therefore, it is 
critical that these children encounter good mathematics teaching in the early grades. Otherwise, 
those positive attitudes may turn sour as they come to see themselves as poor learners and 
mathematics as nonsensical, arbitrary, and impossible to learn except by rote memorisation 
(Kilpatrick et al., 2001). Regrettably, once children assume and internalise views such as these, 
it can be extremely difficult to change them. This, for the researcher, had the implications that, 
firstly, the primary school teacher has a critical role to play in order to sustain the enthusiasm 
with which young children come to school. Second, it highlighted the importance of the 
productive disposition strand, which has to be developed in such a way that learners see 
themselves succeed in mathematics and thus develop a positive attitude towards the subject. 
 
Within the South African Foundation Phase (Grades R – 3), the level at which this current 
research is aimed, the teaching and learning of mathematics aims to develop the following in 
the learner: 
• Critical awareness of how mathematical relationships are used in social, 
environmental, cultural and economic relations;  
• Confidence and competence to deal with any mathematical situation without being 
hindered by a fear of mathematics; 
• A spirit of curiosity and a love of mathematics; 
• Appreciation for the beauty and elegance of mathematics;  
• Recognition that mathematics is a creative part of human activity; 
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• Deep conceptual understanding in order to make sense of mathematics; and 
• Acquisition of specific knowledge and skills necessary for: 
 the application of mathematics to physical, social and mathematical 
problems; 
 the study of related subject matter (for example, other subjects); and 
 further study in mathematics.  
                                                                                                                          (DBE, 2011) 
 
The importance, relevance, applicability or validity of the above-mentioned aims has been 
emphasised or proven, to some extent, by some other literature later on. For example, in 
recognising mathematics as a creative part of human activity, French (2004) maintained that 
the subject develops in learners what he calls “habits of mind”. The term “habits of mind” 
involve “the ever-growing mathematician’s quest for conjecturing, investigating, proving, and 
generalizing” (French 2004, p. 3). Moreover, Orton and Frobisher (as cited in Atebe 2008) 
supported the notion of mathematics as having beauty and elegance when they asserted that 
mathematics was important for its aesthetic values and could be enjoyed for its beauty and 
elegance. Furthermore, in acknowledging that learners can develop a love of and curiosity for 
mathematics, Mbusi (2011, p. 68) concluded that “the excitement and enthusiasm that 
characterised the classroom [in her study] ... suggested that learners were developing a spirit 
of curiosity and love for mathematics”. 
 
From the preceding paragraphs, it is clear that much significance has been put into the role of 
mathematics in the school curriculum. Regrettably, the researcher’s own personal experience 
as well as research point to the fact that, in the South African context, success in mathematics 
has not been achieved to a level of national satisfaction (De Villiers, 1997; Feza & Webb, 2005; 
Van der Sandt, 2007; Bernstein, 2013; Spaull, 2013; Luneta, 2015b). This is a serious problem 
because low levels of success in mathematics are part of the course of the national crisis in 
South African education (Feza & Webb, 2005). South African students’ performance in 
mathematics is a course for concern, especially considering that their performance in TIMMSS 
and the 2011 Trends in International Mathematics and Science Studies has been consistently 
low, compared to other that of other participating countries (Howie, 1997; Taylor & Vinjevold, 
1999; Van der Sandt & Nieuwoudt, 2003; Bernstein, 2013). The Foundation Phase level is no 
better in the performance of students in mathematics either. This is evidenced by the ANA 
results which show low percentages in mathematics performance at the Foundation Phase level, 
with a decline as you move up the grades (DBE, 2013). This analysis strengthens the argument 
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for the need for intervention to improve mathematics performance from the early grades. This 
current study, therefore, is one way of facilitating this improvement.  
As much as student performance in mathematics in general is poor (Spaull, 2013; Graven, 
2014), it has been found, in various education systems in different countries, that it is even 
worse with geometry in particular (Adolphus, 2011; Riizo, 2016). For example, Roux (2003, 
p. 362) attested to this when he stated that “learners’ performance [in South African high 
schools] is even poorer when it comes to items involving an understanding of features and 
properties of shapes”. As can be seen, these items involve concepts that are basic foundations 
of geometric understanding. In Lesotho, a report compiled by the Examination Council of 
Lesotho revealed that students’ performance in geometry, and in particular, transformation 
geometry of rotation, was very poor as compared to other areas of mathematics (Evbuomwan, 
2013). Learners’ poor performance in geometry is also supported by the South African 
Department of Education’s systemic evaluation of TIMMS results, which showed that South 
African learners performed extremely poorly in geometry questions (Yegambaram & Naidoo, 
2010). Hence research as well as intervention involving geometry in the South African context 
is more desirable.  
 
While geometry has been labelled as a key source of student failure in mathematics (Roux, 
2003; Feza & Webb, 2005; Yegambaram & Naidoo, 2010; Evbuomwan, 2013), since most 
students “perform much better in other areas of mathematics than in geometry” (Cooper, 2011, 
p. 3), the situation can be turned around if one looks at the essence of geometry and the 
possibilities of creating excitement and enjoyment from learning geometry. Jones (2002) for 
example, claims that geometry, being a vital component of numerous aspects of life from 
architecture to design (in all its manifestations), appeals to our visual, aesthetic and intuitive 
senses. Therefore, geometry can be a topic that captures the interest of learners, “often those 
learners who may find other areas of mathematics, such as number and algebra, a source of 
bewilderment and failure rather than excitement and creativity” (Jones, 2002, p. 122). If 
geometry can be taught well, therefore, that can enable more students to find success in 
mathematics. This study attempted, in part, to find better ways of teaching transformation 
geometry in order to help bring about this success.  
 
The teacher has an important role to play in the success of mathematics teaching and learning, 
given the assertion by Charalambous (2010) that there is a positive relationship between 
teachers’ mathematical knowledge for teaching (MKT) and the reasoning levels at which 
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problems are presented in the lesson. Therefore, the researcher hoped to bring about this 
positive relationship by giving the pre-service teachers in the study an opportunity to develop 
the required MKT, through identifying and addressing their misconceptions. The influence of 
teacher knowledge on instruction as well as on student achievement has, over the years, been 
acknowledged by various other scholars (Coleman, 1966; Leinhardt & Smith, 1985; Rowan, 
Chiang & Miller, 1997; Hill, Rowan & Ball, 2005). However, there has been a challenge of a 
lack of knowledge as to how exactly student achievement and classroom instruction are 
affected by teacher knowledge. This lack of knowledge then impacts negatively on the ability 
of theory to address the question: “How does knowledge get expressed in instruction?” (Hill, 
Blunk, Charalambous, Lewis, Phelps, Sleep & Ball, 2008, p. 431). The answer to the question 
is important as it might influence key decisions about education-related policies and teacher 
education.  
 
Mathematical knowledge for teaching involves knowledge of the subject matter that is required 
to teach a particular subject, such as the knowledge of methods to use for the successful 
teaching of the subject, the manner in which terms can best be defined and the kinds of errors 
students would probably make (Hill, et al., 2008). This current study, therefore, is appropriate 
for contributing to MKT as it examines and addresses the kind of errors that might be made by 
students when working on transformation geometry. According to findings of several studies 
that used a ‘deficit’ approach to determine the linkages between MKT and mathematical quality 
of instruction (MQI), significant mathematical errors were characteristic of the instruction of 
less knowledgeable teachers (Cohen, 1990; Stein, Baxter & Leinhardt, 1990; Putnam, Heaton, 
Prawat & Remillard, 1992). Findings of studies that used the ‘affordance’ approach revealed 
that higher-knowledge teachers had better MQI in that they could, for example, interpret and 
respond to their students’ thinking, focus their students’ attention on methods of solving 
problems and encourage classroom discussion (Fennema & Franke, 1992; Lloyd & Wilson, 
1998; Lampert, 2001). Thus, the affordance studies showed that the more knowledge the 
teacher has, the richer the mathematics made available to the learner (Fennema & Franke, 
1992). 
 
The studies described in the above paragraph did not provide much detail about the assessment 
of the teachers’ mathematical knowledge in the studies they conducted (Hill et al., 2008). 
Instead, the researchers attributed the poor or deficient instruction of these teachers to their 
lack of mathematical knowledge, without providing a detailed account of such a lack of 
68 
 
knowledge. Consequently, these studies did not provide a comprehensive framework that 
describes the relationship between MKT and MQI. Later on, Hill et al. (2008), conducted a 
more formal test to determine the relationship between teacher subject matter knowledge and 
instruction. They attempted to quantify this relationship as well as describe qualitatively the 
factors that affect this relationship. In their study, Hill et al. (2008) looked at teachers’ 
observable actions and behaviour, such as how they explained, justified and represented 
mathematical concepts, including any errors they made. More specifically, the researchers’ 
analysis involved five main themes used to test the quality of instruction of the teachers, as 
depicted in the table below.  
 
Table 3.1: Elements of mathematical quality of instruction (Hill et al., 2008, p. 437) 
 
 
The analysis of Hill et al. (2008, p. 497), according to the themes identified, revealed that 
“mathematical errors, including errors in language, did prove the most strongly related to 
teacher knowledge”. Therefore, it would seem as if the avoidance of errors goes a long way 
towards influencing the quality of mathematics instruction. Hence, it is hoped the pre-service 
teachers who participated in this current study would provide a better quality of geometry 
instruction with their own learners in the future, given their engagement in addressing errors 
and misconceptions associated with transformation geometry. In the next section the concept 
of geometry is discussed in detail, as well as its importance in the context of school 
mathematics curricula.  
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3.4.2. Reasons for the inclusion of geometry in the school curriculum 
 
In order to answer the question of what geometry to include, or why geometry is included in a 
particular school curriculum, it is imperative that we first have an understanding of what 
geometry is. Various definitions and descriptions of geometry have been provided by different 
authors. Clements and Battista (1992), for example, propose a very formal and comprehensive 
definition of school geometry when they describe geometry as the “study of spatial objects, 
relationships, and transformations that have been formalized (or mathematized) and the 
axiomatic mathematical systems that have been constructed to represent them” (p. 420). 
Another comprehensive definition of geometry, attributed to a British mathematician, Sir 
Christopher Zeeman, is that “geometry comprises those branches of mathematics that exploit 
visual intuition (the most dominant of our senses) to remember theorems, understand proof, 
inspire conjecture, perceive reality, and give global insight” (Jones, 2002, p. 124). A more 
simplified description of geometry states: “Generally, geometry is the study of the properties 
of spatial objects and the relations between those properties” (Atebe, 2008, p. 13).  
 
From the three descriptions above, it becomes clear that geometry involves space and shape, 
which is perhaps why in the South African school curriculum the geometry section is referred 
to as “Space and Shape” (DBE, 2011). For the purposes of this study, the researcher aligned 
herself more with Clements and Battista’s definition of geometry. The reason for this is that 
this study involved the manipulation of shapes and objects (both physically and mentally), in 
order to discover the relationships between those shapes and be able to formulate or understand 
the already formalised rules (involving the transformation of shapes) pertaining to those 
relationships.  
 
Geometry has applications to numerous topics in mathematics. Therefore, “it has a unifying 
dimension in the entire mathematics curriculum”, such as the fact that “it is the basis for 
visualisation for arithmetical, algebraic, and statistical concepts” (Mateya, 2008, p. 11). Other 
reasons for the importance of geometry have been suggested by different authors. For example, 
it has been indicated that, besides its applicability in solving problems in other areas of 
mathematics, geometry is important for solving problems in daily life (Atebe, 2008) and in 
other disciplines such as the sciences and the arts (Ilaslan, 2013). Learners should recognise 
the existence of geometry and geometric applications all around them and, through the formal 
study of those applications (at school), become more understanding and appreciative of the role 
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of geometry in life (Yegambaram & Naidoo, 2010). For example, learners should realise that 
engineers use triangles for structural support of bridges, or that architects use lines and angles 
to create diagrams of building plans.  
 
Some other examples of the usefulness of geometry for solving real-life problems, perhaps for 
the Foundation Phase learners, would be when one gives directions to be followed to reach a 
particular destination or the thinking and decision-making involved in designing and creating 
boxes of different shapes and sizes. Further examples could be the skills involved in laying out 
a garden plot, or the application of the knowledge of space and shape when tiling a floor (which 
relates directly to the concept of geometric transformations). Mogari (2002) also mentioned the 
role of geometry in the development and portrayal of the cultural heritage of humanity and 
made an example of the designs in beadwork. This cultural heritage in the context of classroom 
teaching and learning relates to the concept of ethnomathematics. Ethnomathematics, 
sometimes called “everyday mathematics” or “street mathematics” (Palhares, 2012, p. 87) 
refers to the fact that mathematical concepts can be embedded in different cultural practices 
(Orey, 2000; Lawrence, 2015) and reflects mathematical thoughts of the studies of 
multicultural or traditional societies (Küçük, 2013). For example, an everyday piece of 
material, such as a round piece of bark, can be folded in order to find the centre of a circle 
(Wagner & Borden, 2015), and this makes common sense for the people who work with the 
bark on a daily basis.  
 
It is argued that the incorporation of ethnomathematics within the school curriculum builds a 
necessary connection between the experiences of learners at home and at school. This 
connection fits well within the constructivist approach to teaching, by which learners build 
their new knowledge on their previous experiences (Brandt & Chernoff, 2015). Plenty of 
opportunities exist for ethnomathematics to be embedded within the school geometry 
curriculum; hence, it is relevant for this current study. There is research evidence of cultural 
activities from local communities that have been successfully related to geometry curricula in 
different parts of the world (Mosimege, 2000; Mukhopadhyay, Powell & Frankenstein, 2009; 
Rosa & Orey, 2012; Hottinger, 2016). For example, there were applications of geometric 
shapes and measurement of area in traditional huts (Amoah, 1996), tessellations and symmetry 
in beadwork (Myemane, 2007), geometric shapes and symmetry in indigenous games 
(Mosimege & Nkopodi, 2009), angles, shapes and transformation geometry in traditional 
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Xhosa dance (Mbusi, 2012) and geometrical shapes in weaved carpet and rug motifs (Küçük, 
2013).  
 
However, there are contradictory ideas about ethnomathematics and its application to 
mathematics education (Stathopoulou & Appelbaum, 2016). For example, some teachers 
recognise opportunities that learners’ cultural background such as their current language 
provide to facilitate mathematical thinking in language about space and shape (Owens, 2014). 
Yet, other teachers feel that, because many examples of activities on ethnomathematics are 
hands-on and therefore time-consuming, this could be a hindrance in that it would make it 
difficult for them to cover the specified curricula requirements (Brandt & Chernoff, 2015). 
There is also the possibility that ethnomathematics as local knowledge might be constructed 
superficially as a “starter” before getting to the “real” mathematics (Hottinger, 2016, p. 139).  
 
A report by the Royal Society/JMC suggested, among other things, that geometry is aimed at 
developing spatial awareness, visualisation skills, as well as contemporary applications of 
geometry (Royal Society, 2001). These are some of the reasons why geometry should be 
included in the school mathematics curriculum. For example, for students to be able to solve 
real-world problems, they need to be exposed to and get experience in similar problems in class 
and be guided or equipped with skills on how to solve those. However, the researcher saw it 
necessary to express the aims in terms of specific concepts that are dealt with in the geometry 
curriculum. In this regard, French (2004, p. 7) identified the following as the four “objects of 
geometry study”, with possible variation from country to country, or from one education 
system to another: 
 Polygons and their properties, giving particular emphasis to triangles, 
quadrilaterals and regular polygons; 
 
Examples are given below:  
                                                                                             
   Equilateral triangle             Square                                 Kite                             Regular pentagon  
          
Figure 3.1: Examples of polygons and their properties 
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 Circles and their features such as chords, tangents and angles; 
 
Examples are given below:  
 
 
 
Figure 3.2: Examples of circles and their features 
 
 Three-dimensional figures such as polyhedra and the sphere, cylinder and cone; 
 
 
 
 
Figure 3.3: Polyhedra, sphere, cylinder and cone 
 
 Other curves, such as the parabola and ellipse, and their properties. 
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Figure 3.4: Other curves – parabola (Downloaded from: 
http://wps.prenhall.com/wps/media/objects/563/576542/conic sections.pdf)                                                                   
 
Looking at the South African geometry curriculum, as depicted in the National Curriculum 
Statement (NCS), it seems there are quite some commonalities with the list of “objects of 
geometry study” listed above. In the NCS CAPS for Foundation Phase Mathematics Grades 1-
3, for example, five main learning components, referred to as “content areas”, are taught and 
learned. These are: 
• Numbers, Operations and Relationships 
• Patterns, Functions and Algebra 
• Space and Shape (Geometry) 
• Measurement 
• Data Handling (Statistics) 
                                                                                                                        (DBE, 2011) 
 
The focus of this study was on the third content area (plus a little bit on the fourth content area) 
in the above list. This content area is concerned mostly with the study of Euclidian geometry, 
under which the topic of transformations of geometric shapes and objects fall. NCS CAPS for 
Foundation Phase Mathematics Grades 1-3 (DBE, 2011, pp. 25-27) lists four topics under the 
learning area “Space and Shape (Geometry)”, namely: 
 
• Position, orientation and views 
 
This involves the description of the position of objects in relation to each other, recognition of 
objects when shown particular views of it, as well as the use of maps to follow directions or 
find objects. Some examples are depicted below:  
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            The book is on the table           Describe the directions to follow to travel from the library to the bus station 
Figure 3.5: Examples depicting position, orientation and views 
 
• 3-D objects 
 
Three-dimensional shapes have three dimensions, namely, length, width and depth. They also 
have volume. Some of the activities that learners could do would involve 3-dimensional shapes 
such as spheres and prisms that are described, sorted, compared and related to everyday objects. 
For example, an activity to sort shapes into 2-dimensional shapes and 3-dimensional objects 
might involve the following shapes: 
 
 
Figure 3.6: Examples of 3-D objects 
 
• 2-D shapes 
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Two-dimensional shapes are flat shapes that have two dimensions, such as length and width, 
without thickness. Any shape that only has a surface area is a 2-D shape while shapes with 
volume are 3-D shapes. In this sub-topic 2-dimensional shapes, such as triangles, circles and 
squares, are named, described, sorted, and compared. For example, an activity on the 
comparison of 2-dimensional shapes could look like this: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.7: An example of an activity on the properties of 2-D shapes 
 
• Symmetry 
 
Learners are expected to recognise symmetry in their own bodies, draw lines of symmetry in 
2-dimensional geometrical and non-geometrical shapes as well as in concrete objects and 
pictures. For example: 
 
                                  
Figure 3.8: Examples of lines of symmetry in 2-D shapes 
 
Picture of 
shape 
Name 
Number 
of sides 
Number 
of corners 
 
Rectangle    
 
  Four  
 Circle   No corners 
 
Octagon     
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3.5. Transformation geometry 
 
An earlier section on the discussion of Van Hiele theory alluded to the fact that students 
experienced problems with reasoning at the deductive level; hence, they found it difficult to 
work with proofs, ultimately leading them not to succeed in solving geometrical problems. It 
is believed that some of the reasons that lead to the introduction of transformation geometry in 
the school curriculum were because of students’ difficulty with writing proofs in the traditional 
Euclidean geometry (Usiskin, 1983; Hoffer, 1981).  
 
Aktaş and Ünlü (2017, p. 103) suggested that the concept of transformation geometry is “one 
of the most important applications of mathematics in daily life” which is needed by people to 
“understand the nature and environment they live in”. Transformational geometry is described 
as a part of geometry which “concerns itself with the way geometrical shapes or objects are 
transformed into their various images under reflections, translations, rotations, glide reflections 
and magnifications on a plane” (Burger, as cited in Evbuomwan, 2013, p. 11). It makes sense, 
then, for the researcher to reason that students are expected to perform better in transformation 
geometry, seeing that, unlike in traditional Euclidian geometry, “transformation geometry 
encourages students to investigate geometry ideas through an informal and intuitive approach” 
(Guvan, 2012, p. 366). 
 
In the teaching and learning of transformation geometry, students normally perform tasks 
involving reflecting, translating, rotating and enlarging (or reducing) shapes or objects. In other 
words, they naturally or intuitively solve problems in transformation geometry by manipulating 
concrete objects or drawing figures as demanded by the particular question they are working 
on. The various kinds of geometric transformations are important because they are used “in 
daily life, architectural designs, art and technology” (Aktaş & Ünlü, 2017, p. 104). For 
example, some well-known artists have applied transformation geometry in their works of art 
(Knuchel, 2004). During transformation geometry lessons, students might perform specific 
tasks or carry out investigations that focus on, for example: 
• Visually identifying an image after a particular type of transformation 
• Using the concept of a particular type of transformation to transform an image 
when given co-ordinates, angles or a shape in a particular position. 
• Describing geometric figures and their properties after transformation.  
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• Discovering the properties in a given transformation by locating the centre and 
angle of rotation.  
• Using transformations to do proofs.  
                                                                                                             (Evbuomwan (2013)                                                                                       
Evbuomwan (2013, p. 12) goes on to describe an example of an investigation involved in a 
particular task involving rotation. In this case, “students are expected to find the point, angle, 
centre, symmetry, describe and turn any given figure through a given degree”.  
These investigations or tasks, as listed above link directly with the types of investigations that 
were carried out (through the Van Hiele phases of learning) with the students in this current 
study. The unit (learning) outcomes for the topic of transformation geometry in their BEd 
curriculum would be fairly achieved by doing the tasks suggested by Evbuomwan (2013) 
above. Based on the tasks to be done or the skills involved in their BEd programme, the students 
are required to, for example: 
 
• Draw the image of the figure using the transformation described  
For example:  Translate triangle FBE 2 units to the left and 1 unit up. 
 
 
          Figure 3.9: Diagram show figure to be translated 
 
• Write down a rule to describe the transformation shown in the diagram/graph 
For example: Write down the rule to describe the transformation shown below. 
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Figure 3.10: Diagram to be used for describing the applicable rule for transformation 
 
• Draw the image according to the rule given and identify the type of transformation 
For example: Draw the image of the following figure according to the rule: “(x; y) → (-x; y)”. 
 
Figure 3.11: Diagram to be used for drawing an image according to a given rule 
 
• Given a particular figure and description of transformation, write down the coordinates 
of its image 
For example: The figure below is rotated 90˚ clockwise about the origin.  What are the 
coordinates of L′, X′ and U′? 
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Figure 3.12: Diagram to be used for determining the coordinates of the image  
 
 
• Choose the correct graph that shows the image of a given figure according to 
transformation described. 
 
An example is given below: 
 
 
Which one of the graphs below shows a reflection across the x-axis of the image above? 
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1) 
 
 2) 
 
 
3) 
 
4) 
  
 
Figure 3.13: Graph showing the image of a given figure according to the 
transformation described 
• Choose the correct descriptions from those given, pertaining to the transformation 
shown on the graph. 
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For example: Which of the following transformations is illustrated by the graph below?  
 
 
1) Reflection on y-axis                          2) Rotation, 90˚ clockwise about the origin        
3) Translation of 5 units to the left         4) Rotation, 90˚ anti-clockwise about the origin        
      Figure 3.14: Graph of a transformation and matching description 
 
Added to the tasks above, there are always opportunities for linking transformation geometry 
to the learning of the concept of tessellations, since the topic of “tessellations” is covered in 
the BEd programme as well. The ultimate envisaged benefit of this study was that, through the 
sequenced Van Hiele phases, students would get a better conceptual understanding of 
transformation geometry and so be able to positively influence their own teaching of the topic 
in future.  
 
Having discussed what transformation geometry entails, now a deliberation on the rationale for 
the inclusion of the topic in the school curriculum is done. Transformation geometry has been 
referred to as the “unifying theme in the high school mathematics” (Usiskin, as cited in 
Evbuomwan, 2013, p. 13). Sharing the same sentiments regarding the importance of 
transformation geometry, Guven (2012) asserted that transformations can “lead students to 
exploration of the abstract mathematical concepts of congruence, symmetry, similarity, and 
parallelism; enrich students’ geometrical experience, thought and imagination; and thereby 
enhance their spatial abilities” (p. 366).  
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In support of Guven (2012), Ilaslan (2013) emphasised the importance of learning about the 
concept of symmetry by declaring that “for elementary school students, learning symmetry, as 
a sub learning area of transformational geometry, enables them to understand what is around 
them in a different context and create their own patterns” (p. 9). He further explained that 
transformation geometry brings together life and mathematics in a practical and meaningful 
way, so that students can comprehend geometrical concepts such as symmetry in a way that 
makes them realise that everything around them has a strong foundation in mathematics 
(Ilaslan, 2013).  
 
Bansilas and Naidoo (2012) hold that the strand of transformation geometry encourages a 
visual as well as an analytical approach and therefore provides a context for combining algebra 
and geometry, especially at the Grade 12 level where students are exposed to both of these 
approaches. The role of combining algebra and geometry becomes more defined when it is said 
the concept of transformations also has applications in the learning of concepts that relate to 
mapping, the study of vectors as well as calculations involving integers (Aktaş & Ünlü, 2017). 
A pedagogical benefit of transformation geometry is that it can be used to shape instruction in 
such a way that it becomes more meaningful to the young person’s intuitive ideas 
(Evbuomwan, 2013), thus also addressing the challenge of the difficulty of working with 
formal proofs, as mentioned before. 
 
The preceding discussion in support of the role of transformation geometry in the school 
curriculum suffices to indicate why the topic should also be covered in the Foundation Phase 
geometry curriculum. Further support for this comes from NCTM’s remark (as cited in Guven, 
2012): “Instructional programmes from pre-kindergarten through grade 12 should enable 
students to apply transformations and use symmetry to analyze mathematical situations.” (p. 
366). 
 
Below is a table displaying the South African Foundation Phase geometry curriculum from 
CAPS Foundation Phase Mathematics Grades 1-3:  
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Table 3.2: The South African Foundation Phase geometry curriculum (DBE, 2011, pp. 25-
27)
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At first glance at the table above, one would think that the topic of “transformation geometry” 
is not covered in this phase. However, it is implied in some of the topics listed above, such as 
in symmetry, which involves some reflection of shapes or objects, more or less the same way 
as is covered in the Turkish elementary mathematics curriculum. Also, the following 
statements explain the specific skills that each content area in the Foundation Phase contributes 
to: 
The study of Space and Shape improves understanding and appreciation of the pattern, 
precision, achievement and beauty in natural and cultural forms. It focuses on the 
• Properties, relationships; 
• Orientations, positions; and 
• Transformations of 2-dimensional shapes and 3-dimensional objects. 
                                                                                                                       (DBE, 2011). 
 
Furthermore, in explaining what is entailed by the topic of “Position, orientation and views”, 
it is said learners have to be able to recognise and match different views of the same everyday 
object (DBE, 2011, p. 25). This activity or skill involves objects being turned around (rotated) 
or flipped over (reflected). The researcher does recognise, however, that the level of 
transformation geometry subject content is not that high in this phase. This approach is also 
similar to that of the Turkish curriculum in which the topic of transformation is not covered in 
a formal fashion at the elementary level.  
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For reasons mentioned in the preceding paragraphs and also because the BEd students have to 
learn about the topic of transformation and master it in their BEd programme, so as to be able 
to teach it effectively, the researcher had to look beyond the phase for which the students were 
trained.   
 
Unfortunately, the topic of transformation geometry does not feature in the Further Education 
and Training (FET) band (Grades 10-12). In this case, the researcher saw it necessary to look 
at the requirements for mastering the topic of transformation geometry in the Intermediate 
Phase. Unlike in the Foundation Phase, the topic of “Transformations” in the Intermediate 
Phase is prescribed as a standalone topic. This is not surprising, given the idea that the various 
transformations make a complete system with plenty of patterns to be discovered. For example, 
“any two transformations combined seem always to be one of the already existing 
transformations”, and, “if two identical shapes are randomly placed in a plane there seems 
always to be a single transformation that maps one on to the other” (Wesslen & Fernandez, 
2005, p. 27).  
 
The transformation geometry topic in the Intermediate Phase, according to CAPS Intermediate 
Phase Mathematics Grades 4-6 covers four sub-topics, namely, 
 Use transformations to build composite shapes through rotation, translation and 
reflection; 
 Use transformations to make tessellations; 
 Describe patterns – by referring to lines, 2-D shapes, 3-D objects, lines of symmetry, 
rotations, reflections and translations and  
 Draw enlargements and reductions of 2-D shapes to compare size and shape”.  
                                                                                                                        (DBE, 2011, p. 23) 
 
It is interesting to note that the students are required to “use transformations” such as rotations, 
translation and reflection in the Intermediate Phase without these concepts having been 
explicitly introduced in the previous grades. This implies putting even more responsibility on 
teachers at Foundation Phase level. They have to mention and explain these concepts when 
they deal with, for example, “Orientations, positions and transformations of two-dimensional 
shapes and three-dimensional objects” as mentioned in CAPS Foundation Phase Mathematics 
Grades 1 – 3 (2011, p. 10). The implications of this for this study is that the researcher had to 
take into consideration this (Intermediate Phase) “pre-requisite” when designing and 
implementing tasks for the intervention programme. The recommendations by Gürbüz (as cited 
86 
 
in Ilaslan, 2013) came in handy here. He suggests that “while learning transformational 
geometry, students should be able to construct patterns by using equal polygonal regions” (p. 
9). This, in the researcher’s view, was relevant, for example, for learners to be able to “use 
transformations to make tessellations” as mentioned in the Intermediate Phase curriculum 
above.  Gürbüz further mentions that students “discover the relationship among geometric 
shapes by constructing, drawing, measuring, visualizing, comparing, changing the shapes and 
classifying them and they develop spatial intuition” (ibid.). These ideas were included in the 
tasks carried out during the intervention programme.  
 
The preceding paragraphs highlighted the importance of transformation geometry and why it 
should be included in the school curriculum, as well as what kind of mathematical concepts 
form part of this topic of transformations in the school curricula at different levels and different 
education systems. It is unsettling therefore to realise that studies show that students have 
difficulties in understanding certain concepts involved in transformation geometry (Clements 
& Burns, 2000; Olson, Zenigami & Okazaki, 2008; Guven, 2012; Evbuomwan, 2013; Luneta, 
2015b). Therefore, it was worthwhile to conduct research that sought to determine the causes 
of difficulties and to try to address them. Furthermore, there has been an emphasis on the need 
for further research that would explore ways of achieving a successful sequence of learning 
activities in transformational geometry for children (Guven, 2012). This study contributes to 
such exploration. However, first it was important to get an idea of the kind of difficulties or 
challenges that are experienced by students with geometry, as evidenced by literature, in order 
to get the necessary background that led to the identification of critical issues. In the next 
section, the problems that exist regarding the learning of geometry in general and 
transformation geometry in particular are discussed. 
 
3.6. Problems experienced by students in learning geometry 
 
In an earlier section above, the discussion briefly touched upon the problem of students not 
performing well in geometry. Adolphus (2011, p. 144) suggested several causes for this dismal 
performance, namely, government-related variables, curriculum related variables, teacher, 
student, home and text-book related variables, among others. Student poor performance in 
geometry is a worldwide challenge and South Africa is not exempt from it. South African 
students have poor mathematics skills in general, with gaps in their content knowledge of 
certain geometry topics in particular, and challenges with higher-level problem-solving 
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(Marshall, 2009). It is a sad situation, considering that the goal of our geometry curriculum is 
that students should achieve Van Hiele level 3 by the end of their secondary school 
mathematics (De Villiers, 1997; Mateya, 2008, Luneta, 2014). Any achievement that is less 
than that will lead to students only having a shallow understanding of geometry and they will 
regard geometry as a package of unrelated concepts, rules and properties (Hoong & Khoh, 
2003). A practical example where students displayed such shallow understanding as mentioned 
above is provided by Mateya (2008), who conducted a study in which he analysed geometric 
conceptualisation in Grade 12 students in Namibia. He found that even when students knew 
the names of geometric figures dealt with, they were not aware of their properties and could 
not point out specific differences expressed in the definitions (Mateya, 2008).  
 
Clements and Battista (1992) experienced a similar situation of the difficulty with students in 
their study and claimed that the focus of typical elementary and middle school curricula is only 
on recognising and naming geometric shapes (Van Hiele level 1). This implies a lack of 
opportunities for spatial reasoning. Yet research indicates that “spatial reasoning has a close 
relationship with geometry and must be facilitated in the learning” in order to “construct an 
understanding of geometry” (Lusyana & Setyaningrum, 2018, p. 80). However, some teachers 
do not believe that spatial reasoning affects students’ results of learning significantly (Moss, 
Hawes, Naqvi, & Caswell, 2015). Such teachers would mostly rely on textbooks, without 
meaningful, real contexts for their learners to learn geometric concepts (Lusyana & 
Setyaningrum, 2018). A worse situation in the South African context, is when learners 
themselves share their dissatisfaction with the fact that they “spend most of the time learning 
algebra…” and “…little geometry” (Makgato & Mji, 2006, p. 261). Teachers’ incompetence 
to teach geometry has also been highlighted by van Putten (2008, p. 3) when she claimed that 
many teachers struggle themselves to solve geometric riders. This situation is not unique to 
South Africa. The findings of a study in Nigeria, by Adolphus (2011, p. 147) included the fact 
that “most mathematics teachers do not teach geometry well because of their poor foundation 
in geometry”. 
 
Other examples where students were found to be at lower levels of geometric reasoning than 
expected included those that did not know that a rectangle is a parallelogram (clearly not yet at 
Van Hiele level 3) as well as those that could not find the size of the third angle of a triangle, 
given the sizes of the other two angles (Clements and Battista, 1992). These are probably the 
students who are working in the paradigm of “Natural Geometry”, who “tend to consider 
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geometrical objects as material objects and specific pictures rather than as theoretical, ideal 
objects which bear specific properties” (Panaoura & Gagatsis, 2009, p. 752). This difficulty 
results in students trying to solve geometrical problems often relying on the visual perception 
of the given geometrical figure rather on a mathematical deduction based its properties (ibid.). 
 
There are also cases where students are found to be even below the recognition level of 
geometric reasoning. A case in point is given by Usiskin (as cited in Clements & Battista, 1992, 
p. 421), where “only 63% [of high school learners] were able to correctly identify triangles that 
were presented along with distractors”. In another recent study in the South African context, 
Alex and Mammen (2014) assessed geometrical thinking levels of a sample of 359 Grade 10 
learners in Euclidian Geometry, based on the Van Hiele model. The results revealed that the 
majority of the learners were at level 1 (visualisation) despite the CAPS expectation that 
learners are to perform at level 3 in order to be ready for level 4 thinking in Grade 10. This 
meant that the learners “only attended to the visual prototypes to compare shapes” (Alex & 
Mammen, 2014, p. 35). These students were therefore reasoning at the pre-recognition stage 
of Van Hiele. However, it should be noted that, given the claim by some researchers that the 
Van Hiele levels are not necessarily discrete, as discussed in the section on the critique of Van 
Hiele theory, some of these students might be at another level for some other concepts.   
 
Clements and Battista (1992) claimed that geometry curricula consist of a “hodgepodge” of 
unrelated concepts with no systematic progression to higher levels of thought. Yet these levels 
that are prerequisite for complex concept development and substantive geometric problem 
solving (Clements & Battista, 1992).  The case described earlier on, of the gap between what 
is required on the concept of transformation geometry at the Foundation Phase and the 
Intermediate Phase in the South African curriculum is an example of such lack of progression 
mentioned by Clements and Battista (1992). Mateya (2008) also supports this idea of gaps and 
provides an example of the disconnection between concepts at different schooling levels, 
leading to non-systematic progression to higher levels of thought. For example, students in 
Grade 9 are expected to apply Pythagoras Theorem, while the theorem is not mentioned in 
either of Grade 8 or Grade 10. The existence of the gaps mentioned above possibly encouraged 
the agreement among mathematicians and mathematics educators that, “due to the manifold 
aspects of geometry, the teaching of geometry should start at an early age, and continue in 
appropriate forms throughout the whole mathematics curriculum” (Jones, 2000, p. 76). 
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Dissatisfaction with the secondary school geometry curriculum and poor performance in 
geometry has been the focus of many studies for quite some time, with some recommendations 
suggested and some attempts made to re-conceptualise the teaching and learning of geometry 
(Bennie, 1998). Despite this, the problems with poor performance in geometry continue to 
persist (Jones, 2002; Feza & Webb, 2005; Wu & Ma, 2006; Atebe, 2008; Patsiomitou & 
Emvalotis, 2010; Khembo, 2011, Makonye, 2011, Alex & Mammen, 2014; Luneta, 2015b). In 
Feza and Webb’s (2005) study, whose goal was to determine the geometric thinking levels of 
Grade 7 learners, it was found out that many of these learners had serious misconceptions 
involving a number of important geometric ideas. For example, when asked to construct a 
square, a learner constructed a rectangle and another one couldn’t identify parallel lines in a 
selection of sheet, although he did give an example of parallel lines, namely, power lines (Feza 
& Webb, 2005, 41). The researchers in this study further came to the conclusion that none of 
the 30 learners had attained the requirements of the (South African) curriculum for learners at 
the Grade 7 level. These learners could not be placed at Van Hiele level 2 category either (Feza 
& Webb, 2005), that is, a level where they should “be able to describe and represent the 
characteristics and relationships between 2-D shapes and 3-D objects in a variety of 
orientations” (Department of Education, as cited in Feza and Webb, 2005, p. 44). 
 
The study by Feza and Webb (2005, p. 45) also revealed that learners’ failure to acquire the 
desired level of understanding was partly due to “Van Hiele’s notion that each level of 
geometrical thinking has its own language”. Therefore, to avoid misunderstanding of teacher’s 
intentions when trying to communicate with learners who operate at lower levels, it is crucial 
that geometry teachers investigate their learners’ understanding in order to be able to provide 
meaningful learning experiences at their particular level of development (ibid.). This problem 
of language during the learning of geometry was also later confirmed by Mateya (2008) and 
Luneta (2015a), in their studies involving secondary school students. Mateya (2008), after 
finding students’ incorrect use of geometrical terms and problems with defining terms, 
suggested that teachers should use the appropriate language according to the geometric level 
of reasoning at which the students are, in order to avoid confusion. However, students need to 
be able to use correct mathematical terminology by the end of the topic. He cautions that, if 
this is not done, it may lead to a lack of conceptual understanding or misconceptions, resulting 
in students not doing well in geometry in particular and in mathematics in general (Mateya 
2008, p. 104). 
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Lack of conceptual understanding due to language issues has also been highlighted by Luneta 
(2015a), who conducted a study in which he investigated how rural teachers communicated 
their mathematical knowledge to their learners.  This against the results from research which 
indicate that the way mathematics is communicated affects the quality of teaching mathematics, 
which is poor in South Africa (Department of Basic Education, 2013). The findings of Luneta’s 
(2015a) study revealed that “most of the teachers’ communication did not provide opportunities 
for learners to be at the centre of instruction”, with little encouragement for learners to “predict, 
describe, justify, represent or construct mathematical knowledge” (Luneta, 2015a, p. 5). In 
other words, the teachers deprived the learners an opportunity to use language competently 
when constructing meaning for themselves, resulting in a lack of conceptual understanding. As 
Alex and Mammen (2016a, p. 186) argue, “the language competency in general is a barrier to 
the attainment of higher levels of understanding”. Hence Luneta (2015a) suggests that teachers 
need to make an effort to strengthen learners’ concept image (and thus conceptual 
understanding) through mathematical communication. It would be sad and undesirable if 
teachers were to be complacent with ineffective communication strategies as these might result 
in possible misconceptions and associated errors.   
  
In another study, Wu and Ma (2006) explored the development of geometric concepts of 5581 
elementary school students in Taiwan. Their findings revealed that 51.9% of the first-grade 
students did not meet the criteria of the first level (meaning that they were at Van Hiele pre-
recognition level) based on the triangle, 68.9% on the quadrilateral and 24.2% on the circle 
(Wu & Ma, 2006). Based on these three basic figures (triangle, quadrilateral, circle), most of 
grades 1 to 2 were at level 1, and grades 3 to 6 were at level 2. Only grade 5 and 6 could meet 
the level 3” (ibid.). Findings such as these do match with later studies such as that of Mateya 
(2008) whose results suggested that students are not or they are rarely taught about class 
inclusion (which is a requirement for level 3). Yet a knowledge of class a inclusion is vital 
because it enables students to formulate a family of shapes, for example, a family of 
quadrilaterals with common properties (Mateya, 2008, p. 104). This current study derived 
much benefit from the results of studies such as the ones discussed above. For example, it was 
worthwhile to know the general level of geometric development of students at Foundation 
Phase so that the researcher could prepare the students she was working with in her research, 
accordingly.  
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Several suggestions and recommendations have been provided in trying to address the problem 
of learners’ difficulty with learning geometry. Feza and Webb (2005) for example, hold that 
the Van Hiele levels must be used together with curriculum requirements to determine learners’ 
geometrical understanding. They suggest that this can be done by providing an experience of 
Van Hiele levels in pre- and in-service training programmes.  This current study, therefore, will 
serve that purpose to some extent, at the pre-service level. Reddy (2006), on the other hand, 
declares that solutions to the local maths and science problems lie in intervention” ... with 
“focus on mathematics at the primary school level” (p. 413). Again, this current study involves 
the implementation of an intervention programme in trying to address misconceptions with 
transformation geometry, in the context of primary school teacher education. 
 
The next session dwells more on learners’ (as well as teachers’) problems with transformation 
geometry as evidenced by relevant literature.   
 
3.7. Problems experienced by students in the learning of transformation geometry 
 
In an earlier section, the importance of transformation geometry and why it should form part 
of the school curriculum was discussed. Although the topic was dubbed as a sort of life saver 
of learners from the formal deductions involved in the proof of Euclidian geometry tasks, it 
turned out that students do experience problems with transformation geometry as well 
(Adolphus, 2011). Many studies have revealed that students have difficulties in understanding 
the concepts and variations involved when performing and identifying transformations 
including translation, reflection, rotation and combinations of these (Clements & Burns, 2000; 
Sproule, 2005; Olson, Zenigami & Okazaki, 2008; Mehdiyev, 2009; Guven, 2012; Bansilas & 
Naidoo, 2012; Evbuomwan, 2013, Luneta, 2015b; Kambilombilo & Sakala, 2015). For 
example, Edwards (as cited in Guven, 2012) found that middle school students encounter 
difficulties in both executing and identifying transformations. Some of the errors involved will 
be discussed in the section on misconceptions which will follow below.  
Studies such as the ones mentioned above concluded that even though most students have an 
operational understanding of transformations, they have not developed a conceptual 
understanding. Kilpatrick, et al. (2001), when discussing the five strands of mathematical 
proficiency, mentioned in an earlier section, warned that procedural fluency and conceptual 
understanding are often seen as competing for attention in school mathematics (Kilpatrick et 
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al., 2001). However, valuing skill against understanding would create a contradiction, since all 
the strands are interwoven.  
 
A study was carried out in South Africa by Sproule (2005) with Grade 7 learners, with the aim 
of identifying the strategies that were best able to assist students in correctly working through 
tasks involving reflections. It was found that although most students used the strategy of 
measuring distances in the diagrams, those students who folded along the axis of symmetry 
were the most successful. Sproule then concluded that the fact that students were seeing the 
fold lines might have made them more successful in solving the problems. The issue of 
students’ different strategies for solving transformation geometry tasks also came up in 
Bansilal and Naidoo’s (2012) study, which focused on the use of visualisation and analytic 
strategies by Grade 12 students when working with problems based on transformation 
geometry. The findings revealed that students carried out a “treatment” using algebraic 
formulae or rules without doing any visualisation (Bansilal & Naidoo, 2012). However, using 
generalised formulae to solve problems based on transformation geometry is not as simple as 
learners think (Bansilal and Naidoo, 2012). For example, although learners may know the rules 
or formulae for working out the results of translations, rotations and reflections, their poor 
algebraic skills might let them down (ibid. p. 28).  
  
Luneta (2015b) used Van Hiele’s levels to study exiting South African Grade 12 students’ 
knowledge of transformation geometry. On the one hand, the findings of his study were crucial 
in giving Grade 12 teachers an insight into the kinds of common conceptual and procedural 
errors that learners have in transformation geometry (2015b, p. 262). In terms of the current 
study, on the other hand, the researcher gained from the study an understanding of the kinds of 
transformation geometry errors that Grade 12 learners, who come to do the BEd programme in 
the researchers’ institution, would probably display. The majority of the Grade 12 learners in 
Luneta’s study could not solve tasks whose level of difficulty was equivalent to Grade 7 level 
of achievement (Luneta, 2015b, p. 267). This despite the fact that transformation geometry is 
introduced and taught at the primary school level (Bassarear, 2012). When it comes to 
conceptual knowledge of transformation geometry, the results of Luneta’s study showed that 
“most students did not have basic knowledge of geometry, such as the meaning and 
characteristics of the three rigid geometric transformations of reflection, translation and 
rotation” (Luneta, 2015b, p. 268). Furthermore, the students confused the applicable rules 
between the different types of transformation, namely, translation, reflection and rotation. 
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In another study, Kambilombilo and Sakala (2015) investigated challenges encountered by 
Zambian in-service teachers in working with reflections and rotations. The findings of the study 
revealed that “many of the participants had problems in using mathematics instruments 
(protractors and pairs of compasses)” and showed “limitations with questions on reflection 
which required them to find images of objects reflected in slant lines” (Kambilombilo & 
Sakala, 2015, p. 147). This problem with reflection in slant lines confirmed Acquah’s (2011) 
observation that pre-service teachers have challenges with reflections that involved orientations 
other than the familiar lines such as the axes. The student teachers in the study also struggled 
to describe transformations, write the equation of the line of reflection, as well as to state the 
centre of rotation. Students’ struggle with the description of transformations was also detected 
in a study by Kaplan and Öztürk (2014), where students confused reflection and translation 
with one another. Kambilombilo and Sakala’s (2015) study, similarly to some other studies 
that investigated Van Hiele levels of students in transformation geometry (Evbuomwan, 2013; 
Luneta, 2015b), discovered that the majority of students operated at levels of thinking in 
transformation geometry that were lower than Van Hiele Level 3. That is, these students 
experienced challenges with problems that involved analysis, deduction and rigour 
(Kambilombilo & Sakala, 2015). 
 
The results of a study by Ilaslan (2013), conducted in Turkey, revealed that most students tried 
to memorise the rules for some of the transformation types, for example, rotation. The rule on 
rotation, for example, was applied by finding the image of the original shape using the ordered 
pairs of the point on that shape, instead of using visual means. According to the participants in 
Ilaslan’s (2013) study, this approach created problems because students couldn’t always 
remember the rules involved. Therefore, it would be recommended that the students learn to 
use visualisation (Ilaslan, 2013) rather than carrying out a superficial analysis of the properties 
of the shapes involved (Bansilal & Naidoo, 2012).  
 
In contrast, 96.66% of students in Evbuomwan’s (2013) study in Lesotho were able to use 
visualisation correctly. They could identify and name transformations by actual motion using 
standard or no standard name (Evbuomwan, 2013). The 3.33% of students who had difficulties 
in identifying and naming transformation had difficulties differentiating between rotation and 
translation; they view a translated figure as a rotation. They also had difficulties in finding the 
image of a figure after a rotation. The analysis of these results indicated that the students were 
mostly functioning at the Van Hiele’s level 1 and two, namely, visualisation and description 
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(Evbuomwan, 2013). Also, students did not think of a rotation as a rotation of the plane or a 
moving shape into a new location. Rather, they considered rotation as a shape that kept moving 
in a different direction without considering the angle and centre of rotation (Evbuomwan, 
2013). 
 
Hoong and Khoh (2003) conducted a study in Singapore involving secondary school students’ 
learning of transformation geometry.  Findings indicated that the students had little difficulty 
with identifying reflection and rotation, but when precision in detailing each transformation 
was required, they had some difficulties. For example, when attempting to describe the line of 
reflection, some students could not go beyond relying on visual reference (for example pointing 
at the line) to identify the line and lacked semantic tools to describe the object of reference, 
such as “reflection at the line K...” or “mirror line at K” (Hoong & Khoh, 2003, p. 46). Those 
students who gave descriptions in satisfactory details, “the language used reflected a lack of 
ability to abstract properties in-built within the object provided” (ibid.). For example, the use 
of the term 'vertical' is tied to the orientation of the drawing (which is a variant property) and 
would not hold if the drawing were not stereotypically 'upright' (Hoong & Khoh, 2003). The 
challenge of language was also revealed by the results of Evbuomwan’s (2013). It was 
discovered that students lacked the language skills and thought processes required to describe 
transformations between a figure and its image after rotation. For example, even though 
students could visually identify a rotated figure and its image, they found it difficult to describe 
the characteristics features of the transformation, such as the centre and angle of rotation 
(Evbuomwan, 2013). It is therefore suggested that teachers should encourage students to talk 
about geometric concepts relating to transformations in order to develop expressive language 
(Evbuomwan, 2013, p 80). 
 
Given the curricular changes, especially involving geometry in general, and transformation 
geometry in particular, in the South African context, it would not be surprising that teachers, 
who already have challenges with teaching geometry (Van Putten, 2008) might be less prepared 
for such changes. Adolphus (2011, p. 145) maintained that “each new curriculum has always 
taken the teachers unawares because they had never been involved in the development of the 
curriculum”. 
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3.8. The role of teachers’ knowledge in the achievement of learners’ geometry skills 
 
The knowledge that teachers bring to the classroom is an important aspect of teaching and 
learning because it is likely to influence the success of students’ learning, either positively or 
negatively. Aydın (as cited in Ilaslan, 2013, p. 2) postulated that among the three fundamental 
elements of education, which are interrelated, namely, the student, the teacher and educational 
programmes, the teacher has the highest impact on the other elements (p. 2). Sadly, teachers 
do not always have adequate mathematical knowledge to influence students’ learning in a 
positive way. In South Africa, for example, teachers have been found to be in lack of sound, 
explicit mathematical understanding due to their lack of insufficient content knowledge 
(Penlington, 2010). This is not surprising, given the performance of South African students in 
the subject, as discussed in an earlier section here, and the fact that a strong relationship exists 
between teacher content knowledge and the achievement of their students (Campbell, Nishio, 
Smith, Clark, Conant, Rust, DePiper, Frank, Griffin & Choi, 2014). This relationship was also 
discovered in a study linking mathematics teachers’ knowledge and the lessons they taught in 
elementary geometry and algebra (Kahan, Cooper & Bethea, 2003).  
 
However, teachers’ content knowledge of the subject they teach is not enough to translate into 
delivery of successful lessons. For example, although a deep understanding of mathematical 
content knowledge is essential, it is regarded as insufficient in effectively teaching mathematics 
(Turnuklu & Yesildere, 2007). There is a powerful relationship between what a teacher knows, 
how she knows it, and what she can do in the context of instruction (Hill, et al., 2008). 
Teachers’ communication of concepts to the learner may not always be effective. Sometimes 
the teacher does not provide “appropriate definition and illustrations contextualised to the 
learners’ experiences and cognitive level” (Luneta, 2015a, p. 2). This causes learners to have a 
weak conceptual concept image, leading to misconceptions and errors. The following diagram 
illustrates the importance of teachers’ communication in consolidating learners’ conceptual 
knowledge.  
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Figure 3.15: Conceptual knowledge and communication in mathematics (Source: 
Luneta, 2015a, p. 2) 
 
Schulman (1986) explored in detail the idea of the knowledge that the teacher brings into the 
classroom situation. He distinguishes between “content knowledge”, which he describes as the 
“knowledge of subject matter” and “pedagogical content knowledge” (PCK), which is “the 
dimension of subject matter knowledge for teaching” (p. 9). In the context of mathematics 
therefore, content knowledge would be the knowledge and understanding of mathematical facts 
and concepts while pedagogical content knowledge would be the knowledge of how to teach 
those concepts effectively to students. Ball, Thames and Phelps (2008) refer to the combination 
of the two types of knowledge as Mathematical Knowledge for Teaching (MKT). The role of 
the teacher in a classroom situation, therefore, is to facilitate students’ acquisition of content 
knowledge. A balance has to be struck between the two types of knowledge because “mere 
content knowledge is likely to be as useless pedagogically as content-free skill” (Shulman, 
1986, p. 8). Thus, a teacher has to know the concepts involved in the subject area, as well as 
have the knowledge of how to teach, so as to be able to make the subject matter accessible to 
students (Tröbst, Kleickmann, Heinze, Bernholt, Rink & Kunter, 2018). Such knowledge 
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would include many aspects such as classroom management, using a range of teaching methods 
and strategies, building on learners’ prior knowledge and integrating appropriate assessment 
with teaching (Penlington, 2010).  
 
To emphasise the importance of PCK in the context of mathematics teaching and learning, that 
is, MKT, Ball and Forzani (2011, p. 20) asserted that “teachers must understand their subjects 
deeply and flexibly, and skilfully represent them in intellectually honest ways to a wide range 
of students”. For this current study, therefore, pre-service teachers, with whom the researcher 
did her research, had to be empowered with correct and sufficient mathematical concepts, 
principles and ideas that relate to transformation geometry. In addition to this, they had to be 
empowered with appropriate pedagogical knowledge that would possibly build their 
confidence towards teaching the topic, thus helping them to become more effective in their 
teaching (Taşdan & Koyunkaya, 2017). By working with and addressing errors involved in the 
topic of transformation geometry, they would be in a better position to help their own learners 
with such errors.  
 
“Recognizing that a student’s answer is wrong is one step … effective teaching also entails 
analysing the source of the error (Ball, Hill & Bass, 2005, p. 17). This in the light of Ilaslan’s 
(2013) study that revealed that teachers did not feel confident enough to implement 
transformational geometry especially in rotation, since they lacked adequate training and 
support. The teachers in the study indicated, among other things, that they needed support with 
sufficient concrete and technological materials (Ilaslan, 2013). In this current study, some 
concrete materials were used to facilitate understanding and to give the pre-service teachers an 
opportunity to get experience on how to use these with their own classes in future. Such 
understanding would contribute towards developing their MKT.  
 
Lack of both or one of content knowledge and pedagogical content knowledge in teachers is 
detrimental to the success of students in learning mathematics (Ball, Thames & Phelps, 2008; 
Fernandez, 2012; Luneta, 2013; Olanoff, Lo & Tobias, 2014). For example, Luneta (2013, p. 
7) maintained that teachers’ different knowledge bases, among them content knowledge and 
pedagogical content knowledge, are critical to the effective teaching of mathematics. 
Pedagogical content knowledge bridges content knowledge and the practice of teaching, 
ensuring that discussions of content are relevant to teaching and that discussions of teaching 
retain attention to content (Ball, Thames & Phelps, 2008, p. 3). Teachers sometimes spend most 
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of their instructional time on procedural knowledge at the expense of conceptual knowledge 
(Penlington, 2010), due to insufficient content knowledge. Alternatively, they may aim at 
teaching only on the level they are confident in or by only teaching the lower Van Hiele levels 
(Van der Sandt, 2007, p. 6).  This is especially true with primary school teachers and their 
limited content knowledge, in particular with geometry (Taylor & Taylor, 2013). This is 
confirmed by the claim that, “in the case of geometry, mathematical subject knowledge among 
teachers appears uneven with a lot of gaps especially among elementary school teachers” 
(Kuzniak & Rauscher, 2011, p. 129). These teachers generally tend to spend minimum 
instruction time on the teaching of geometry (King, 2002). Regrettably, this might lead to their 
learners having challenges with conceptual understanding in the higher grades where deeper 
knowledge of geometric concepts is expected or presupposed (Mateya, 2008).  
 
In Ilaslan’s (2013, p. 56) study, the teachers involved voiced out their concern with their 
inability to use visualisation when solving transformation geometry problems involving 
rotation.  Some teachers blame the absence of steps to be followed when working on geometry 
problems in teaching material, while others claim that they cannot implement the geometry 
curriculum effectively because they were not involved in its design (Yilmaz, Alkan, Baran, 
Elmas & Guven, 2011). These challenges suggest that these teachers, by the time they finished 
their teacher training, were not adequately prepared with the knowledge and skills involved in 
geometry.  Foundation Phase teachers are not an exception to the challenge of inadequate 
training and preparation for teaching geometry. As much as they are expected to have some 
specialised knowledge after qualifying to become teachers, as depicted in the diagram below, 
this knowledge is often inadequate (Luneta, 2014).  
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Figure 3.16: Foundation Phase student teachers’ envisaged knowledge of geometry 
before and after training (Luneta, 2014, p. 76) 
 
It can be seen from the preceding diagram that qualified Foundation Phase teachers should be 
able to identify and address learners’ misconceptions and errors, among other things. 
Generally, teachers should be able to “recognise key patterns of thinking ideas, and 
misconceptions that students in a specific grade level typically have when they encounter a 
given idea” (Ball & Forzani, 2011, p. 21). This ability should be part of their mathematical 
pedagogical content knowledge training, which aims at “enhancing prospective teachers’ 
knowledge of students’ (mis)conceptions and learning difficulties” (Depaepe, Torbeyns, 
Vermeersch, Janssens, Janssen, Kelchtermans, Verschaffel, & Van Dooren, 2015, p. 90). 
Unfortunately, the training these teachers receive seems to be falling short, as Moss, Hawes, 
100 
 
Naqvi, & Caswell (2015) asserted that geometry does not receive adequate teaching time, 
especially in primary schooling where teachers mostly have inadequate content knowledge to 
teach geometry.  
 
“Due to teachers’ poor mathematical backgrounds, many abstract concepts and formulas are 
introduced without paying much attention to aspects such as logic, reasoning, and 
understanding” (Mateya 2008, p. 13). With the lack of poor mathematical background, teachers 
then tend to “rely on limited knowledge from textbooks or training courses that they have not 
adapted or elaborated for themselves” (Feza & Webb, 2005, p. 45). This reliance on textbooks 
was also confirmed in Ilaslan’s (2013) study, when teachers complained about the lack of 
textbooks from which they can get ideas on how to effectively teach transformation geometry. 
Yet textbooks, used alone, are not always a reliable and sufficient source because among 
textbooks (and teachers), there is a wide difference of opinion about how to approach subject 
matter for school geometry (Jones, 2000).  
 
Textbooks tend to present or explain mathematical ideas and concepts in simplistic and routine-
like ways without, for example, providing for multiple strategies to solutions of problems 
(Luneta, 2015a). Based on this assertion, the researcher would argue that teachers who rely 
much on textbooks are likely to have deficiencies in their mathematical content knowledge.  
Hence, as part of the contribution of this study to the discourse in geometry education, the 
researcher intended to produce a booklet on transformation geometry topics. The information 
on the booklet is based on researched ideas that are likely to lead to a conceptual understanding 
of the topic and a possible increase in teachers’ content knowledge of transformation geometry. 
 
One would assume that, given the difference in opinion of different textbooks, as mentioned in 
the preceding paragraph, the prescribed curriculum policy documents should then give clear 
guidance and help teachers with their planning and teaching. However, this is not always the 
case. For example, on scrutinising the weighting of content areas in the South African 
Foundation Phase mathematics curriculum, the researcher picked up a note that could cause 
confusion in terms of interpretation. In the table below, the note found at the bottom might be 
misinterpreted as meaning that the other areas are less important than “Numbers, Operations 
and Relationships. Hence other teachers might be tempted to spend far ‘too less’ time on the 
other areas, geometry included. 
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Table 3.3: Weighting of Content Areas in the South African Foundation Phase 
curriculum (DBE, 2011, p. 10) 
 
 
Deficiencies with textbooks, especially in assisting teachers with the knowledge on how to 
approach the subject matter, call for the need to “improve the experience of classroom 
mathematical learning through the development of teachers’ knowledge of mathematics and 
knowledge of pedagogy” (Van der Sandt, 2007, p. 2). This is especially important because 
“didactical obstacles” seem to rise as a result of “teachers’ specific choices of methods or because 
of their limited knowledge of their students’ cognitive capacities” (Kuzniak & Rauscher, 2011, 
p. 130). Such factors form part of the pedagogical content knowledge of teachers, as discussed 
earlier. An example here would be when students waste time drawing detailed geometric 
figures when visual descriptions would have sufficed for the purpose of the teacher’s 
intentions.  Brousseau (as cited in Kuzniak & Rauscher, 2011) maintains that the solution to 
these misunderstandings could depend on the “didactical contract” developed in the classroom.  
It might have happened that students and teacher were implicitly operating at different 
paradigms, causing a misunderstanding. Meaning that the geometric principles conveyed by 
the teachers were interpreted differently from what the teacher intended.  
 
Brousseau’s concept of didactical contract relates closely to the concept of “mismatch” 
(Crowley, 1987), mentioned earlier under the Van Hiele principle of Discontinuity. This 
principle has been found to be one of the barriers to learning geometry, when the teacher and 
the students are not communicating at the same level, therefore not understanding each other. 
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This inability of many teachers to match instruction with their learners’ levels of geometrical 
reasoning is a contributing factor to their failure to promote meaningful understandings in 
learners (Feza & Webb, 2005). 
 
Although teachers should be “skilled with ideas, texts, and learning, their primary 
responsibility is to see the content from others’ perspectives” (Ball & Forzani, 2009, p. 499). 
That is, they must be able to understand their learners’ thinking and way of reasoning.  This 
will allow them to teach (geometry) at the desired level. The obligation of teacher education 
tertiary institutions should therefore be to develop pre-service teachers’ competence in 
mediating geometry learning appropriately, for the benefit of learners. However, as discussed 
earlier, there is evidence of teachers’ low levels of geometric thinking (Swafford, Jones & 
Thornton, 1997; Feza & Webb, 2005; Van der Sandt, 2007; Khembo, 2011; Spaull, 2013). In 
her study, for example, Van der Sandt (2007) was expecting pre-service (and in- service) 
teachers to at least have some degree of acquisition of the work their Grade 7 learners were 
supposed to learn in future, but this was not the case. She then attributes this partly to the 
ineffectiveness of pre-service training, as she declares that there is an indication that 
“mathematics teacher education, irrespective of years of education (3 years or 4 years) does 
not adequately prepare prospective teachers (Van der Sandt, 2007).  
 
Some teachers in Ilaslan’s (2013) study seem to concur with the notion of them being 
inadequately prepared through pre-service training. They maintained that they should have 
been provided with more opportunities to improve their visualisation ability during their 
university education (Ilaslan, 2013). This current study therefore was an attempt to offer a more 
effective teacher training programme in Foundation Phase mathematics, and provide the 
necessary educational environment for pre-service teachers to examine their own errors and 
misconceptions. In this way, the researcher exposed the pre-service teachers to “similar 
learning environments first-hand as learners” (Wu & Ma, 2006, p. 415). 
 
3.9. Misconceptions 
 
In the previous sections, the problems associated with students’ low achievement in 
mathematics were discussed. Among these, the emphasis was placed on the role of teachers in, 
and their impact on the success of students’ learning. Several suggestions were then made, 
based on literature, on how this impact can be made more positive. This section discusses one 
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important context in which teachers need to play a vital role in trying to improve student 
performance in mathematics, particularly geometry, namely, identifying and addressing 
student misconceptions.  
 
“As children develop their own understanding of the world they will unavoidably misconceive 
some ideas” (Hansen, 2017, p. 2), resulting in them making mistakes. Hence Swan (2001, p. 
154) views the mistakes made by learners as a “natural stage of conceptual development”. 
Numerous studies have shown that students have many “naive theories, preconceptions, or 
misconceptions about mathematics that interfere with their learning” (Posamentier, as cited in 
Egodawatte, 2011, p. 36). Therefore, an essential skill for teachers and student-teachers is their 
ability to “identify where students’ misconceptions are preventing them from acquiring new 
conceptual learning” (Schnepper & McCoy, 2013, p. 1). The identification of misconceptions 
is even more crucial when it comes to learners’ understanding of geometry. For example, 
Luneta (2015b, p. 261), in his study involving Grade 12 learners’ errors when solving 
coordinate geometry, discovered that “the majority of students did not understand most of the 
basic concepts in Euclidian transformation”. Hence this study investigates in detail some of the 
misconceptions students have with transformation geometry. For now, the word 
‘misconceptions’ is used as an indication of something not going well, to some extent, with 
student’s learning experiences. However, other words with a similar meaning could have been 
used, such as errors, mistakes, and so on, but these words do not mean the same thing. Hence 
the following section discusses the meaning of misconceptions and associated errors.  
 
3.9.1. Misconceptions and associated errors 
 
Indisputably, errors and misconceptions are related, even though they are different in many 
aspects. “An error is a mistake, slip, blunder or inaccuracy, and a deviation from accuracy” 
(Luneta & Makonye 2010, p. 35). A basic premise in differentiating between an error and a 
misconception is that errors are easily detected in learners’ work such as written text or speech, 
while misconceptions are often hidden from mere observation without scrutiny. Sometimes 
misconceptions can even be hidden within correct answers (Smith, DiSessa & Roschelle, 
1993). “A misconception could be the misapplication of a rule, an over- or under-generalisation 
or an alternative conception of the situation” (Hansen, 2017, p. 1). An important aspect through 
which errors and misconceptions can be related is by putting errors on a continuum. You would 
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then have non-systematic errors on one end, and the more serious systematic errors, which are 
deeply rooted in misconceptions, on the opposite end (Makonye, 2011).  
 
Non-systematic errors might exist due to students misreading information or forgetting some 
piece of information, unintentionally. Normally, students will easily correct such errors by 
themselves because there are not fundamental and faulty conceptual structures associated with 
them. Alternatively, the error, which is predominantly procedural knowledge, can be rectified 
by the teacher providing correct information or concept (Hansen, 2017). However, teachers are 
warned that “errors in the learning of mathematics are not simply the absence of correct 
answers or the result of unfortunate accidents. They are the consequence of definite processes 
whose nature must be discovered” (Wiens, 2007, p. 5). Even if these errors were simple slip-
ups, they should not be taken lightly because they can demoralize learners and impede their 
performance when committed, thus becoming “a serious inhibitor to learning as mathematics 
builds on itself” (Schnepper & McCoy, 2013, p. 1). For example, the results of a study by 
Schnepper and McCoy (2013) revealed that a majority of the errors that high school students 
made in mathematics were not accidental, but instead were derived by flawed methods that 
made sense to the student. 
 
Systematic errors, also referred to as misconceptions, on the other hand, indicate lack of 
competence rather than performance. “Lack of performance occurs when one has the 
conceptual knowledge but fails to use it for one reason or another. Lack of competence denotes 
lack of understanding or grasp of the underlying concepts” (Makonye, 2011, p. 12). 
Misconceptions have errors that are due to them, hence associated. Each error has a specific 
misconception associated with it. “Misconceptions manifest in students’ work as errors, which 
implies that errors are symptoms of misconceptions students possess” (Luneta, 2015b, p. 262). 
Hence the definitions of errors and misconceptions are critical. Systematic errors are 
characterised by the continuous occurrence of the same wrong answers in answering certain 
kinds of questions. Learners do not quickly realise these misconceptions as wrong. Most 
learners are not taught misconceptions; rather they construct them by themselves using the lens 
of their current mathematical knowledge (Luneta & Makonye, 2013). For example, student 
misconceptions may be attributable to individual problem-solving strategies and rules from 
previous experience in the mathematics classroom (Ashlock, 2002), or they might be due to 
failure to make connections with what the student already knows (Hansen, 2017). 
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According to Furani (2003), misconceptions can become firm and resistant even when a 
revision to address them is done later on. Therefore, teachers should be capable of identifying 
potential misconceptions and possible reasons for their occurrence. Unfortunately, most 
teachers are unaware of and unfamiliar with the mathematical errors and misconceptions held 
by their pupils (Nesher, 1987; Luneta, 2008).  For example, in the context of South Africa, 
there is an absence of error analysis and diagnosis courses in the pre-service teacher education 
programmes (Luneta, 2008). This is a serious concern, given the fact that children become 
angry, frustrated and disappointed when they discover that they made mathematical mistakes 
(Bray, 2011). Therefore, teachers need to be able to diagnose and address their learners’ errors 
and related misconceptions in order to help reduce these feelings of frustration and 
disappointment. Even if misconceptions are detected, either teachers cannot explain the 
underlying reasons for their occurrence (Nesher, 1987) or planned instruction meant to 
overcome them becomes unsuccessful. Also, sometimes even when teachers are successful in 
describing error patterns displayed by learners, they do not focus their instruction on the errors 
identified (Riccomini, 2005). The lack of success in addressing misconceptions is also 
augmented by the fact that misconceptions tend to be resilient, and students strongly hold on 
to them, thus limiting their chances of achieving expert understanding (Xiaobao, 2006). 
 
In contrast to being seen “as signals of deficits, lack of abilities or misunderstanding in learning 
contexts” (Matteucci, Corazza1 & Santagata 2015, p. 2), errors were seen for the first time in 
a positive way in the work of Piaget, whereby they allowed the tracing of the reasoning 
mechanisms adopted by students (Panaoura & Gagatsis, 2009). This means that making errors 
in computation, for example, is not completely bad because it becomes an important part of the 
learning process if these errors are dealt with diagnostically. After diagnosis, corrective and 
possibly preventive measures may be applied. One preventive measure could be an attempt at 
developing all the strands of mathematical proficiency, as proposed by Kilpatrick, et al. (2001). 
In support of the development of conceptual understanding, Kilpatrick et al. emphasised that 
“understanding makes learning skills easier, less susceptible to common errors, and less prone 
to forgetting” (Kilpatrick et al., 2001, p. 122). Having the correct conceptual (why), procedural 
(how), declarative (what), and conditional knowledge (when) will allow students to avoid many 
errors and misconceptions (Egodawatte, 2011).  
 
Avoidance of errors, however, is not always the best thing to do in a teaching and learning 
situation. As Matteucci, Corazza1and Santagata (2015, p. 2) maintain, “errors are one of the 
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most frequent experiences for a learner, one that is impossible to avoid”. Instead of aiming at 
all costs for reducing as many errors and as fast as possible, teachers should rather redesign 
lessons by making errors catalysts for learning (Bray & Santagata, 2014). Such lessons have 
the potential to elevate errors and misconceptions from being negative teacher nightmares to 
becoming positive and valuable teaching and learning assets. Errors should rather support the 
learning environment and bring about a climate that is perceived as a possibility of learning 
from errors (Tulis, 2013). This is in contrast to a climate where errors are seen as threatening 
or a source of poor marks for students, making them doubt their capabilities (Oser & Spychiger, 
2005). Therefore, teachers should use errors to help them work towards promoting this positive 
climate for learners.  
 
Teachers’ positive outlook towards learners’ errors includes their ability and willingness to 
allow learners to recognise themselves that “errors and misconceptions are part of the learning 
process” (Hansen, 2017, p. 3). Since the learning process involves both the teacher and the 
learner, the teacher also has a potential benefit from the opportunities provided by embracing 
of learners’ misconceptions. For example, Brodie (2014, p. 226) argued that engaging with 
errors “allows teachers to develop nuanced understandings of the nature of mathematics, of 
teaching and learning and the relationship between them”. Dealing with learners’ errors makes 
teachers be “sensitive and recognise that students will come to their classroom with 
misunderstanding and misconceptions” (Ojose, 2015, p. xiv), developed throughout the course 
of their previous studies, as they continue making meaning of mathematical concepts during 
their learning.  
 
Instead of frowning upon errors made by learners, teachers should realise that the success of 
learning is influenced by the extent to which learners’ errors are corrected. Teacher’s beliefs 
about errors are likely to influence the way they handle errors in their classes. When they focus 
on learners’ errors, they can be in a position to understand learners’ mathematical thinking, so 
as to “adjust the ways they engage with learners in the classroom situation, as well as to revise 
their teaching approach” (Shalem, Sapire, & Sorto, 2014, p. 256). Therefore, the emergence of 
errors, coupled with teachers’ ability to correctly identify and address them, is an opportunity 
for them to avoid a situation whereby learners proceed to the next grade with the 
misconceptions. This is especially critical because most mathematics textbooks do not cover 
the topic of misconceptions directly (Ojose, 2015).  
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Corrective measures, such as teachers taking pedagogical actions or making appropriate 
interventions, should be implemented; otherwise, some of these errors will persist for a very 
long time. For example, in most studies involving student errors, there was an improvement in 
student achievement after specific errors were addressed with focused instruction (Schepper & 
McCoy, 2013). The exception was in technical errors, which resulted from student inattention, 
basic mathematics errors, or weakness in prerequisite skills. These were not remediated with 
concept-focused instruction. Additionally, because technical errors were student-specific, they 
were nearly impossible to address for a whole class (Schnepper & McCoy, 2013). Part of the 
exploration in Schnepper and McCoy’s (2013) study was to determine if the use of formative 
assessment focusing on “error types” improved student achievement. The results revealed that 
student achievement does improve when systematic errors are identified from the formative 
assessment and analysed. This current study involved the identification of misconceptions 
through tests (formative assessment) and addressing of the misconceptions with focused 
instruction – the intervention programme.  
 
For example, it was discovered through the tests that a number of students’ misconceptions 
involved the use of incorrect or inappropriate language. Then, during focused instruction 
through Van Hiele’s phase-based instruction, the researcher guided students towards refining 
their explanations by using terms such as add, subtract, more, less, shift, translate, orientation, 
and so on. Also, another misconception identified through the test was that some of them 
assumed that when a shape is translated in a Cartesian plane, the resultant image has to be in a 
different quadrant. Therefore, through some formative assessment tasks during Van Hiele’s 
“Free orientation phase”, they were able to discover that the image might or might not be in a 
different quadrant, depending on the magnitude and direction of translation, as depicted in the 
diagram below. 
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Figure 3.17: Geogebra graphs showing a figure and its images in different positions on 
the Cartesian plane after translation 
 
3.9.2. Classification of errors 
 
A “strict classification” of errors and misconceptions would be somewhat artificial, given the 
fact that misconceptions overlap (Castro Sotos, Vanhoof, Van den Noortgate & Onghena 2007, 
p. 101). However, an overview of the classification of errors as mentioned in the literature, is 
given here, and this classification relates to the errors that emerged in this current study.    
According to Ojose (2015, p. xii), errors made by students generally fall under two kinds or 
forms, namely, “conceptual errors” that relate to “lack of conceptual understanding”, and 
“execution errors”, which happen due to a breakdown or partial execution of some procedure. 
Hence execution errors are often referred to as procedural errors. Luneta (2015b), in his study 
of Grade 12 students’ errors in transformation geometry also describes common conceptual 
and procedural errors displayed by the students. He further claims that conceptual errors occur 
because most mathematics teachers often do not explain concepts in such a way that students 
acquire a conceptual understanding that leads to conceptual knowledge (Luneta, 2015b). 
Teachers rather use algorithms which they instruct students to follow (Verschaffel, Greer & De 
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Corte, 2000). Using only algorithms is not enough because “teaching simply the procedures 
would be like providing students the 'temporary indulgence' as opposed to teaching them the 
concepts which would mean to give them a 'life-long wealth'” (Sarwadi & Shahrill, 2014, p. 
2). 
 
In support of the classification of errors as procedural, Brown and Burton (as cited in Xiaobao, 
2006) maintained that students are very good at following certain procedures but they often 
followed wrong procedures. By examining students’ errors in subtraction and addition, they 
used a computer term “bug” to describe students’ faulty procedures. For example, it was 
discovered that students had the following “buggy algorithms” during the subtraction process:  
 They subtract the smaller digit in each column from the larger digit without 
considering which is on top;  
 Whenever the top digit in a column is 0, the student writes the bottom digit in the 
answer                              
                                                                                                                 (Xiaobao, 2006, p. 18).  
 
From the researcher’s own experience, the following example in the context of geometry, is 
relevant for this current study: students sometimes use the faulty procedure of measuring the 
length of a line by putting the number “1” of the ruler at the beginning of the line (instead of 
“0”) and then start counting ‘correctly’ (probably because ‘everyday counting starts at 1’). 
 
Other classifications were put forward by various authors. For example, a study by 
Movshovitz-Hadar, Zaslavsky, and Inbar (1987) was conducted to analyse errors in high school 
mathematics by attempting to classify groups of errors made by 11th grade students on a 
matriculation exam. They came up with the following error classification, which resonates well 
with the types of errors found in this current study:  
 Misused Data – the examinee did not use the information in the question correctly. 
 Misinterpreted Language – the examinee incorrectly translated the mathematical facts from the 
written problem into symbols. 
 Logically Invalid Inference – the examinee invalidly draws new information from a piece of 
given information. 
 Distorted Theorem or Definition – the examinee had an incorrect perception about the definition 
of a principle, rule, theorem, or definition. 
 Unverified Solution – each step taken by the examinee was correct in itself, but the final 
presentation of the result was not a correct solution. 
 Technical Errors – the examinee made a careless error, such as incorrect computation or 
incorrect data extraction.  
                                                                      Movshovitz-Hadar, Zaslavsky, and Inbar (1987, pp. 8 – 9) 
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The above error classification model may help teachers foresee problems and obstacles and use 
the knowledge in planning their teaching so as to prevent as many problems as possible. 
Teachers may also use the model to identify a persistent tendency of individual students to 
make a certain type of error across several mathematical topics (Movshovitz-Hadar et al. 1987, 
p. 13). The various classifications of errors, such as the ones given above, were expected to be 
applicable in this current study. They also gave the researcher an indication of the kind of 
classification of errors to use when analysing data.  
 
3.9.3. Error analysis 
 
Error analysis is “the study of errors in learners’ work with a view to looking for possible 
explanations for these errors. It is a multi-faceted activity involving the analysis of correct, 
partially correct and incorrect processes and thinking about possible remediating strategies” 
(Herholdt & Sapire, 2014, p. 42). This definition highlights the importance of examining 
students’ errors and misconceptions in order to minimise barriers to their progress in learning 
mathematics in general, and geometry in particular. Therefore, the approach to error analysis 
adopted in this current study puts the emphasis on finding the cause of the errors as a means to 
“successfully dealing with the principal error, rather than just correcting mere symptoms” 
(Zehetmeier, Böttcher, Brüggemann-Klein & Thurner, 2015, p. 479).  Unpacking the errors 
and misconceptions gives the teachers an opportunity to help students learn from their errors 
(Makonye, 2011). One way of unpacking errors would be to “ask questions or design 
assignments in a way that is likely to provoke this error, thereby making the underlying 
problems visible” (Zehetmeier et al., 2015, p 478). When errors are provoked in this way, 
students can then be led to the awareness of their errors so that they can reflect on them and 
finally correct them. The following diagram illustrates this process of error identification 
leading to error correction: 
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Figure 3.18: Error identification (Zehetmeier et al., 2015, p. 478) 
 
The idea proposed by Zehetmeier et al. (2015), of provoking errors, creating awareness and 
final correction by learners seems to link with Willis’s (2005, p. 35) proposition that the success 
of error analysis requires the fulfilment of three conditions, namely:  
 “Broad explanatory frameworks to assist teachers to interpret children’s responses to 
mathematical tasks” - In this current study the theory and application of error analysis, 
together with Van Hiele’s theory and other ideas from literature, provided such a 
framework.  
 “An articulation of key understandings that underpin children’s learning” - For the 
current study, such key understandings came from consulted literature, on how children 
learn, mainly constructivist theories, as well as from the main theory that underpins this 
study – the Van Hiele theory.  
 “Questions/activities which teachers can use to get children to tell them what they (the 
children) are thinking and what they do and do not know” - The tests given to students, 
the questions asked during follow-up interviews, as well as the activities done during 
the intervention programme in this current study, gave the researcher an opportunity to 
explore and understand what the students know.   
 
The researcher, in an attempt to prepare for a successful error analysis experience with her 
research, referred to and benefited from Herholdt & Sapire (2014). In their study, tests were 
administered as part of the evaluation of an intervention project aimed at teaching mathematical 
problem-solving skills to Grades 1– 4 learners. They suggest that the first step in analysing a 
learner test would be to determine the difficulty level of each of the items, in order to establish 
(based on the results) which items learners found tougher and which ones were less 
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challenging. Herholdt & Sapire (2014) maintained that if the test is well-constructed, the 
progressive difficulty of items would indicate the stages of mathematical conceptual 
development through which learners pass. This study was relevant for the current research 
because in analysing student errors and misconceptions, the researcher was interested in 
knowing the levels of difficulty (similar to Van Hiele levels) of the test items in which student 
errors occurred. 
 
It is also important to note that “error analysis” is implied in the analysis of the South African 
Annual National Assessment (ANA), as noted in the statement on the 2014 ANA framework 
for improvement. In this statement, the diagnostic analysis is described as the investigation of 
“common errors” and “misconceptions” of learners, which matches what is generally termed 
“error analysis” (Herholdt & Sapire, 2014, p. 43). It was therefore in the best interest of the 
students involved in this current study to be familiar with such terms and activities (however 
indirectly) as “error analysis’, since they would probably be involved in the administration and 
possibly analysis of ANA results when they are fully qualified teachers.  
 
3.10. Students’ misconceptions and associated errors in geometry, with a focus in 
transformation geometry 
 
Challenges in the teaching and learning of mathematics, particularly in geometry, are a cause 
for concern because they result in mass failure in mathematics examinations (Adolphus, 2011). 
Challenges in geometry manifest in the form of errors displayed by learners, and 
misconceptions associated with those errors. The review of the literature indicates that many 
students in both primary and secondary education hold several misconceptions about geometric 
shapes and the relationships between their properties (Clements & Battista, 1992; Siyepu, 2005, 
van der Sandt, 2007; Lim, 2011; Luneta, 2015b). Clements and Battista (1992, p. 422), for 
example, among their list of students’ misconceptions in geometry, is the notion of students 
reasoning that “a square is not a square if its base is not horizontal” (p. 422). That is, many 
students in secondary education can recognise shapes only in some standard orientation. They 
“tend to rely on prototypical images when identifying shapes, and have difficulty coordinating 
these images with verbal or written descriptions and definitions” (Sinclair & Bruce, 2015, p. 
323). Examples of such prototypical shapes, together with the ones that students are not 
familiar with due to their different orientation, are given below: 
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Figure 3.19: Different orientations of a square and a pentagon (Luneta, 2015b, p. 268) 
 
Closely related to this misconception is one involving diagonals in two-dimensional shapes. 
This misconception was picked up by Atebe (2008) in his study and is depicted below:  
 
Figure 3.20: Misconception about diagonals of polygons (Atebe, 2008, p. 46) 
 
The above are therefore some of the misconceptions the researcher had to acquaint herself with 
as she expected that she might discover them while working with students through the 
transformation geometry activities in this current study.  
 
Other misconceptions involving geometric concepts that are relevant for this current study 
relate to the concept of ‘angle’. For example, some learners have a tendency to relate the length 
of the arms to the magnitude of the angle (Gibson, Congdon & Levine, 2012). For example, in 
the diagram below, such learners would not recognise that the size of the angle in both cases 
in the following diagrams, is the same: 
                          
Figure 3.21: Misconception about the relationship between the length of arms and the 
size of angle 
 
According to Sinclair, Pimm and Skelin (2012), the misconceptions involving angles might be 
exacerbated by the fact that the definitions of angles presented in textbooks are not consistent. 
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This opens up opportunities for different understandings of what an angle is. Perhaps a possible 
attempt to address this lack of consistency would be to consider the different conceptions of an 
angle provided by Henderson and Taimina (2005).  According to Henderson and Taimina 
(2005, p. 39), an angle can be described from three perspectives: angle as a geometric shape, 
angle as movement (a rotation) and angle as measure (amount of turn). These all-encompassing 
conceptions of an angle would then have to be specified when referring to angles in a particular 
context, so as to minimise confusion which might lead to errors (Sinclair & Bruce, 2015). For 
example, the introduction of an angle as the space between infinitely long lines, in a particular 
study, resulted in learners making fewer errors relating to the misconceptions about the 
relationship between the length of arms and the size of angle (Devichi & Munier, 2013). 
 
Some errors committed by learners in geometry relate to the use of imprecise language or 
incorrect mathematical terminology. “Enabling pupils to communicate their mathematics to 
their peers and others is an essential aim within the mathematics classroom” (Brown, Jones, 
Taylor & Hirst 2004, p. 129). If the language used by the learners to communicate their 
understanding is imprecise, there are possibilities that the message might convey a different 
meaning. An important task for teachers therefore would be to help learners move from the 
common, imprecise oral descriptions and explanations to precise, or more formal language. In 
the current study, for example, students used imprecise language such as “translation is a 
process where a shape is duplicated”, or “I used mirroring, then plotted the angle and got the 
co-ordinates”. When the use of imprecise language involves key concepts of the geometry 
lesson, it more than likely results in errors or are it suggests underlying misconceptions. Atebe 
(2008) provides a list of misconceptions about geometric concepts he found in his study, which 
are relevant for this study and therefore helped the researcher better prepare for the intervention 
programme with her students. Some of these misconceptions are listed in the table below: 
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Table 3.5: Misconceptions about geometric concepts (Atebe, 2008, p. 195) 
  
 
Although some of the errors mentioned above could be due to language problems, in many 
cases they seemed to be due to conceptual misunderstanding. Atebe and Schäfer (2008) caution 
against taking for granted the use of imprecise terminologies, or thinking that these are mere 
spelling mistakes; instead they should be taken seriously because they may result in barriers to 
the conceptual understanding of geometric concepts.  
 
Some of the errors and misconceptions involving transformation geometry have been indirectly 
covered in an earlier section on students’ problems with the topic. Many errors with 
transformation geometry related to learners’ errors with shapes, lines, angles, and so on, which 
are already covered in the errors with geometry in general. Misconceptions specifically 
involving the concept of transformation geometry include the incompetent use of algebraic 
manipulations (Naidoo & Bansilas, 2010). For example, when students confuse the rules 
involved in rotation over different angles and directions, with rules for reflection, they are 
committing errors of “having the right solution to the wrong question” (Schnepper & McCoy, 
2013, p. 1). Similarly, Son (2006) found that students often confuse reflection with rotation, 
while Kaplan and Öztürk (2014) discovered that students made mistakes when finding the 
reflection line or axis.  Also, the misconception identified by Edwards (2003), of students 
seeing rotation as mapping all the points of the plane around a centre point, made the students 
in her study to expect the shape to slide to the given centre point and then turn around it. This 
showed that “they had a hard time seeing rotation as occurring ‘at a distance’ from the object” 
(Edwards, 2003, p. 7).  
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Rach, Ufer and Heinze (2013) conducted a study in which they investigated the effect of an 
error-tolerant classroom culture on Grades 6 to 9 students’ attitudes towards errors as learning 
opportunities. Among the many topics they covered, they also dealt with transformation 
geometry. In the table below, some of the errors and misconceptions that emanated from their 
findings have been extracted, which had a bearing on this current study:  
 
Table 3.6: Errors and misconceptions about transformation geometry (Rach, Ufer & 
Heinze, 2013, p. 29 – 30) 
 
 
 
3.11. Chapter summary 
 
This chapter reviewed relevant literature that relates to the current study. Studies that involve 
the theory of Van Hiele and their role in trying to understand and address the problems that 
face geometry teaching and learning were discussed. Reviewing literature involving such 
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studies gave the researcher an idea of where the gaps are, as well as the opportunity to build 
onto the findings of such studies, in order to achieve the objectives of the current study. For 
example, understanding what the literature says the Van Hiele levels that most students have 
by the time they reach tertiary education, allowed the researcher to anticipate that the 
participants in the current study possibly had challenges with geometry generally, and 
transformation geometry in particular. Hence the current study aimed to address such 
challenges. 
 
This chapter also gave an outline of the importance of geometry in the school mathematics 
curriculum so as to show how crucial it is that problems relating to the learning and teaching 
of geometry should be addressed.  The literature that was consulted pointed to, among others, 
the fact that teachers play a role in the existence of the challenges involving the effectiveness 
of learning geometry. Hence teachers’ content and pedagogical content knowledge of 
mathematics in general, and geometry in particular, was analysed, based on the literature that 
was reviewed. Evidence from the literature consulted showed that teachers need to improve 
their own understanding of geometry, as well as align the level at which they teach geometry 
with that of their students, in order to have the required impact of their teaching of geometry 
to students.    
 
The topic of transformation geometry was discussed in details, highlighting its benefits and 
reasons for inclusion in the school curriculum. Following that; however, it was acknowledged, 
with the backing of the literature that was reviewed, that learners or students experience 
problems working with transformation geometry. Various authors provided examples of the 
kind of errors that students or learners make when working with transformation geometry. 
Hence the discussion of what errors and misconceptions are was discussed in this chapter. The 
literature that was consulted gave the researcher some insight into the kind of possible errors 
and misconceptions that students in this current research might have. This insight assisted in 
the choice of activities, questions and ultimately intervention strategies that were employed by 
the researcher to achieve the objectives of this current study.   
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CHAPTER 4 
 RESEARCH METHODOLOGY 
 
4.1. Introduction  
 
In this chapter, the processes that constitute the research design and methodology of this study 
are presented. This study has as its goals the identification of student errors in learning 
transformation geometry and an exploration of how to address these errors using the Van Hiele 
theory. This chapter therefore gives an account of the processes and procedures followed, as 
well as justification for the choices made in order to address these goals. The processes and 
procedures involved include the description of the paradigm underpinning the study, the 
method as well as the approach to research that was followed, sampling procedure and how 
data was collected and analysed. Lastly, issues pertaining to reliability, validity and ethical 
considerations are discussed. 
 
4.2. Research design and methodology 
 
Creswell (2009) defines a research design as the plans, strategies and procedures for research    
comprising decisions from the underlying worldviews to the detailed methods of data 
collection. Other authors, such as Kothari (2004, p. 31), stated that research design involves 
decisions in respect of what the study is about, why and where it is carried out, how much and 
what data is required, what techniques of data collection will be used and how the data will be 
analysed. Research design therefore is a road map of how the research will be conducted 
(methods to be used), the data to be collected (such as students’ written work in this current 
study), where, how and from whom the information will be collected as well as the 
circumstances under which the information will be collected (Luneta, 2013).  
 
For this study the research design can be illustrated by the following diagram: 
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Figure 4.1: The research design of the current study (Source: Author) 
 
Generally, the design which minimises bias and maximises the reliability of the data collected 
and analysed is considered a good research design (Kothari, 2004). For example, in this current 
study, the use of interviews strengthens the reliability of data obtained from analysis of 
students’ test scripts. 
 
4.3. Research paradigm  
 
The knowledge that is developed through research, as well as ways of discovering it, depends 
to a large extent on the researcher and the assumptions made. Therefore, in research studies, 
one has to justify the choice of methodology and methods used to carry the research. This will 
enable the improvement of, among other things, comprehension of the research, application of 
theory to classroom practice and engagement in academic debate (Scotland, 2012). The 
justification goes further than the methodology used for answering the research questions, such 
as the one discussed in one of the sections below. It also relates to the researcher’s worldview 
or paradigm, or assumptions about how things work.  
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The “world view” is the “sum total of one’s beliefs, understandings and deeply held 
commitments” that have “an impact on one’s actions, perceptions, thoughts and emotions” 
(Simon, 2009, p. 481). In the process of making sense of research information data, researchers 
draw implicitly or explicitly upon a set of beliefs or paradigms. Weaver & Olson (2006, p. 460) 
further declare that research could be affected and guided by a certain paradigm by stating that 
“paradigms are patterns of beliefs and practices that regulate inquiry within a discipline by 
providing lenses, frames and processes through which investigation is accomplished”. The 
worldview consists of underlying assumptions about realty as well as the kind of knowledge 
that the researcher brings to the research. These are the notions of ontology and epistemology, 
which are discussed in the section below.  
  
4.3.1. Ontology  
 
Ontology refers to our beliefs about what constitutes reality and how we can understand 
existence (Simon, 2009). In social research, ontological questions are associated with the nature 
of reality and humanity (Tuli, 2010). Ontological assumptions are concerned with the 
researchers’ “perceptions of how things are and how things really work” (Scotland, 2012, p. 
9). 
 
Reality might be regarded as being ‘out there’ in the world and needing to be discovered using 
conventional scientific methodologies, including people’s use of senses to observe and 
discover this reality (Mutch, 2005). This is the ontological view according to objectivism, the 
philosophical basis of which is that the world exists and is knowable (Cohen, Manion & 
Morrison, 2000). In contrast to objectivism is the constructionist view that assumes that reality 
is the product of social processes (Neumann, 2003). The perspective according to social 
constructionism is that the world permits individual’s unique differences to emerge while at 
the same time it recognizes the identification of the essential commonalities that unite human 
beings (Ashworth, 2003). This implies that each individual reality is true for the person because 
he or she experiences it but it is independent of that person due to his or her inability to alter it 
(Darlaston-Jones, 2007, p. 20). 
 
The two extreme views on reality, namely, objectivism and constructionism, can be aligned 
with views on the nature of mathematics reality. Ontological assumptions on mathematics 
differ according to different scholars. For example, on one extreme end, there are Platonists 
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that regard mathematics as objective, that is, mathematical objects as having an independent 
existence of their own (Font, Godino & Gallardo, 2013). Fallibilists, on the other extreme end, 
contend that mathematics is subjective, socio-cultural, error-prone and that no mathematical 
truth can exist outside what people have consciously constructed (Ernest, 2012). This is the 
view on reality that is adopted in this current study because students made errors based on 
personal experiences and construction of various concepts, where the understanding of such 
concepts was not aligned with their correct meaning.  
 
4.3.2. Epistemology 
 
While ontology is about constructing reality, epistemology is about the nature and different 
forms of knowledge of that reality (Cohen, Manion & Morrison, 2007). Epistemological 
assumptions are concerned with how knowledge can be created, acquired and communicated.  
In epistemology, the following questions are posed: What is the relationship between the 
knower and what is known? How do we know what we know? What counts as knowledge? 
(Tuli, 2010). 
 
One view on epistemology is that meaning solely resides in objects, not in the conscience of 
the researcher. That is, one discovers absolute knowledge about an objective reality (Scotland, 
2012). This relates to the objectivist view of reality. The answer to the question of the 
relationship between the knower and what is known would therefore be that these are 
independent entities. The other view on epistemology is that knowledge, no matter how it is 
defined, is in the heads of persons and that the thinking subject has no alternative but to 
construct what he or she knows on the basis of his or her own experience (Cottrill, 2003). This 
view conforms to the subjective assumptions about the nature of reality. Also, the constructivist 
view of knowledge implies that mathematics is fallible because the subjects learn through 
cognitive constructions which might also be misconstructions that are misconceptions 
(Makonye, 2011). This current study is therefore based on constructive epistemological 
assumptions since participants were constructing knowledge on the bases of their experiences 
of learning the topic of transformation geometry. Hence their mathematics was fallible, based 
on the misconceptions that were identified through the errors they made.  
 
According to the constructivist view on epistemology, individual ideas are produced and 
understood through interaction between researcher and participants, with the researcher relying 
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much on the participants to understand the phenomenon being researched (Creswell, 2009). 
Research conducted within a social constructionist epistemology is likely to involve substantial 
reliance on the spoken word through conversation, such as interviews, narrative, and similar 
methods of collecting data (Padgett, 2004). In the current study, the researcher relied on 
interviews with participants for clarity on the errors they made, in order to make sense of 
underlying misconceptions. 
 
Different ontological and epistemological assumptions characterise different paradigms. 
Therefore, different paradigms have differing assumptions of reality and knowledge which 
underpin their particular research approach (Scotland, 2012).  Addressed in the next section are 
the two of the main educational research paradigms. 
 
4.3.3. The positivist research paradigm 
 
According to the positivist paradigm, reality is viewed as universal, objective and quantifiable 
such that reality is the same for one person as it is for the other (Darlaston-Jones, 2007). This 
shared reality can be identified and ‘seen’ through the application of science. As such the 
positivist paradigm is underpinned by an objectivist or realist ontology. Positivists “go forth 
into the world impartially, discovering absolute knowledge about an objective reality” 
(Scotland, 2012, p. 10).  A basic assumption of this paradigm, therefore, as Ulin, Robinson and 
Tolley (2004) remarked, is that the goal of science is to develop the most objective methods 
possible to get the closest approximation of reality. Sometimes referred to as the scientific 
method, the positivist paradigm relies on quantitative measures and the relationships between 
variables are highlighted (Cresswell, 2009). 
 
Positivist researchers, in their quest for objective knowledge, explain in quantitative terms how 
variables interact, shape events, and cause outcomes (Tuli, 2010). Research is conducted 
systematically, sceptically and ethically (Robson, 2002) using mainly deductive or theory-
testing approach. Reliable knowledge is based on direct observation or manipulation of natural 
phenomena through empirical, often experimental, means (Lincoln & Guba, 2005). Positivists 
aim to identify causes which influence outcomes (Creswell, 2009), to formulate laws, leading 
to prediction and generalisation (Scotland, 2012, p. 10).  Within the positivist paradigm, 
controlled, objective, value-free knowledge that can be generalised to a broader population, is 
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discovered (Darlaston-Jones, 2007, p. 21), even though deduction from empirical 
generalisations is rarely explanatory (Scotland, 2012).  
The assumption of value-free knowledge implies that positivist researchers do not regard 
themselves as important variables in their research. They believe that they remain detached 
from what they research, meaning that the researcher and the researched are independent 
entities ((Tuli, 2010; Scotland, 2012). However, this is believed to be delusion because 
“researchers make value-laden judgements, for example, selection of variables, actions to be 
observed, and interpretation of findings” (Scotland, 2012, p. 11).  
 
The contribution of the positivists can be recognised in educational research where, for 
example, it has produced verified observation statements that are used in policymaking 
(Scotland, 2012). However, positivists, in adopting the belief of the existence of a single 
universal reality, fail to recognise the ability of the humans to interpret and make sense of their 
world. This is in contrast to the interpretivist paradigm that is discussed next.  
 
4.3.4. The interpretive research paradigm 
 
This study is underpinned by the worldview of an interpretive research paradigm. Interpretive 
researchers do not accept the idea of reality being ‘out there’, existing irrespective of people. 
They see reality as a human construct (Mutch, 2005) and therefore it is subjective and differs 
from person to person. “Our realities are mediated by our senses” and “without consciousness 
the world is meaningless” (Scotland, 2012, p. 11). Both positivist and interpretive researchers 
hold that human behaviour may be patterned and regular. However, while positivists see this 
in terms of the laws of cause and effect, interpretivists view such patterns as being created out 
of evolving meaning systems that people generate as they socially interact (Neuman, 2009). 
The interpretive approach emphasises that knowledge and understanding can be obtained 
through the experiences of the actors in their social context (Neuman, 2009). This research 
paradigm seeks to understand the situation from the perspective of the participant (Ary, Jacobs 
& Razavieh, 2002). The current study is therefore interpretive in nature because it seeks to 
understand the misconceptions experienced by students and will attempt to get answers from 
the perspective of the students, through detailed written work (in the form of tests), as well as 
through face to face interactions during interviews. 
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The interpretive paradigm is underpinned by a constructivist view of reality. That is, the world 
is seen as being constructed, interpreted, and experienced by people in their interactions with 
each other and with wider social systems (Maxwell, 2005). Therefore, people make their own 
sense of subjective, multiple and socially constructed realities (Krauss, 2005). These realities 
are “constructed through the interaction between language and aspects of an independent 
world” (Scotland, 2012, p. 11). Cohen, Manion and Morrison (2010) mention the term 
educational interpretive approach as the approach that involves understanding people’s 
meanings, purposes and behaviour within an educational community. In the case of this study, 
the educational community was comprised of the students with whom the research was done, 
the researcher as lecturer of the students, as well as the setting or institution in which the 
students’ learning takes place, namely the university. Hence, unlike in studies based on a 
positivist paradigm, the intention of this enquiry was not to generalise to a broader population, 
but to understand a particular phenomenon (Farzanfar, 2005), namely students’ 
misconceptions. 
 
The interpretive approach has also been defined as a form of qualitative research that is used 
in order to gain an in-depth understanding, make a description and interpretation of the 
participants’ lived experiences from their point of view (Neuman, 2009). Thus, the students’ 
points of view and their voices were vital in this qualitative interpretive research study, based 
on the belief that people behave in particular ways because of particular reasons. To understand 
the reasons behind human behaviour or action requires not detachment from, but rather direct 
interaction with the people concerned (Schwandt, 2000). “Actions need to be understood from 
the participants’ perspectives, including both process and agency” (Scotland, 2012, p. 11). In 
the case of this current study, therefore, the researcher, on experiencing a general concern with 
students’ limited knowledge of transformation geometry, was involved in direct interaction 
with them in order to understand their misconceptions with the topic. The researcher was thus 
not independent of the researched subject. Hence the approach used for the study was action 
research, which will be discussed in detail in a subsequent session. 
  
Through the direct interaction with students, this interpretive research study made it possible 
for the researcher to present her “own constructions as well as those of all the participants” 
(Andrade, 2009, p. 45). This happened also because of the careful choice of data collection 
methods that were compatible with the interpretive paradigm, such as interviews, thus enabling 
the researcher to obtain reach, meaningful data. Therefore, the interpretive approach provides 
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an opportunity to gain a deep understanding into the participants’ experiences, with the 
researcher becoming the means through which this understanding is discovered (Cohen et al., 
2010). While in the positivist paradigm the researcher’s personal views are believed to have no 
effect on the interpretation of data, in interpretive paradigm the researcher has an opportunity 
to offer a deeper scrutiny of the research process, thus increasing the rigour of the study 
(Darlaston-Jones, 2007, p. 22). However, a note of caution is added here about the discussion 
or interpretation of data such as that from interviews. Sometimes the interpretation of the 
researcher might differ from that of peers as to what was said and intended by participants 
(Darlaston-Jones, 2007). In such cases, the raw data or notes taken might have to be revisited 
in order to come to a common understanding or interpretation. This might then lead to new 
knowledge emerging from the interactions between the researcher and data (Creswell, 2008).  
 
In order to engage in any kind of research, the researcher has to commit (often implicitly) to 
ontological and epistemological views (Scotland, 2012). The ontology informs the 
methodology about the nature of reality to be studied while the epistemology informs the 
methodology about the kind of knowledge to be sought as well as where and how it is to be 
sought. Researchers’ differing ontological and epistemological positions often lead to different 
research approaches towards the same phenomenon (Grix, 2004). The table below summarises 
the differences between the positivist (also known as scientific) paradigm and the interpretive 
paradigm, as well as the methodology that accompanies each of the two paradigms.  
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Table 4.1: Simplified summary and comparison of the two main research paradigms 
(Ernest, 2012, p. 1
 
 
The above table shows that the paradigm in which a researcher operates is also reflected in the 
research methods followed. The methods used in conducting this current study will be 
discussed next.  
 
4.4. Qualitative and quantitative research methods 
 
Qualitative research is concerned with phenomena relating to or involving quality or kind. It is 
aimed at discovering underlying motives for people’s actions, that is, why people think or do 
certain things (Kothari, 2004). In qualitative research, the researcher interacts with the subjects 
of the study, whether this interaction assumes the form of living with, or observing the 
informants over a prolonged period, or actual collaboration (Creswell, 1994). The researcher 
investigates the how and why questions using data collection methods such as in-depth 
interviews with the research participants (Lester, Inman & Bishop, 2014). In this study, the 
researcher interacted with students as they worked on tasks based on transformation geometry, 
over time. During this period, she interviewed them, worked on pre-planned activities with 
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them, asked questions about their behaviour or actions as well as their thinking behind such 
actions, and so on.  
 
A qualitative research approach is “characterized by intensive study, description of events, and 
interpretation of meanings” (Schunk, 2012, p. 12). This study explored the misconceptions 
students have on transformation geometry by, among other things, interpreting their responses 
to written tests, interviews as well as the actions these students took during the implementation 
of a learning programme on transformation geometry. Qualitative research methods offer 
investigative and detailed narrative descriptions that use the context and setting to search for a 
deeper understanding of the phenomenon being studied (Best & Kahn, 2006).  
 
Quantitative research, on the other hand, is based on the measurement of quantity or amount. 
Quantitative research methods normally try to describe relationships among variables 
statistically and to present a numerical analysis of the relations being studied (Creswell, 2003). 
This study does have a quantitative element to it in that some of the data produced is 
quantitative. For example, in analysing students’ responses to questions on the written tests, 
summaries of how many students got certain questions right or wrong involve numerical 
summaries of data. Thus, in order to fully achieve the goals of the study, the researcher had to 
incorporate quantitative research techniques as well. 
 
In essence, therefore, this study used various research instruments and techniques that 
generated both qualitative and quantitative data. Creswell (2003) suggested that qualitative and 
quantitative data may be used together to increase an understanding from one data set to another 
or to confirm findings from different data sources. Waterman et al. (2001) also concur when 
they maintain that in this approach value is attached to both qualitative and quantitative 
research methods because these are seen as complementary. In this study, qualitative and 
quantitative data were used in order to support each other and for triangulation. 
 
The diagram below outlines the differences between qualitative and quantitative research 
methods, as well as particular situations under which each can be used.  
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Figure 4.2: Foundations of research (Tuli 2010, p. 104) 
 
4.5. Action research design 
 
4.5.1. History and purpose of action research 
 
Action research involves practitioners conducting systematic enquiries in order to help them 
improve their own practices, which in turn can enhance their working environment and the 
working environments of those who are part of it (Koshy, Koshy & Waterman, 2011, p. 1). For 
this study, action research was used to help the researcher to improve her practice, as well as 
for students to improve their performance on the topic being researched.  
 
Waterman, Tillen, Dickson and Koning (2001) asserted that action research originated from a 
need to democratize research so as to challenge the institutionalisation of research which was 
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regarded as being exclusive and exploitative. Thus, to encourage those who are essentially 
excluded from the process of informing research, yet it is their practice that is being 
investigated, research had to be made participatory. Hence action research is sometimes 
referred to as “Participatory Action Research (PAR)” or “community-based study” (Koshy et 
al., 2011, p. 1). A comprehensive definition of action research that is relevant for this study is 
provided below as follows: 
A participatory, democratic process concerned with developing practical knowing in 
the pursuit of worthwhile human purposes, grounded in a participatory worldview 
which we believe is emerging at this historical moment. It seeks to bring together action 
and reflection, theory and practice, in participation with others, in the pursuit of 
practical solutions to issues of pressing concern to people, and more generally the 
flourishing of individual persons and their communities.  
                                                                                                   (Reason & Bradbury, 2001, p. 1) 
 
As Reason and Bradbury (2001, p. 2) clarify, the primary purpose of action research is “to 
produce practical knowledge that is useful to people in the everyday conduct of their lives”. 
This implies that action research is unique since it is context-bound and involves action that is 
intended to change local situations. Action researchers “engage in careful diligent enquiry not 
for the purpose of discovering new facts or revising accepted laws or theories, but to acquire 
information having practical application to the solution of specific problems related to their 
work” (Stringer, 2004, p. 3). One of the common contexts in which the action research process 
is used is to “improve educational practice”, through “professional reflection and critical 
examination of one’s own work” (Mertler, 2016, p. 3). In the current study, the researcher made 
an enquiry into students’ misconceptions for the purpose of addressing them as part of finding 
solutions that will improve their performance in working with problems involving 
transformation geometry. By addressing these problems, the researcher is then likely to 
improve her education practice. 
 
4.5.2. The methodological bases of action research 
 
An action research enquiry is conducted by people working in settings such as schools, higher 
education or other workplace venues (Buss, 2018). The core principle in an action research 
enquiry is that the researcher investigates some component or aspect of a social system, 
composed of humans engaged in interaction, using gestures and language, resulting in the 
creation of impressions and the transmission of information (Koshy et al., 2011). The humans 
involved in this current study were the BEd students as well as their lecturer, the researcher. 
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Some interaction between the researcher and the students provided means for the researcher to 
investigate a particular aspect of the social system, namely, students’ understanding of 
transformation geometry.  
 
It is important to note that an action research approach has some benefits that make it 
worthwhile for an educator-researcher to use it. Mertler (2017) argued that action research 
deals with the researcher’s challenges, not someone else’s and that it allows the researcher to 
better understand and improve their education practice. This is done through “professional 
reflection and critical examination of one’s own work”. The individuals that are actively 
involved in action research have a vested interest in the specific setting or with the specific 
problem being investigated (Mertler & Hartley, 2017). For this study, the action research 
approach afforded the researcher an opportunity to explore, understand and address improve 
students’ misconceptions with transformation geometry.  
 
Most literature on action research identifies four steps that are involved in the basic process of 
action research, namely, planning, acting, observing and reflection (McNiff & Whitehead, 
2002; Pine, 2009; Chapman, Lewis, Osborne & Gray, 2013; Wang, 2016). Action research is 
“a cyclical process of planning, acting, developing and reflecting” (Mertler, 2017, p. 18). That 
is, the action researcher, after recognising that there is a challenge with the status quo in the 
setting where he or she is operating, needs to plan how to change things for the better. After 
planning, an action needs to be taken, according to the plan that has been made, and then one 
has to reflect on whether there has been an improvement in the situation after an action has 
been developed. After reflecting, the researcher has to decide whether there is a need to revise 
the plan in order to bring about the envisaged change. If that is the case, then the researcher 
would go through a second cycle of action research, as depicted in the diagram below.  
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        Figure 4.3: Action research cycle (Kemmis & McTaggart, 2000, p. 595) 
 
In action research, the researcher plays an important role of being a facilitator of change, with 
a possibility of consulting with participants about the research process as well as how it will be 
evaluated. For example, in the context of the current study, students had to understand, through 
the process of ethical considerations, how and why the research was going to be conducted. 
The researcher also had to make it clear to them why, for example, they needed to write a test 
after the intervention programme. That is, the success of the action research process that they 
participated in had to be evaluated. As the researcher continued with the research, she kept 
updating the participants with the results of the research process, so that they can understand 
each step that needed to be taken and the reasons for taking it. Without this kind of 
understanding and negotiated journey through which both the researcher and the participants 
go, there is a possibility of researcher and participants not working towards the same goal, thus 
threatening the success of the research process. Koshy et al. (2011) concurred with this when 
they caution that, “in the formative process involved in the spirals of planning, observing, 
reflecting, and re-planning care needs to be taken because this can be threatening” (Koshy et 
al., 2011, p. 11).  
 
The contribution of action research to knowledge creation is different from other conventional 
forms of research in that there is less generalisation of results because of the uniqueness of the 
context or situation that is being investigated (Koshy et al., 2011).  The unique experience of 
the action researcher within the research site and environment is likely to yield results that will 
benefit the context of the problem being addressed, in a way that is meaningful to the 
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researcher. While this is obviously advantageous, it comes with an added responsibility for 
action researchers to be more articulate and detailed in describing their work when writing the 
research report (Koshy et al., 2011). 
  
4.5.3. The action research cycle for the current study 
 
Sagor (2000) suggested that action research involves seven steps, namely, selecting a focus, 
clarifying theories, identifying research questions, collecting data, analysing data, reporting 
results and taking informed action. In the context of the current research, these steps are 
summarised in the diagram below, which is adapted from Gaffeney’s (2008, p. 9) action 
research cycle.  
 
 
Figure 4.4: Sagor’s seven steps action research cycle for the current study (Adapted 
from Gaffeney, 2008, p. 9) 
 
In the current study, data from the tests, interviews and intervention lessons were analysed as 
part of the first cycle of action research. After data was analysed, the results are being published 
as part of this dissertation. Reflection is done, which informs the action for the next cycle. For 
the purposes of this dissertation, the reflection from the first cycle is also communicated as part 
of the recommendations. However, data analysis and subsequent reflection did inform the 
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various intervention lessons within the first cycle. Thus, the cyclical nature of action research 
was applicable during data collection while using the different data sources (Mertler, 2017), 
where the researcher applied what is learnt from one data source to inform the course of action 
in the next data collection stage. This was done in line with Mertler’s (2017, p. 18) statement 
that “action research is not conclusive; the results of action research are neither right nor wrong 
but rather tentative solutions that are based on observations and other data collection and that 
require monitoring and evaluation in order to identify strengths and limitations”.  
 
4.6. Sample selection  
 
The students who participated in the current research were enrolled for BEd in Foundation 
Phase programme in a newly established rural university in South Africa. This is a four-year 
teacher training qualification that prepares students to be able to teach in the Foundation Phase 
(Grades R - 3). One of the modules they were registered for was Mathematics for the 
Foundation Phase. Transformation geometry was one of the geometry topics that appeared in 
their curriculum for the module at second-year level. There was a total of 100 students 
registered for the second-year mathematics module. 
 
4.6.1. Educational background of students 
 
The minimum admission requirements for admission to the BEd programme included a pass 
of 40 % in Mathematics or 50% in Mathematical Literacy at matric level. Therefore, the 
expectation of the researcher was that these students had come across the topic of 
transformation geometry in their secondary schooling, through one of the two subjects. 
However, there seemed to be exceptions because at least one student confirmed after the pre-
test that he never did any form of mathematics at secondary school level. Apparently, this 
student’s secondary schooling was done during the time when Mathematics or Mathematical 
literacy was not compulsory at a secondary school level. Moreover, some other students 
mentioned that they “never learned much” about the topic, especially some rules as well as 
practical manipulations involving transformation geometry. Almost half of the students – 37 
out of 82 (45%) - who participated in the research had done Mathematical Literacy in their 
high school level. Most concepts in Mathematical Literacy focus on concrete dimensions of 
mathematics, learned mostly through real-life situations (Spanenberg, 2012).  
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The researcher would thus argue that students who did Mathematical Literacy at high school 
are likely to be limited in their ability to think abstractly, as compared to those who have done 
Mathematics. This is critical in the context of the topic of geometric transformations because 
some of the activities the students had to do needed them to visualise how diagrams would 
change, without necessarily using manipulatives or actually performing the transformation. 
The students’ lack of content knowledge of transformation geometry influenced the extent to 
which the questions included in the tests for this research study, covered what was prescribed 
for their module. Additional topics outside the prescribed BEd curriculum, such as 
enlargements or reductions of geometric figures, or more advanced university level topics on 
transformation geometry, were not covered, due to challenges with (Foundation Phase) 
students’ poor understanding of geometry concepts (Luneta, 2014).  
 
4.6.2. Selection criteria for student participation  
 
The sample universe (Robinson, 2014) for the study consisted of Bachelor of Education (BEd) 
in Foundation Phase students from a university in Mpumalanga Province, South Africa. The 
study involved the exploration of student errors when working with transformation geometry. 
Therefore, the target sample consisted of students who were registered for a mathematics 
module in which the topic of transformation geometry belonged. All the participants in this 
study were 2016 second-year BEd in Foundation Phase students because this was the year level 
at which transformation geometry was done as part of the curriculum in their mathematics 
module. Therefore, the university site as well as the second-year level group of students were 
“information rich” (Creswell, 2012, p. 206) as far as the topic of interest was concerned. This 
was the group that experienced the central phenomenon being studied (Creswell, 2003), 
namely, errors and misconceptions with learning transformation geometry. Hence, this was 
purposeful sampling and all the students in this class were the target group. Below is a 
diagrammatical representation of sampling for this study. 
135 
 
 
Figure 4.5: Sampling diagram (adapted from Robinson, 2014) 
 
Participants were selected from the target group based on their willingness to participate in the 
project. However, despite the fact that all students from the second year level mathematics 
module indicated willingness to participate, some students did not form part of the actual data 
collection. For example, some students just did not arrive (with or without apology) during the 
arranged times to write the tests for data collection (mainly the pre-test). As a result of this, the 
researcher worked with a sample of 82 students in all, instead of the original 100 students who 
gave consent to participate. This number of participants was sufficient in that the data collected 
from them followed the concept of “saturation …when the collection of new data does not shed 
any further light on the issue under investigation” (Mason 2010, p. 2). That is, the data provided 
by the 82 students would probably have become repetitive if all 100 students participated. The 
82 students participated in both the pre-test and the post-test data collection activities. Those 
who did not write the pre-test were allowed to write the post-test, so that they did not feel left 
out or feel they were not part of the group. However, data from their scripts was not 
incorporated as part of this current research because a comparison of the post-test with the pre-
test would not be meaningful.   
 
A sub-sample of 21 students was selected for interviewing. This was also a purposive sample, 
“fundamentally tied to the project’ objectives and research questions” (Aurini, Heath & 
Howells, 2016, p. 55). That is, for interviews, participants were selected on the basis of their 
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performance in the pre-test, so that they could help the researcher answer the first question on 
what misconceptions they had with transformation geometry.  
 
The number of students who participated in the intervention programme lessons differed from 
day to day, according to student attendance on a particular day of the period through which the 
programme ran – see the table below. This could have had some implication for the limitation 
of the study in that some students could have performed poorly on a certain question in the 
post-test because they were not present when the related concepts were dealt with during the 
implementation of the intervention programme lessons. The lowest attendance on a day for the 
intervention programme was 94 students, and the most was 100 students.  
 
Table 4.2: Summary of the number of participants during each stage of data collection 
 
Stage of 
data 
collection 
 
Pre-test 1 
 
Pre-test 2 
 
Interviews  
 
Intervention 
Programme 
Lessons 
 
Post-test  
Number of 
participants 
82 82 21 Lowest - 94 
Highest - 100 
82 
 
 
4.7. Data collection  
 
Data were collected at the university where the researcher lectures mathematics, with the 
second-year BEd (Foundation Phase) students. This occurred during the first semester and part 
of the second semester of the year 2016. The times used to collect data, with the permission of 
all participants, were outside the normal lecture periods for mathematics, so that the research 
would not interfere with normal instructional time. 
 
“Qualitative data cannot be accurately measured and counted, and are generally expressed in 
words rather than numbers” (Walliman, 2011, p. 72). This was typical in the current study 
because it used qualitative methods. The decision about the kind of instrument or method to 
use for collecting data normally depends on the kind (methodology) of research one has to 
undertake (Cohen, Manion and Morrison, 2007). The methodology, in turn, is informed by the 
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research questions to be addressed. In this current study, data were collected in order to answer 
the following questions: 
 
1. What misconceptions and associated errors do BEd Foundation Phase students possess 
and display when solving transformation geometry problems? 
2. To what extent can the Van Hiele theory be used to address these misconceptions when 
learning transformation geometry? 
 
The first question lead to the exploration of errors made by students as they solved 
transformation geometry problems. Hence, data had to be collected from students’ work in the 
form of scripts in which they answered questions from written tests based on transformation 
geometry, as well as through interviews, to get further insights into the reasons for such errors. 
The second question implied that a programme of learning, in the form of lessons, based on 
Van Hiele theory, had to be planned and implemented as intervention towards addressing the 
errors and misconceptions identified from the first question. The intervention programme also 
had to be tested in order to determine its impact. Therefore, data were collected in stages. In 
the first stage, data were collected by means of pre-tests, then through interviews in the second 
stage, followed by an intervention programme, in the form of lessons presented, and based on 
Van Hiele theory. Lastly, data were collected through a post-test.  
 
The use of the various sources of data in this study served the purpose of data triangulation as 
well as methodological triangulation. Cope (2014) describes triangulation as the process of 
using multiple sources of data to draw conclusions. Triangulation allows for the crosschecking 
of information so as to increase the accuracy of the data collected. For example, in the current 
study, data, in the form of students’ comments and opinions during interviews, were obtained 
about their understanding of transformation geometry. These comments were then used to 
substantiate the data obtained from students’ responses in the pre-tests. Similarities resulting 
from the data collected through the two data collection methods, namely, pre-tests and 
interviews, confirmed the findings, thus increasing their credibility. Also, the triangulation of 
the above methods and data provided a complete a picture of the phenomenon under 
investigation, namely, students’ misconceptions with transformation geometry. At the same 
time, each of the methods of data collection had specific advantages that, when used together, 
maximised the potential for in-depth insight into the phenomenon under investigation 
(Houghton, Casey, Shaw & Murphy, 2013). 
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The terms “pre-test” and “post-test” in this context are not used as a research design (such as 
one used in quantitative studies). These terms are rather used here to mean tests that were 
written by students “prior” and “after” the intervention was done. The pre-tests and interviews 
were used to answer the first question while the intervention programme and post-test were 
used to answer the second question. More details about each of these data collection methods 
are provided in subsequent sections below.  
 
4.7.1. Stage 1: Pre-tests 
 
Written tests were administered at different times during the process of data collection. There 
were two pre-tests and one post-test. The pre-tests were used to gauge students’ understanding 
of the content involved in the topic of transformation geometry before it was taught to them as 
part of their BEd curriculum. In this sense, therefore, the pre-tests were used as diagnostic tools 
to give the researcher an idea of where the students were at, in terms of their understanding of 
the topic. “Diagnostic testing is an in-depth test to discover particular strengths, weaknesses 
and difficulties that a student is experiencing, and is designed to expose causes and specific 
areas of weakness or strength” (Cohen, Manion & Morrison, 2007, p. 419). The understanding 
of students’ strengths and difficulties with transformation geometry would then inform the kind 
of intervention that needed to be done to address such difficulties. After doing the intervention 
programme, a post-test was administered, as a means of determining if students’ understanding 
of the topic improved after the implementation of a Van Hiele phase-based intervention 
programme. No marks were allocated for the tests since the study sought to explore students’ 
errors when solving transformation geometry problems, and not to grade them. 
 
As mentioned in the section on sample selection, some students did not take the pre-test. 
However, the number of students who took both the pre-test and the post-test was sufficient for 
making the necessary inferences from the data during analysis. This was also evident because 
data from both the tests and the interviews was saturated (Mason, 2010). 
 
Questions in the two pre-tests covered the topic of transformation geometry as stipulated in the 
students’ BEd (Foundation Phase) programme curriculum, namely, concepts and skills of 
translation, reflection and rotation. The test items for both the pre-tests and the post-test were 
formulated in such a way that they tested students’ understanding of transformation geometry 
according to the Van Hiele levels. They were based on and adapted from the general 
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frameworks for investigating learners’ Van Hiele levels of development, as suggested by 
Mayberry (1981) and Usiskin (1982). In addition to that, Soon’s (1989) Van Hiele like levels 
for learning transformation geometry, Burger and Shaughnessy’s (1986) isometric 
transformations in the Van Hiele framework, as well as Guven’s (2012) Transformation 
Geometry Achievement Test (TGAT) and the Learning Levels of Transformation Geometry 
Test (LLTGT) were incorporated into the tests to form the final test items. Therefore, the tests 
were valid and reliable since they were based on frameworks and tests that have been tested 
and validated before. The tests were also piloted with a group of third-year students who were 
not going to take part in the research study, thus increasing their credibility. See the section 
under ‘pilot study’ below.  
 
Soon’s (1989) levels are depicted in the table below. For the purpose of this study, only levels 
1 to 4 were considered. In discussing the findings, some association is made between the errors 
made by students in the study and these levels. 
 
Table 4.3: Soon’s levels (Guven, 2012, p. 370-371) 
Levels Characteristics: The student ... 
Level 1  Identifies transformation by the changes in the figure; (a) in simple 
drawings of figures and images; and (b) in pictures of everyday 
applications. 
 Identifies transformation by performing actual motion; names, 
discriminates the transformation. 
 Names or labels transformations using standard and non-standard names 
and labels appropriately. 
 Solves problems by operating on changes of figures or motion rather than 
using properties of the changes. 
Level 2  Uses the properties of changes to draw the pre-image or image of a given 
transformation. 
 Discovers properties of changes to figures resulting from specific 
transformation. 
 Uses appropriate vocabulary for the properties and transformation. 
 Is able to locate axis of reflection, centre of rotation, translation vector 
and centre of enlargement. 
 Relates transformations using coordinates. 
 Solves problems using known properties of transformations. 
Level 3  Performs composition of simple transformations. 
 Describes changes to states (pre-image, image) after composite 
transformations. 
 Represents transformations using coordinates and matrices. 
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 Inter-relates the properties of changes to a figure resulting from 
transformations. 
 Given initial and final states, can name a single transformation. 
 Given initial and final states, can decompose and recombine a 
transformation as a composition of simple transformations. 
Level 4  Gives geometric proofs using transformational approach. 
 Gives proofs using the coordinates and matrices. 
 Thinks through multi-step problems and gives reasons for problems. 
Level 5  Understands associative, commutative, inverse, identity with respect to a 
composite transformation operation. 
 Identifies groups of transformations. 
 Proves or disproves subsets of transformations from group structures. 
 
Pre-tests 
 
Two written pre-tests were administered to participants in the first semester, the period during 
which the topic was supposed to be covered in the BEd (Foundation Phase) second-year 
mathematics curriculum. One test was a multiple choice (MC) type and the other a discussion 
(D) type test, both focusing on specific skills and knowledge relating to transformation 
geometry, in which students had to demonstrate competency (or lack of it). These tests were 
therefore criterion-referenced (Cohen, Manion & Morrison, 2007). 
 
The first pre-test, in the form of multiple-choice questions, required students to circle the 
correct option from the given alternatives. There were 17 questions, on transformation 
geometry, which required students’ geometric thinking at the first three levels of Van Hiele, 
namely, visualisation, analysis and ordering. The researcher decided to have most of the 
questions in the MC test at levels 1 and 2 so that, for a start, the students would not possibly 
feel overwhelmed with or intimidated by difficult questions involving a topic they have not yet 
been taught by the lecturer. Besides, the other higher Van Hiele levels were going to be covered 
in the second pre-test.  
 
The questions covered the types of transformation that were part of the students’ BEd 
curriculum, namely, translation, reflection and rotation. Research indicates that most students 
find it difficult to perform rotations, or work with transformation problems involving rotations, 
compared to those involving translations and reflections (Xistouri & Pitta-Pantazi, 2011). 
Therefore the tests contained more questions on rotation, compared to the other two 
transformations. The instruction in the test question paper encouraged students to scribble on 
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the test scripts any information or calculations that they did to come up with the choice they 
made in their answers. The researcher did this in order to get some idea of the thinking behind 
the choices made by the students, and possibly get the reason behind errors made. The snippets 
below are examples of such ‘scribbling’, both showing some errors committed by the students. 
The picture at the top indicates how a student ‘counted’ the number of units through which the 
shape has been translated, while the one at the bottom shows how a student did some 
calculations, leading to the option chosen. 
 
 
Figure 4.6: Snippets showing students’ ‘scribbling’ on MC questions 
 
The MC pre-test is attached at the end of this thesis as Appendix A. A “matrix frame” (Cohen, 
Manion & Morrison, 2007, p. 419), indicating the coverage of content areas in the multiple-
choice test, according to type of transformation and Van Hiele levels, appears in the table 
below.  
 
Table 4.4: Pre-test multiple-choice type questions according to type of transformation and 
Soon’s Van Hiele like levels 
Type of 
transformation 
Soon’s 
level 
Description of question, concept or skill Question 
number 
Translation  1 Describe the changes in the translated figure 2 
2 Determine the coordinates of the image, given the figure 
and description of the transformation 
 
Determine the coordinates of the image, given the 
coordinates of the figure and description of the 
transformation 
8 
 
 
9 & 13 
 
3   
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It can be noted that some of the cells in the above matrix are blank. This means that some of 
Soon’s (and therefore Van Hiele) levels were not tested under some of the various 
transformations. In some instances, the same skill was tested with more than one item in the 
test.  
 
4   
Reflection 1 Name and describe transformation  3 
2 Determine the coordinates of the image, given the type of 
transformation, the coordinates and the figure 
 
Determine the coordinates of the image, given the figure 
and description of the transformation 
 
Name and describe the type of transformation, given the 
coordinates of the figure and coordinates of the image 
10 
 
 
11 
 
 
14 
 
 
3 
  
4   
Rotation 1 Identify the diagram representing the given type and 
description of transformation 
4 
2 Determine the angle of rotation in a given diagram 
 
Determine the coordinates of the image, given the figure 
and description of the transformation 
 
Name and describe the type of transformation, given the 
figure and the coordinates of its image 
 
Name and describe the type of transformation, given the 
coordinates of the figure and coordinates of the image 
 
7 
 
12 
 
 
15 
 
 
16 
3 Describe the kind of transformation given a figure and its 
image 
5 & 6 
 
4   
Combination of 
transformations 
1 Identify transformation by the changes in the figure 1 
2 
 
 
3 Determine the diagram that represents the two given types 
of transformation 
 
17 
 
4   
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This was done for the purpose of “cross-checking” (Cohen, Manion & Morrison, 2007, p. 420). 
For example, questions 9 and 13 appear under the same concept or skill in the above matrix 
frame. The researcher wanted to see if students would use the same line of reasoning or method 
of working out the correct answer for both questions. That is, could the student perhaps see the 
need to plot the points first and then translate them to get the coordinates of the image? Or 
would the student do calculations from the given coordinates to determine the coordinates of 
the image? Would the student choose one of the options for one or for both questions and why? 
For example, in the snippets below, the student used the same approach of plotting the points 
or drawing the figure for both questions. On the other hand, some students used different 
approaches for the two questions, and others used calculations for both questions.  
 
 
 
Figure 4.7: Snippets showing an example of a student’s response to different question 
items testing the same skill 
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The second pre-test took the form of discussion type questions, in order to allow the students 
to express themselves, so that the researcher could get an insight into their thinking about each 
of the questions in the test. The discussion type pre-test was administered on the same day as 
the multiple-choice pre-test, after 10 minutes of giving them a break, so as to reduce the chances 
of students discussing the multiple-choice questions and possibly influencing each other’s 
responses on the discussion type test. There were 22 questions in all in the discussion type test, 
some with sub-questions, on transformation geometry, testing students’ geometric thinking at 
the first four levels of Van Hiele theory of geometric thinking, namely, visualisation, analysis, 
ordering and deduction. The discussion type pre-test is attached as Appendix B. The matrix 
frame for the discussion type pre-test appears in the table below.  
 
Table 4.5: Pre-test discussion type questions according to type of transformation and 
Soon’s levels 
Type of 
transformation 
Soon’s 
level 
Description of question Question 
number 
Translation  1 Name and describe transformation 3.1 
2 Draw image – figure translated over given number of units 
 
Draw translation vector 
5 
 
10 
3 Argue whether the given transformation is a translation or 
not 
 
Draw image of given figure according to given coordinate 
rule 
 
Name type of transformation, given coordinates 
 
7 
 
 
13 
 
 
13 
4   
Reflection 1 Describe the changes in the picture 
 
Name and describe transformation  
2.2 
 
3.2 
2 Draw shape in correct position after reflection 
 
Draw image if figure is reflected in y-axis 
 
Reflect figure across ‘non-axis’ line 
 
Draw line of reflection  
1 
 
4 
 
6 
 
9 
3 Reflect a given figure on any of its sides to create a 
quadrilateral 
22 
4   
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Rotation 1 Describe changes in the picture (90˚ rotation) 
 
Describe changes in the picture (45˚ rotation) 
 
Name the transformation 
2.1 
 
2.3 
 
11.1 
2 Locate/draw centre of rotation and angle of rotation 
 
Find coordinates of image given a figure, its coordinates 
and its image 
  
Determine coordinates, given pre-image, rotation of 90˚ 
clockwise about origin 
 
 
Explain how coordinates of image are obtained 
 
Explain the relationship between lengths of sides of pre-
image and image 
Identify properties that describe a rotation 
 
Rotate figure through 90˚ clockwise about origin 
 
Determine angle through which figure has to be rotated to 
fit exactly onto original 
 
Describe how to figure out the angle of rotation to obtain a 
given condition 
11.2 
 
12 
 
 
14.1 & 
  
14.3 
 
14.2 
 
14.4 
 
14.5 
 
15.1 
 
15.2 
 
 
15.3 
3 Describe the kind of transformation given a figure and its 
image 
 
Motivate why a rotated figure and its image are congruent 
17 
 
 
19 
4   
Combination of 
transformation 
1   
2 Describe difference between translation and rotation 8 
 
3 Determine the possible types of transformation, given a 
figure and its image 
 
Describe two different transformations undergone by a 
figure to become its image 
 
Describe how transformation can be used to make a given 
tiling pattern 
 
16 
 
 
 
18 
 
 
21 
 
4 Prove why a given rule represents a combination of 
different transformations 
20 
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Although the identities of the participants were not going to be divulged when reporting on the 
research, they had to provide their names on the test scripts. This was done in order to allow 
the researcher to be able to identify candidates for follow-up interviews, based on their 
performance in the pre-tests. This is typical of a qualitative research design, by which prior 
data collection influences research decisions in subsequent stages of conducting the research 
(McMillan & Schumacher, 2010). However, for the purposes of reporting in this thesis, the 
students are identified by a unique combination of a letter and a symbol for each student. For 
example, S1 represents the first student in the list of students who participated in this research; 
S2 represents the second student; until the last student, namely, S82.  
 
4.7.2. Stage 2: Interviews 
 
In an earlier section of this chapter, it was explained that the current study is aligned to the 
social constructionist view of reality, which regards reality as the product of social processes 
(Neumann, 2003). The belief that mathematics is subjective, “fallible and humanly created” 
(Ernest, 2012, p. 9), “societal knowledge that must be interpreted in a manner that holds 
meaning for the individual” (White-Fredette 2010, p. 23), requires the use of qualitative data 
collection methods such as interviews. Thus, there is “a natural relationship between interview 
techniques as a data collection method and a social constructionist epistemology” (Darlaston-
Jones, 2007, p. 25). 
 
According to Maxwell (2005, p. 23), qualitative researchers “tend to ask how x plays a role in 
causing y, what the process is that connects x and y”. Following the identification of students’ 
errors and possible misconceptions from the analysis of their pre-test scripts, the researcher 
needed to get a deeper understanding of how and why these errors were made. Interviews would 
provide insight into the reasoning and development of thought behind students’ answers in the 
tests on transformation geometry. Such insight would help in designing an intervention 
programme in an attempt to address the misconceptions. The researcher therefore conducted 
interviews with a selected number of students, based on their responses to and performance in 
the pre-tests, as discussed in subsequent paragraphs below.  
 
An interview may be defined as “an interchange of views between two or more people on a 
topic of mutual interest to collect data for research purposes” (Cohen, Manion & Marrison, 
2000, p. 267). Interviewing involves “engaging participants directly in a conversation with the 
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researcher in order to generate deeply contextual nuanced and authentic accounts of 
participants’ outer and inner worlds, that is, their experiences and how they interpret them” 
(Schultze & Avital, 2011, p. 1). In the context of the current study, the researcher held such 
conversations with students so as to get their experiences with, reasoning in and interpretation 
of the tests they wrote.  
 
The sampling of students for conducting interviews was based on the notion of “participants 
who represent a variety of positions” (King & Horrocks 2010, p. 29). In the current study, this 
meant that the researcher chose participants who would possibly provide diverse insights into 
their kind of thinking and reasoning they had while answering different questions on the pre-
tests. Therefore, different students were interviewed on different test questions in which they 
made errors. The interviews were audio recorded, with students’ permission, “in order to retain 
a full, uninterrupted record of what was said” (Walliman, 2011, p. 100), as well as to make sure 
that there were no misunderstandings or misquotes.  
 
Initially, the researcher planned to conduct focus group interviews by clustering similar errors 
made by different students and then interviewing the students involved as a group. This did not 
seem to work well because most students became shy and reluctant to explain their ‘faulty 
reasoning’ in front of others. The researcher then decided to conduct individual interviews with 
the chosen students, through face-to-face interactions. The researcher tried her best to create a 
relaxed and trusting environment by engaging the students in simple conversation to make 
them feel comfortable and build trust (Cope, 2014). She also explained the purpose of the 
research and ethical considerations regarding students’ participation in the interview process. 
This is discussed in more detail under a subsequent section, Ethical considerations. 
 
The interviews were video recorded, with students’ permission. Students were assured again 
that the results of the interviews were not going to be used against them. This information was 
communicated to them in order to develop trust between the researcher and the students, so 
that they can share their insights freely. The researcher preferred video recording to audio-
recording because, from previous personal experience, she has seen how students tend to use 
gestures when explaining their thinking to the lecturer or to other students. For example, they 
would point at figures, rather than describe them or mention them by name. Furthermore, the 
researcher suggested to the interviewees that they could scribble on the script for further 
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explanations if they wanted to. An example of a snippet from a video clip of an interview, 
showing a student’s use of non-verbal cues, as well as her scribbling is depicted below. 
 
 
Figure 4.8: Snippets showing video clips of a student indicating a point on the diagram 
(top picture), as well as scribbling on the script (bottom picture) as part of her 
explanation to the interviewer (researcher) 
 
Therefore, the use of video recording was “productive for data collection” in that it captured 
the “unfolding of interaction over time, particularly where there is an interest in the use of 
gesture, bodily movement, interaction with objects and other forms of multimodal 
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communication” (Jewitt, 2012). Interviews were transcribed in preparation for later analysis. 
Examples of transcripts of interviews are included in this thesis as Appendix C.  
 
The researcher interviewed 21 willing students in all, in such a way that different errors picked 
up from different questions in the pre-tests had to be ‘accounted for’ by the different students. 
Some students were interviewed on a variety of test questions or items while others had to 
explain their reasoning with only one or two questions in which they made errors. In certain 
instances, different students were interviewed about the same question due to the different ways 
in which they seemed to have approached the question. The researcher picked up these diverse 
methods from both the multiple-choice ‘scribblings’ and the discussion questions. For 
example, in the snippets below, each of the two students used a different approach to solving 
the problem, MC question 7, which involved making errors.  
 
 
 
Figure 4.9: Snippets showing examples of students’ different approaches to the solution 
of the same question 
 
Therefore, the researcher interviewed the two students on the same question, in order to get an 
understanding of the thinking behind the students’ solution strategies. This would then allow 
the researcher to pick up the misconception(s) that informed the errors made. 
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Conducting the interviews was an inevitably time-consuming process but a necessary one, 
since qualitative research relies much on rich data provided by the affected individuals as “key 
informants” that represent a range of issues or views which are central to the investigation 
being carried out (Cohen, Manion & Marrison, 2000, p. 180). The researcher interviewed 
students, as key informants, with a range of errors as depicted by their responses in the tests. 
“Rich data are a hallmark of qualitative inquiry and are frequently regarded as key to lending 
credibility and persuasive strength to qualitative studies” (Schultze & Avital, 2011, p. 1). In 
order to achieve this credibility, semi-structured interviews were used, which involved a 
prepared schedule that is “sufficiently open-ended to enable contents to be reordered, 
digressions and expansions made, new avenues to be included, and further probing to be 
undertaken” (Cohen, Manion & Morrison 2007, p. 182). 
 
The open-ended interview with each student was based on the research question: What 
misconceptions do BEd (Foundation Phase) students have when solving transformation 
geometry problems? Therefore, the researcher asked the students to respond to the following 
key statement during the interviews: “Please explain to me how you came up with this answer”. 
The researcher would ask this while pointing at the question with the error in it, without actually 
telling the student that the answer is wrong or that the student made an error in the calculation 
or solution. The student would then start explaining, with little interference from the researcher, 
in order to allow the student to talk freely. From time to time the researcher would probe for 
further clarity on the answer, or to ascertain that there was no misunderstanding between 
interviewer and interviewee.  
 
4.7.3. Stage 3: Lesson presentations during the intervention programme  
 
When diagnostic assessment data has been analysed to determine areas of weakness, an 
intervention needs to be implemented in order to address the deficiencies that have been 
discovered (Betts, Hahn & Zau, 2011). Following the diagnosis and identification of students’ 
errors, and probable misconceptions that caused these errors, the researcher then planned and 
developed a manual of transformation geometry activities. The manual consisted of activities 
that were based on the three types of transformation, namely, translation, rotation and 
reflection. These activities were arranged in such a way that they facilitated van Hiele phase-
based instruction as described in a subsequent paragraph below. The manual was served as one 
of the data collection tools because the activities therein were used for the purpose of 
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addressing the errors and misconceptions (and thus answer the second research question). The 
manual (Appendix D) is aligned with the BEd (Foundation Phase) programme for which the 
students were enrolled, covering translations, reflections and rotations.  
 
The researcher then used the manual to implement an intervention programme, in the form of 
lesson presentations. The intervention programme that was implemented in the current study 
used Van Hiele phase-based instruction. More details pertaining to this instruction have been 
covered in Chapter 2 on Theoretical Framework. Van Hiele phase-based instruction stipulates 
five phases that can be followed in the process of learning: Information, Guided Orientation, 
Explicitation, Free Orientation and Integration (Abdullah & Zakaria, 2013; Armah, Cofie & 
Okpoti, 2018). The instruction was carried out over a period of 15 weeks. Based on need and 
time constraints regarding contact time with the students, given that they had other study and 
module obligations to attend to, 15 lessons in total were presented. The researcher believes that 
this was enough time spent with the students on the first cycle of the action research to address 
the initial errors that were discovered through students’ responses in the pre-tests. Wilson and 
Räsänen (2008) argued that it is not a necessity for interventions to be long in order to be 
successful, and that the length of the intervention will depend on individuals’ needs. Ofsted 
(2009) concurred and further suggested that successful interventions are those that “tackle 
pupils’ weaknesses” (p. 6) and have “high and challenging expectations about where pupils 
should be at particular stages” (p. 11). The Van Hiele phase-based instruction provides a 
framework that gives guidance regarding expectations at each of the five phases of learning. 
 
For each of the three types of transformation geometry dealt with, the five Van Hiele phases of 
instruction were implemented to help students move from one Van Hiele level to the next. For 
purposes of the intervention programme, only the first three Van Hiele levels were covered 
because students’ test results had shown that most of them struggled to even work with 
problems that were set at the third level. Furthermore, given that the students were being trained 
to teach at the Foundation Phase level, the researcher decided not to cover the fourth Van Hiele 
level in the intervention programme, for the time being. The next paragraph gives an 
explanation of the Van Hiele phase-based instruction guidelines that were used to implement 
the intervention programme and in driving the lessons presented.  
 
Based on ideas and suggestions given in the literature (Pusey, 2003; Ding & Jones, 2007; 
Abdullah & Zakaria, 2013; Dongwi, 2014; Alex & Mammen, 2016b; Armah, Cofie, & Okpoti, 
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2018), the following activities were carried out during the Van Hiele phase-based instruction 
(refer to Appendix D):  
 The Information phase - The researcher identified, through discussion, what students 
already knew about the topic and in this way it was hoped the students would become 
acquainted with the topic of interest.  
 Guided Orientation phase - Students worked on researcher-specified tasks and the 
researcher guided them so that they could make the necessary discoveries or notice 
possible relationships. 
 Explicitation phase - Students explained and expressed their views about the observed 
structure, building on their previous learning experiences. They described what they 
had learned about the topic using their own language, with the researcher introducing 
technical terms or standard vocabulary and correcting mathematical language.  
 Free Orientation phase - Students were given more challenging tasks and were required 
to do investigations on their own, so as to discover certain relationships. Open-ended 
tasks with multi-path solutions were also provided to students, in order to encourage 
them to find their own solutions. During this phase they were required to justify their 
answers, using appropriate vocabulary as developed during the Explicitation phase. 
 Integration phase - Students reviewed, integrated and summarised what they had 
learned in order to develop a new overall view. The researcher assisted, where 
necessary, by providing brief references to what the students have learnt. 
 
One of the core principles for the success of an intervention programme is that “research-based 
instruction is used for core instruction and interventions” (Sundling, 2012, p. 16) and that the 
programme must involve “explicit and systematic instructional methods” (Hanover Research, 
2014, p. 3). The Van Hiele phase-based instruction that was implemented during the 
intervention in the current study is well-researched and documented by various authors 
(Dongwi, 2014; Alex & Mammen, 2016b, Mostafa, Javad, & Reza, 2017), with some studies 
already mentioned in an earlier chapter on Literature Review. Furthermore, the Van Hiele 
instructional model, which is a valid framework for designing teaching sequences in school 
geometry (Luneta, 2015b), stipulates explicit and systematic steps to be followed while 
implementing it (see previous paragraph). Further motivation for the use of Van Hiele based 
instructional intervention comes from Adipo (2015), who maintains that there is research 
evidence of the success of Van Hiele model in determining student’s understanding of 
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geometry. “The need now is for classroom teachers and researchers to refine the phases of 
learning, develop Van Hiele-based materials and implement those materials and philosophies 
in the classroom setting” (Adipo, 2015, p. 24).  
 
Lee (2018) distinguished between instructional intervention and instructional strategy. 
Interventions are formalised programmes with a set of steps that target a particular weakness, 
while a strategy consists of methods of teaching and might be informal. Thus, instructional 
intervention might include some instructional strategies and not the other way around (Lee, 
2018). In the current study, an instructional intervention was implemented, targeting students’ 
challenges in transformation geometry. It involved a range of strategies that are pertinent to the 
implementation of Van Hiele’s phase-based learning, such as the processes students have to go 
through as they are guided in doing activities during the Guided Orientation phase (Meng & 
Sam, 2013; Armah, Cofie & Okpoti, 2018).  
 
According to Stylianides & Stylianides (2013), relatively fewer intervention research studies 
are carried out compared to many that explore the challenges and problems that exist in 
teaching and learning, without offering solutions. The situation is exacerbated by the fact that 
interventions by way of curriculum reforms over decades have still left many students without 
access to the geometry curriculum (Dongwi, 2014). Hence this current study is significant as it 
aimed to address challenges experienced by students in transformation geometry and then to 
offer possible solutions.  
 
Slavin and Lake (2008) proposed three categories of mathematics intervention approaches: 
reform of mathematics curricula, computer-assisted instruction (CAI) and instructional process 
programmes. The intervention carried out in the current study falls under the third category. 
That is, it focused on “teachers’ instructional practices and classroom management strategies 
rather than on curriculum or technology”, emphasising the researchers’ need and ability to 
“motivate children, to engage their thinking processes” (Slavin & Lake, 2008, p. 430). 
However, the use of technology (and other strategies, such as the use of manipulatives) was 
involved with some activities during the intervention programme in the current study.  
 
An intervention programme might take a variety of forms, one of which could be constructivist 
in nature, whereby students are guided to construct their own meaning (Wilson & Räsänen, 
2008). The constructivist nature of the intervention programme implemented in the current 
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study is in line with the interpretivist paradigm on which this study is based. Furthermore, since 
this is a qualitative study, the researcher used open-ended questioning which led to data 
emerging throughout the study (Creswell, 2009). Additional data emerged from the 
intervention programme, giving the researcher an opportunity to identify additional errors that 
were not picked up from the tests. These “emergent” errors were addressed as and when they 
occurred. For example, during one of the lessons, students were asked to look at and draw the 
image when the number “1234” is reflected in the mirror (glass windows were used by students 
at the research site). Without paying attention to the instruction, and assuming that they 
understood reflection as a case where the image is virtually inverted (left-to-right), most 
students carelessly wrote the reflection as “4321”. That is, they ignored the left-to-right 
inversion of each symbol, as shown in the image below:  
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Figure 4.10: Reflection of digits in a mirror 
 
Thus, as the intervention programme continued, in the form of lesson presentations and 
researcher-student interactions, the researcher got more insight into the kind of misconceptions 
students had. This gave her an opportunity to provide a more detailed and credible answer to 
the first research question.  
 
The lessons presented during the intervention programme included instances in which students 
were working individually, in pairs, in small groups or as a whole class. Active engagement of 
students with each other and cooperative learning, as part of “social construction of 
mathematical knowledge” (Font, Godino & Gallardo, 2012, p. 122), while the researcher used 
scaffolding techniques, were facilitated so as to help them make sense of, and improve their 
learning (Sundling, 2012). The sense making was also enhanced through the use of visual 
manipulatives such as cut out pieces of cardboard in triangular shapes, used for carrying out 
the transformation of shapes. Sometimes students themselves were used as learning and 
teaching resources; see picture below.  
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Figure 4.11: Pictures showing students performing translations on a system of axis 
drawn on the floor/ground 
 
The manipulatives and teaching resources assisted with student understanding because 
“instructional materials during teaching and learning have impact in the achievement on 
geometry” (Adipo, 2015, p. 47). Moreover, there is evidence that students who struggle with 
mathematics become anxious when learning through whole group teaching, and that their 
anxiety is reduced when working in groups using hands-on activities (Medoff, 2013).  
 
The researcher’s role during the intervention programme also involved guiding students with 
the effective use of time, during both practical activities and written exercises. She kept 
students engaged with tasks and motivated them to think creatively and critically, because 
“twenty-first century learning must move towards creating critical thinkers” (Palazzo, 2013, p. 
24). These roles form part of “instructional process strategies” that characterise successful 
intervention programmes” (Slavin & Lake, 2008, p. 475). In order to enhance the success of 
the overall intervention programme, the researcher used formative assessments throughout the 
lesson presentations, as part of Van Hiele phase-based instruction. For example, for each lesson 
on the different types of transformation, the students had to test their understanding by working 
through the Integration phase, whereby they had to apply the knowledge they gained from the 
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preceding phases. Tomlison (2014, p. 12) supported the idea of formative assessment during 
the lesson, and claimed that the teacher “should sample student understanding in relation to the 
material so the teacher has a reasonable approximation of who may experience difficulty, who 
may show early mastery, and who may bring misunderstandings to the unit of study”. 
Formative assessment during the intervention programme therefore became one way of 
answering the second research question, which sought to address misconceptions.  
 
During the implementation of the intervention programme, data were collected through 
participant observation, informal conversations with students, document analysis of students’ 
work and the researcher’s field notes. These data collection methods were used together almost 
simultaneously, to supplement each other, throughout the implementation of the intervention 
programme. An example here would be the use of field notes in the context of observation, as 
DeWalt and DeWalt (2002) argued that observations only become data when they are recorded 
as field notes. Therefore, it would be difficult and unnecessary to discuss each one of the data 
collection methods here separately, without mentioning the others. For example, the researcher 
would sometimes give students work to do on a particular activity, as a group, observe them as 
they worked, and engage with them by asking questions through informal conversations. 
Sometimes she would ask them to write down their responses which she would later on read 
and analyse. Then, after observing the students, listening to their explanations or reading their 
written responses, the researcher would write down her comments as part of her field notes. 
The paragraphs that follow give an explanation of how data were collected during the 
intervention lessons.  
 
In a research study, observation helps the researcher to collect data on a wide range of research 
participants’ behaviours and interactions in order to explore the research topic (Sidhu, 2010). 
Typical qualitative research studies use informal participant observation (Robson, 2011), and 
therefore the interpretation of data depends on what the researcher sees. The researcher’s role 
in this current study, as “participant-observer”, while students worked on the transformation 
geometry activities, was “subordinate to the researcher’s role as a participant” (Merriam, 2009, 
p. 124). That is, most of the time the researcher was, just like the students, a major participant 
as a lecturer presenting the lessons, rather than a researcher as “complete observer” (Cole, 
2005). Therefore, no formal observation schedule was used. Instead, the researcher noted 
“cases of interest, excitement or disquiet” (Mnqwazi, 2015, p. 31), observed with students 
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regarding certain discussions during lesson presentation and student interactions. These cases 
were relevant in helping to answer the research questions.  
 
One example of such “cases of interest” (Mnqwazi, 2015) involves a question during the Free 
Orientation Phase under the subtopic of translations, by which students were required to 
investigate whether one of the figures below can be a translation of the other: 
 
    
Figure 4.12: Diagram used for investigating whether one figure is a translation of the 
other 
 
This question became a case of interest because of the unique and unexpected answers given 
by some students, as well as the variety of methods that students used to do the investigation. 
Written answers ranging from “no, because they are not in the same line” to “yes, they are 
translation of each other because they look the same” were provided. Furthermore, through 
observation, the researcher saw students tracing the figures onto blank paper and then super-
imposing them onto each other to see if they are congruent. These were the kind of data that 
the researcher obtained through written documents, observation and further probing through 
informal conversations, allowing her to identify, understand and address the misconceptions 
students had. Thus, participant observation in this case occurred as an “explanatory element” 
(Bernard, 2006, p. 83), used by the researcher to get explanations of why errors happen, as she 
experienced first-hand how students committed such errors. Ultimately, access to this kind of 
data afforded the researcher the opportunity to answer both research questions for the current 
study.  
 
As much as participant observation can be a useful and effective method of collecting data, 
some authors have voiced criticism of it (Thrift, 2000; Iacono, Brown & Holtham, 2009; Walz, 
Strickland & Lenz, 2010). For example, some of the criticism is that participant observation 
lacks objectivity (Iacono, Brown & Holtham, 2009) and is therefore prone to perceptual errors 
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resulting from the researcher’s personal opinion (Waltz, Strickland, and Lenz, 2010), which 
might be biased and lead to inaccurate conclusions (Thrift, 2000). In order to address these 
deficiencies in the current study, the researcher used triangulation of data. That is, she used 
several data collection sources so as to get more rich data, which is likely to lead to 
interpretations that match the actual meaning of the phenomenon of interest, instead of the 
researcher giving a personal opinion. Furthermore, to offset the researcher’s bias, Thrift (2000, 
p. 262) suggested that researchers should be “observant participants rather that participant 
observers”. This implies that the researcher should make an effort to capture accurate 
observations of the participants’ actions so as to make less inaccurate conclusions. One tool 
that was used by the researcher in this current study, to capture accurate observations and 
become an observant participant, was a video, which is discussed in the next paragraph. 
 
At certain instances during the implementation of the intervention programme, the researcher, 
with permission from the students, used a video camera to capture students’ actions or 
behaviours. Whenever possible, the camera was mostly put on a stand to reduce reactivity 
effects (Kawulich, 2005), such as avoiding the presence of a camera operator that might 
interrupt students’ focus. Video recording was done because a video “can be played over and 
over and accessed digitally, it allows for a depth of reflection and analysis not possible during 
live observations” (Santagata, Zannoni & Stigler, 2007, p. 125). For example, images or 
snapshots such as the ones appearing in Figure 4.11 above, or those of students moving around 
and looking at their images on mirrors or mirror-like surfaces, were taken from such video 
recordings. As Haw and Hadfield (2011, p. 25) stated: “Video makes the phenomenon open to 
more detailed analysis than direct observation, as it allows for repeated showings and can be 
slowed down so as to analyse this data later on”. This also contributed towards reducing the 
possibilities of inaccurate data due to the researcher’s limited memory, which may have arisen 
if video recordings and images had not been taken.  
 
As mentioned in an earlier paragraph, the researcher used field notes to capture some of the 
data that emerged from the lessons presented as part of the intervention programme. Field notes 
are “created by the researcher during the act of qualitative fieldwork to remember and record 
the behaviours, activities, events, and other features of an observation” (Schwandt, 2015, p. 1). 
They are the primary method of capturing data that emerge from participant observations 
(Kawulich, 2005). The researcher in the current study would spend some time observing a 
particular activity and then record the details as field notes immediately after the observation, 
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to avoid discrepancies between observed and recorded data. Therefore, the field notes were 
recorded on the research site, with information captured, as much as possible, as it was spoken 
or observed (Mertler, 2009). In this context, the field notes provided some descriptive 
information, which is a record of factual data (Schwandt, 2015). In another context, the 
researcher also used field notes to capture reflective information or elaborated note taking 
(Kawulich, 2005), where she expanded in detail and recorded her “thoughts, ideas, questions 
and concerns” (Schwandt, 2015, p. 2) about the facts being observed.  
 
An example of descriptive information on the researcher’s field notes for the current study 
appears below. As can be seen from the snippet, the descriptions of raw field notes are mostly 
“scribbled and full of abbreviations” (Walliman, 2011, p. 132). 
 
 
Figure 4.13: Snippet showing researcher’s descriptive information as part of field notes 
 
The researcher’s reflective version of the information in the above snippet would then, for 
example, include interpretations of words or actions such as “pauses” as meaning “hesitates” 
and “looks at me” as meaning “seemingly seeking for my approval”. Reflective information 
was recorded by the researcher on the field notes soon after observation and descriptive 
information. This was done because it carries more credibility if the notes are “fleshed out as 
soon as possible after an observation is completed” (Schwandt, 2015, p. 2). 
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4.7.4. Stage 4: Post-test  
 
One post-test was administered, containing the same items or questions as the ones in the pre-
test items that students wrote (for both the multiple-choice type and the discussion type 
combined). The researcher decided to combine all these questions so that students do not have 
time between tests to discuss the possible content of the next test. This was therefore an attempt 
to maintain a high level of credibility of the post-test. 
 
The post-test was given to students after the implementation of the Van Hiele phase-based 
intervention programme in order to determine the extent to which the intervention helped 
students address their challenges with transformation geometry. This could be realised by 
exploring the occurrence of errors and misconceptions when the results of the post-test are 
analysed. The post-test also served the purpose of targeting additional instructional needs that 
might be addressed to improve the research, which can be implemented in the next stage of the 
action research process. 
 
A summary of data collection for the current study, as discussed in the above sections, is given 
in the table below. 
 
Table 4.6: Summary of data collection for the current study 
Stages of data 
collection 
Data 
collection 
methods 
Tools 
used to 
collect 
data 
Sources of data Research 
questions to 
be answered 
through 
analysis of the 
data 
Stage 1: Pre-tests  Tests Tests based 
on Guven’s 
(2012) 
TGAT and 
LLTGT 
Test scripts of 82 
students 
What errors and 
misconceptions do 
students display 
and possess when 
solving 
transformation 
geometry 
problems? 
Stage 2: Interviews Interviews Open-ended 
interview 
schedule – 
semi-
structured 
interview 
guide 
Transcripts of 21 
student responses 
during interviews 
What errors and 
misconceptions do 
students display 
and possess when 
solving 
transformation 
geometry 
problems? 
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Stage 3: Lesson 
presentations 
during intervention 
programme 
Participant 
observation 
 
Informal 
conversations with 
students 
 
Field notes 
 
Students’ written 
work 
Video 
camera 
 
(plus) 
 
Researcher’s 
Notebook 
 
 
Students’ 
notebooks 
Video clips showing 
students’ verbal 
responses, actions and 
behaviours;  
(plus) 
Researcher’s 
recordings 
(descriptions and 
reflections) on her 
field notebook 
Students’ written 
responses to class 
exercises;  
To what extent 
can Van Hiele 
phase-based 
instruction 
address the 
misconceptions? 
Stage 4: Post-test Test Test based 
on Guven’s 
(2012) 
TGAT and 
LLTGT 
Test scripts of 82 
students  
To what extent 
can Van Hiele 
phase-based 
instruction 
address the 
misconceptions? 
 
 
4.8. Data analysis 
 
This section discusses how data were analysed so as to enable the researcher to answer the 
following research questions:  
1. What misconceptions and associated errors do BEd (Foundation Phase) students 
possess and display when solving transformation geometry problems? 
2. To what extent can the Van Hiele theory be used to address BEd (Foundation Phase) 
students’ misconceptions when learning transformation geometry?  
 
Braun and Clarke (2006, p. 84) argued that “if we do not know how people went about 
analysing their data, or what assumptions informed their analysis, it is difficult to evaluate their 
research” Hence a written account of how data were analysed is important because it gives an 
explanation of how the findings were foregrounded (Grbich, 2007). Moreover, in terms of the 
credibility of the study, it is important to report on how the resulting conclusions were reached 
(Schreier, 2012). 
 
Given that the current study is qualitative, data analysis had to conform to qualitative data 
analysis methods. One such method used for analysing data in qualitative studies is thematic 
analysis. Thematic analysis is “a method for systematically identifying, organizing, and 
offering insight into patterns (themes) across a data set” (Braun & Clarke, 2012, p. 57). A 
related approach to thematic analysis is “qualitative content analysis”, which “identifies 
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commonalities and differences in qualitative data, before focusing on relationships between 
different parts of the data”, in order to draw “descriptive conclusions clustered around themes” 
(Gale, Heath, Cameron, Rashid, & Redwood, 2013, p. 2). As can be seen from this discussion 
here, thematic analysis and qualitative content analysis involve the creation of themes that will 
lead the researcher to answer the research questions. The two methods of analysis are 
“techniques used to analyse textual data and elucidate themes” (Vaismoradi, Jones, Turunen & 
Snelgrove, 2016, p. 100). A theme “captures something important about the data in relation to 
the research question, and represents some level of patterned response or meaning within the 
data set” (Braun & Clarke, 2006, p. 86).  
 
Wilkinson (2000) argued that although content analysis is sometimes treated as similar to 
thematic approaches, content analysis mostly entails analysis at a more micro level, where 
qualitative data is analysed quantitatively. For example, frequencies would be used in content 
analysis (Ryan & Bernard, 2000) while thematic analysis tends not to quantify themes. In the 
current study, both data analysis methods were used extensively, and mostly in combination 
with each other, since both of them involve the creation of themes from data. Quantitative 
means of analysing the qualitative data, such as percentages indicating the performance of 
students in certain topics of the tests (see tables indicating performance, in the next chapter) 
were therefore used as part of qualitative content analysis.  
 
Elo, Kääriäinen, Kanste, Pölkki, Utriainen, & Kyngäs (2014) captured the essence of content 
analysis in qualitative research when they maintained that the success of content analysis 
depends on data being reduced to concepts that describe the research phenomenon by creating 
categories which are based on the research questions. The creation of categories is “a way to 
start the process of abstraction of the data,s that is, towards the general rather than the specific” 
(Gale et al., 2013, p. 2). In this manner, complex information can be simplified into patterns 
and configurations that are easy to understand, by reducing data into codes and summaries that 
can be displayed in diagrams and tables (Walliman, 2011). This was the case in the current 
study, where data analysis involved content analysis that resulted in themes or categories 
displayed in different ways to allow the researcher to explore the data and ultimately answer 
the research questions.  
 
Thematic analysis, which is compatible with constructionist paradigms (Braun & Clarke, 
2006), was the main method used to analyse data for the current study. Through inductive 
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analysis of data, patterns and regularities in data were uncovered in order to generate theory 
(Hatch, 2002). Inductive analysis is a process in which the themes are derived from the content 
of the data, such as from participants’ language, as opposed to analysing the data based on pre-
existing theories and concepts (Clarke & Braun, 2014). That is, when an inductive analysis is 
used, themes emerge from and are driven by the data. In the current study, the researcher 
organised the mass of raw data, obtained during data collection in the current study, and 
displayed it in a way that allowed the identification of patterns or trends (Walliman, 2011) and 
the formulation of themes.  
 
In the current study, thematic analysis followed the guidelines, even though not rigidly, of 
Braun and Clarke’s (2006) six phases of thematic analysis, as outlined in the table below: 
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Table 4.7: Phases of thematic analysis (Braun & Clarke, 2006, p. 112) 
 
 
The sections that follow give details of how data were analysed in the current study, using 
thematic analysis incorporating elements of Braun and Clarke’s (2006) six phases as 
mentioned in the above table. This is done in the context of the different stages of data 
collection and analysis. The stages are: analysis of students’ responses from pre-tests; 
analysis of interviews; identification of (emergent) themes from intervention programme; and 
analysis of students’ responses from the post-test.  
 
A separate discussion of the different stages of data analysis is done mainly because it is 
aligned to the order followed in collecting data for this study. Otherwise, the six phases of 
thematic analysis used to analyse the data in the different stages were not necessarily carried 
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out in isolation. For example, while analysing data and searching for themes (Phase 3) that 
emerged from the intervention programme, the researcher was already starting to link such 
themes to those that were defined (Phase 5) during the analysis of the pre-tests and interview 
data. Braun & Clarke (2006, p. 92) supported this notion of phases that are intertwined when 
they stated: “Analysis is not a linear process where you simply move from one phase to the 
next. Instead, it is a more recursive process, where you move back and forth as needed, 
throughout the phases”.  
 
4.8.1. Stage 1: Analysis of students’ responses from pre-tests 
 
The seventeen (17) and twenty-two (22) questions of the MC pre-test and the discussion type 
pre-test respectively, assessed students’ knowledge of different aspects of transformation 
geometry. Content analysis of students’ scripts was done in relation to the first research 
question. Therefore, the unit of analysis (Luneta, 2015b) was the errors displayed by students 
on each of the pre-test questions (Appendices A and B). The errors were analysed per question 
on the tests as well as within the context of each type of transformation geometry. It was 
important for the researcher to determine whether one type of transformation was more prone 
to errors than the other, for purposes of enriching reporting on the research as well as for 
recommendations for further research. For example, the researcher was interested in knowing 
whether there were errors that were pertinent to, for example, rotations, and not to reflections 
and translations. Hence the results, given in the next chapter, include a table showing how 
students performed in each of the different types of transformation geometry. Details of how 
this analysis was done appear in subsequent paragraphs below.   
 
First, the researcher immersed herself in the data (Phase 1 of thematic analysis) obtained from 
students’ responses to the written pre-tests, in order to familiarise herself with the content of 
the responses. “Immersion usually involves repeated reading of the data, and reading the data 
in an active way - searching for meanings, patterns and so on” (Braun & Clarke, 2006, p. 92). 
During this process, the researcher took some notes about possible ideas for coding, which she 
would then go back to in subsequent phases. Once this was done, the researcher was ready to 
start with the more systematic coding process (Neale, 2016). 
  
The next step was the generation of codes for the data (Phase 2 of thematic analysis). In 
qualitative research, a code can be described as “a word or short phrase that symbolically 
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assigns a summative, salient, essence-capturing, and/or evocative attribute for a portion of 
language-based or visual data” (Saldaña, 2013, p. 3). As mentioned in a previous discussion, 
firstly, students were assigned codes according to the appearance of their names on the class 
list. The codes used to represent students were S1 for the first student in the list, S2 for the 
second student, and so on.  The researcher also decided to record information regarding 
whether a particular student did Mathematics (code M) or Mathematical Literacy (code ML) 
during his or her matric studies. This was done in order to find out if, for example, incidents of 
errors committed were related to students’ mathematical subject choices at high-school level. 
The researcher was of the opinion that knowledge of this kind of information might inform the 
recommendations that would emanate from the current study.   
 
In this study, coding was further used to capture students’ responses to the questions in both 
the MC pre-test and the discussion type pre-test. For the MC pre-test, the researcher first 
recorded the correct answers (options A, B, C and D) for each question, for ease of reference 
and comparison when doing an analysis of data. She then assigned the symbols A, B, C, and D 
to each of the responses to the questions, given by each of the students. These symbols matched 
the choices made by the students for particular questions. Colour coding was used to represent 
prevalent options that were incorrect. This was also done in order to assist with further analysis, 
whereby the researcher would see at a glance where many students chose the same incorrect 
option for a particular question. Colour coding was therefore used to identify a semantic or 
obvious feature of the data—as opposed to latent meanings of data or assumed ideas (Braun & 
Clarke, 2012)—that looked interesting to the researcher. In the table below, which shows an 
example of the coding for the first ten students’ responses to the MC pre-test, the green colour 
indicates incorrect options that were prevalent for each of the 17 questions. For example, most 
students with incorrect answers, chose option A (compared to other incorrect options) for 
question 5.  
  
168 
 
Table 4.7: Example of coding of students’ responses to the MC pre-test  
 
 
  
 
 
 
 
 
 
 
 
A complete table showing the codes used in the analysis of the MC pre-test, as well as the 
analysis of the data in the table is included in the next chapter on Results and Analysis.  
 
The first coding process for the discussion type question involved more detail. This happened 
because the nature of the questions in this test led the researcher to the development of codes 
from “initial and focused coding” (Saracho, 2015, p. 419) of students’ responses, as she 
captured them. She deliberately assigned unique and meaningful codes that would make it 
easier for her to further analyse the data to determine common themes. For example, instead of 
writing only the keywords or codes such as “language”, “axes”, and so on, the codes were more 
descriptive. Examples and explanations of students’ responses that earned such unique coding 
are given in the next paragraph. The codes, and their meanings, used for capturing students’ 
responses to the discussion pre-test questions, were as follows: 
Y = Yes, the answer is correct 
N = No, the answer is incorrect due to some other reasons not listed below 
Y lang = The answer is partially correct due to the language used 
N lang = No, the answer is incorrect due to language used 
N x-axis = The answer is incorrect due to x-axis related response 
N y-axis = The answer is incorrect due to y-axis related response 
Y incomp = Yes, the answer is partially correct due to incomplete information 
N incomp = No, the answer is incorrect due to incomplete information 
N blank = No response/answer is given to the question 
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In certain instances in which errors occurred in response to a particular question, the unique 
coding used immediately suggested the misconception associated with that particular error. 
The researcher did this on purpose, as a form of “iterative categorisation” that supports thematic 
analysis (Neale, 2016, p. 1096). This was especially the case in which the error made in a 
particular question was prevalent with many students’ responses. Examples of responses with 
unique, “extended definitions of codes” (Holloway & Galvin, 2017, p. 291) that were captured 
by the researcher are “N incomp” and “N x-axis”, the meaning of which is given in the previous 
paragraph. For example, the code “N incomp” code implied that the student’s response to the 
question is incorrect because the description used is incomplete. In other words, the student 
gave a description that shows that the student might not have the complete conceptual 
understanding of the idea involved in the question. Below are two examples of questions where 
students’ responses were incorrect due to an incomplete description and incorrect due to x-axis 
related error, respectively. 
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Figure 4.14: Snippets showing examples of students’ incorrect response related to 
incomplete description (top picture) and partially correct response related to axis error 
(bottom picture)  
 
A table showing the codes and how they were used in the analysis of the discussion type pre-
test is included in the next chapter on Presentation and analysis of data. The coding used to 
record students’ correct and incorrect answers lead to the record of overall performance in 
terms of correct answers given per type of transformation geometry  
 
Further coding was used when the researcher identified or created keywords that related to 
errors committed by students in both pre-tests, as she analysed the tests question-by-question. 
Codes involving “short statements” that “group together phrases with similar ideas or meaning” 
(Chapman, Hadfield & Chapman 2015, p. 203), were developed. For example, where students 
made errors involving the use of incorrect language or inappropriate terminology, the keyword 
“language” became the code. Codes were therefore formulated by progressing from the 
responses and descriptions given by students in the pre-tests, to the interpretation of the 
significance and implications of such responses in relation to the research question.  
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Following the coding and collating of raw data from the two pre-tests, the researcher searched 
for themes (Phase 3 of thematic analysis) that might help in clarifying or addressing the first 
research question, identification of student errors and misconceptions. “Sorting the different 
codes into potential, broader, themes” (Braun & Clarke, 2006, p. 96) was done. This involved 
grouping the codes “into clusters around similar and interrelated ideas or concepts” (Gale et 
al., 2013, p. 1). In this third phase, the coded data was revisited and areas of similarity and 
connections between codes were identified (Braun & Clarke, 2012). Vaismoradi, Jones, 
Turunen & Snelgrove, 2016, p. 105) referred to this phase as the “Construction phase”, where 
“a label is assigned to each cluster covering similar codes”. For example, in this current study, 
the researcher, after matching students’ responses to the expected answers, searched for and 
discovered issues of interest in the data. This led to broad initial codes such as the “Prevalent 
incorrect options” chosen in the MC pre-test, which guided the researcher towards formulating 
potential (more focused) themes.  
 
The overall performance, displayed in tables (see next chapter), indicating students’ 
performance, allowed the researcher to identify patterns of occurrence of errors, leading to 
further generation of themes. For example, comparisons of performance were done between 
different types of transformation as well as between questions set at various Van Hiele levels, 
and expressed in matrices or tabular form. Matrices (tables) assist in consolidating data in order 
to communicate the findings of the research to a wider research audience (Gale, et al., 2013).  
It must be emphasised again, as noted elsewhere in this thesis that the intention of this study 
was not to analyse students’ Van Hiele levels at which they operated. The intention was to 
identify errors committed and associated misconceptions, in order to address them using van 
Hiele phase-based instruction. Therefore, no table of students’ individual Van Hiele levels for 
the question items was produced, even though it seemed inevitable not to mention the Van 
Hiele levels while analysing the data. For example, in searching for initial, broader themes, the 
researcher realised that the code “N blank”, the meaning of which is “there was no response 
given to the question”, occurred more with questions set at higher levels of Van Hiele. This 
realisation led to the formulation of meaningful themes in the subsequent stages of thematic 
analysis.  
 
The next phase in the thematic analysis of the pre-tests involved reviewing the broad themes 
(Phase 4 of thematic analysis) that were created in the previous phase. During this phase, the 
researcher read the collated initial themes to see if they formed a coherent pattern (Braun & 
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Clarke, 2006). She then reworked the problematic themes, which also relates to the 
“Rectification phase” as suggested by Vaismoradi, Jones, Turunen & Snelgrove’s (2016), in 
which coding of additional data that had been missed can also occur. An example of some 
problematic code that needed rectification in the current study was “clockwise and 
anticlockwise”. At first, when the researcher was collating codes into themes, she put these two 
codes under the theme “Errors involving language issues”. Later on, after interviewing 
students, as the process of thematic analysis is iterative (moving backwards and forwards), she 
realised that some students simply “misread” the words. She then decided to include this code 
under the theme “Misreading information”, as well, at that stage, even though it might still be 
subject to change when themes are being redefined at a subsequent stage of thematic analysis. 
Fortunately, the theme “Misreading information” included other data or codes that fitted into 
it, and was therefore “thick” enough (Braun & Clarke, 2012, p. 65) to become a theme on its 
own. The thickness of data, within the context of the fourth phase of thematic analysis, is 
further discussed below.  
 
The researcher went on to explore whether the themes worked in relation to the whole data set. 
That is asking whether there was sufficient (and meaningful) data to support a particular theme: 
“Is the theme thin or thick?” (Braun & Clarke, 2012, p. 65). This was done in line with the 
caution from Vaismoradi, Jones, Turunen & Snelgrove (2016, p. 106), namely, “a common 
flaw in qualitative content analysis and thematic analysis is where researchers offer a list of 
themes and their related subthemes without showing their connections to each other or using 
them to explain the phenomenon under study”. For example, in the current study, the researcher 
recognised during this phase that the themes she generated were connected to each other in a 
very significant way, which is also supported by the literature. That is all the themes could be 
organised under two main categories, namely, “non-systematic errors” and “systematic errors”.  
 
In Phase 5 of thematic analysis, namely, “Defining and naming themes”, the researcher defined 
and further refined the themes within which data were to be analysed. Vaismoradi, Jones, 
Turunen & Snelgrove (2016, p. 106), provide the following explanation of what is entailed in 
a similar phase of thematic analysis, which they refer to as “Defining and describing”: 
Any theme definition encapsulates the essences of what each theme is about and signals what 
aspects of data each theme captures. It encompasses the description of how well the theme fits 
into the whole data in relation to the research question. 
                                                          (Vaismoradi, Jones, Turunen & Snelgrove, 2016, p. 106). 
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The researcher defined and named themes by writing a detailed analysis that related the 
generated theme to the first research question. That is, she gave details of the kind of 
misconception captured by each theme, as displayed by students when solving transformation 
geometry problems. The example provided in the next paragraph also speaks to this detailed 
explanation of how a theme is linked to a misconception.  
 
Thematic analysis of the pre-tests in the fifth phase involves analysis of data beyond the 
semantic content of the data. It “starts to identify or examine the underlying ideas, assumptions, 
and conceptualisations – and ideologies – that are theorised as shaping or informing the 
semantic content of the data” (Braun & Clarke, 2006, p. 89). For example, in the current study, 
from students’ descriptions and responses, the researcher had to identify and relate the “explicit 
or semantic” errors displayed to some latent or underlying misconceptions. A case in point here 
would be the one mentioned earlier under data collection, when a student made an error, coded 
as “Y axis” (at the semantic level). The researcher then had to examine the underlying 
assumptions and conceptualisations, such as, the student might be assuming that reflection on 
a horizontal line means that there must be an x-axis even though the diagram does not include 
any axes. Hence the researcher created the theme “Errors involving the introduction of a system 
of axes where it does not exist”. 
 
The final product of analysis, which included analysis from the different stages of analysis in 
the current study (interviews, intervention programme and post-test), resulted in the production 
of a concise, coherent and logical report of analysis (Phase 6 of thematic analysis). The 
researcher is convinced that the report, which is the full account of data analysis as discussed 
and produced in the next chapter, will be recognised by researchers, as it is based on themes as 
meaning-making, rather than truth-making (O’Reilly & Parker, 2012). 
 
4.8.2. Stage 2: Analysis of interviews 
 
To begin the process of data analysis of the interviews, the verbal data from video recordings 
of students’ responses were transcribed into a written form. Visual (snapshots of video clips) 
data was organised and clustered into groups according to the content of the snapshots. This 
allowed for “data reduction from image to text” (Flick, 2009, p. 418). Transcription had to be 
done because qualitative data from interviews is mostly unstructured, requiring the researcher 
to order it (Neale, 2016). Flick (2009, p. 300) argued that it is “more reasonable to transcribe 
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only as much and only as exactly as is required by the research question”. Based on this 
argument, the researcher did not transcribe all audio recordings verbatim, but transcription was 
done “to a level of detail required by the particular project” (Neale, 2016, p. 1097) or the 
particular case being dealt with. For example, when interviewees repeated phrases or words, 
these were not included in the transcription, unless they were deemed necessary or significant 
for the interpretation of the data in line with the research question.  
 
Notwithstanding the argument raised in the previous paragraph, the transcription involved 
some non-verbal accounts of behaviours of or actions made by students such as “scratching 
the head”, “pauses”, “indicates the movement in the air”, “points at the script” and so on (see 
presentation and analysis of data in the next chapter and in Appendix C). The researcher 
included these behaviours or actions in the transcription for making relevant interpretations 
when an in-depth analysis of the data is done at a later stage. Therefore, largely, the transcript 
preserved the information obtained from the verbal utterances “in a way which is true to its 
original nature” (Braun & Clarke, 2006, p. 93), and because such details “can be revealing” 
(Braun & Clarke, 2012, p. 60). 
 
The thematic analysis of interviews followed a similar procedure to the one described in the 
preceding section on the analysis of the pre-tests. The analysis was characterised by the 
activities that form part of the six phases of thematic analysis (Braun & Clarke, 2006). For 
example, after checking the transcripts for accuracy by comparing the written version to the 
original verbal recordings (McLellan, MacQueen, & Neidig, 2003; Gale, et al., 2013) (use this 
info for credibility of the study), the researcher immersed herself in the interview data by 
reading and re-reading the transcribed data. It should be noted that immersion was also already 
partially done while the researcher was transcribing the interview data. This was the first phase 
of thematic analysis, the purpose of which was for the researcher to familiarise herself with the 
data so as to be able to find meaning and determine patterns during subsequent phases.  
 
Besides the codes (Phase 2 of thematic analysis) that were created and used as “identifiers” 
(Neale, 2016, p. 1099) during thematic analysis of interviews, such as S1, S2, and so on, to 
denote particular interviewees, other codes were generated. While reading the transcribed data 
line by line, the researcher also noted down certain impressions and initial interpretations of 
the data (Gale, et al., 2013). She then identified keywords or codes that described the meaning 
or interpretation she assigned to the data being read, in relation to the first research question. 
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The unit of analysis was therefore errors and misconceptions displayed by learners, mainly 
through their verbal explanation in this case of interview analysis. The table below gives 
examples of codes and themes that were created by the researcher from the analysis of 
interview data for the current study, based on interviewees’ verbal responses. 
 
Table 4.8: Examples of how codes and themes were generated from an analysis of 
interview data 
Data from interview transcripts 
(Including researcher’s rough notes and 
impressions in brackets, where 
applicable) 
Codes Themes 
“The triangle is rotated 90° clockwise” Incomplete information Errors involving incomplete descriptions of 
transformations 
“When two signs are the same, the 
answer is positive”. 
(no differentiation in terms of which 
operations conform to this) 
Algebraic signs Errors involving basic operations 
“This shape is a translation of this one 
because they are not drawn the same… 
this one is drawn backwards…” 
(pointing at the two shapes):  
 
 
Incorrect 
transformation 
Errors involving application of 
incorrect/inappropriate rules of 
transformations 
“… this one is a full angle…therefore it 
is 360˚” 
Language Errors involving language and terminology 
issues 
 
 
Most of the codes that were created, and themes that were generated, reviewed, defined and 
named (Phases 2, 3, 4 and 5 of thematic analysis) from interview data were not new. For 
example, when one student mentioned, during interviews, that he confused the meaning of 
“clockwise” and “anti-clockwise”, no new theme (or code) was developed from this 
information. The phrase was allocated to the existing code and theme of “Language” and 
“Errors involving language and terminology issues” respectively, that were developed during 
the second and third phases of thematic analysis of pre-tests. Therefore, most themes generated 
from interview data supported or merged with the themes already formulated when data from 
pre-tests were analysed. This was the case mainly because both pre-test and interview data 
analysis was aimed at answering the same (first) research question, namely: what errors and 
misconceptions do students have in transformation geometry? In essence, therefore, 
methodological triangulation in terms of data analysis of pre-tests and interviews occurred.  
 
While analysing and reviewing the themes derived from the interviews, the researcher had to 
take into consideration the views of each interviewee, and how such views are connected to 
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other aspects of the individual’s understanding as well as to the understanding of the other 
interviewees (Phase 4 of thematic analysis: connection between codes, themes and entire data 
set). Gale, Heath, Cameron, Rashid, & Redwood, 2013) refer to this process as the comparison 
of data across cases as well as within individual cases. In the current study, comparison of data 
across cases occurred when themes were generated from a particular student’s response and 
explanation during interviews, regarding an error made in the test, and similar responses or 
explanations from other students. An example showing analysis of data from across related 
cases is given in the next paragraph.  
 
In both the test and during interviews, some students described the transformation of the card 
on the left of the snippet below as “…reflected on the y-axis…” Others described the reflection 
of the triangle on the right of the snippet below as “…reflection on x-axis…” Analysis of these 
statements from different students pointed to the erroneous assumption of the existence of the 
system of axes even when it is not indicated.  
 
 
Figure 4.15: Analysis of related errors involving the introduction of a 
system of axes where it does not exist - “Reflection of a card across y-axis” 
(on the left) and “reflection of triangle across x-axis” (on the right) 
 
Thus, an analysis of interview data from different students was done, based on different 
questions, and yielded similar explanations for the error made, leading to the formulation of a 
common theme. 
 
Comparison of data analysis within individual cases, on the other hand, involved themes 
generated from, for example, a student’s error as depicted by scribblings in the MC pre-test or 
explanations in the discussion pre-test, and the same student’s (faulty) verbal explanation 
during interviews. An example is given below, in which a snippet shows a student’s erroneous 
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calculation (even though the student ended up choosing the correct option) and, interestingly, 
another error of associating “2 units to the right” with “-2”.  
 
 
Figure 4.16: Snippet showing an error in calculation, identified during pre-test analysis 
and later confirmed through analysis of interview 
 
When the researcher interviewed the student, she established that the student indeed had the 
misconception: “When two signs are the same, the answer is positive”. That is the student firstly 
did not make a careless mistake when she wrote “-2 - 2” instead of “-2 +2”. Second, the student 
did not realise that the “same signs” rule did not apply to addition and subtraction. Hence, as 
shown in Table 4.8, the analysis of data provided by the student in the above snippet (in both 
her test and her interview) resulted in the formulation of the code and theme as “Algebraic 
signs” and “Errors involving basic operations” respectively.  
 
As mentioned before, data from both the pre-tests and the interviews were used to answer the 
same research question. Therefore, the thematic map already designed following the review, 
defining and naming of themes (Phases 4 and 5 of thematic analysis) during analysis of pre-
test data, also included data from the analysis of interviews. The analysis of interview data, 
however, had the added advantage over that of pre-tests in that the researcher was able to, later 
on, undertake “member checking” with the interviewees to determine the accuracy of themes 
against the sentiments expressed by the interviewees (Ngulube, 2015). Similarly to pre-test 
analysis, the themes derived from the analysis of interview data found their way into the final 
report, produced in the next chapter (Phase 6 of thematic analysis). 
 
4.8.3. Stage 3: Identification of (emergent) themes from the intervention programme 
 
As mentioned earlier in the section on data collection methods, data for the third stage were 
collected through participant observation, informal conversations with students, researcher’s 
field notes and students’ written work. Therefore, the analysis involved firstly reading and re-
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reading notes and information (both descriptive and reflective, as mentioned earlier on) from 
the researcher’s notebook and from students’ written work (Phase 1 of thematic analysis). In 
addition, the researcher analysed relevant images from video clips taken during lesson 
presentations by, for example, organising such images under relevant themes or codes. 
Analysis of data from lessons presented during the intervention programme was done to answer 
mainly the second research question. However, there was an anticipation that data obtained 
from lesson presentations might augment that which were obtained from pre-tests and 
interviews. See section 4.7.3 under Stage 3 of data collection. In order to answer the second 
research question, data analysis from lesson presentations resulted in the researcher addressing 
errors involving aspects such as the use of (inappropriate) vocabulary (mis)application of rules 
of transformation, performance of procedures for transforming shapes (mis)interpretation of 
instructions, and so on.  
 
Analysis of data from lesson presentations also occurred through coding, searching for, 
reviewing, defining and naming themes (Phases 2, 3, 4 and 5 of thematic analysis) obtained 
from the data sources used during lesson presentations. Ngulube (2015, p. 140) maintained that 
a characteristic of thematic analysis is that “open and selective coding may be used to analyse 
the first case, and the themes that emerge are used as a basis for comparison with further cases”. 
This characteristic was relevant here because themes that emerged from the analysis of the first 
case, namely, pre-tests (as well as the second case of interviews), were used to analyse and 
compare data from lesson presentations. Examples of coding and theme generation during 
lesson presentations as part of the intervention programme appear in the table below. A similar 
more-comprehensive table appears as part of the data analysis report (Stage 6 of thematic 
analysis) in the next chapter.   
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Table 4.9: Example of how codes and themes were generated from an analysis of data 
during lesson presentations 
Data obtained during lesson 
presentations 
 
Source of data Initial 
Coding 
Theme/Sub-theme 
During Information Phase – Reflection 
 
Question: If the vertical line in the middle is the 
line of reflection, draw the image of the given 
figure 
 
Students’ (erroneous) written responses and a 
portion of researcher conversations with students: 
 
Sample 1 
         
 
Student: “I know the arrows will point in opposite 
direction” 
Researcher: “What about the distance of the 
image from the line of reflection…. the mirror 
line?” 
 
Sample 2 
 
 
Student: “I copied the figure on the other side of 
the line” 
Researcher: “Did you consider what the direction 
of arrows will look like in the image….If you were 
to “flip” the image along the line of reflection, 
onto the original figure, would it fall exactly on 
top of it?”  
Students’ written 
work on their 
notebooks 
(plus) 
Researcher’s field 
notes following 
informal 
conversations with 
students 
Properties of 
transformations 
 
Incomplete 
descriptions 
Addressing errors involving 
application of incorrect or 
incomplete rules and 
properties of changes 
resulting from specific 
transformations 
 
 
It should be noted from the above table that there was a link between themes created from 
analysis of data during lesson presentations and those generated from the other stages of data 
analysis. The reason for this is that the intervention programme lessons were based on and 
designed so as to address the errors and misconceptions that already emerged from pre-tests 
and interviews. Therefore, in addition to analysing lesson presentation data that contained 
errors, the researcher also analysed information regarding the extent to which the intervention 
programme addressed these errors. She did this in two ways. Firstly, she analysed students’ 
responses to her guidance and probing at the particular moment when she was addressing the 
error (for example, do they realise there are instances in which it would be easier to do 
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calculations rather than drawings, or vice versa), to see if the student understands the error and 
reason for it to be labelled as such. Second, the researcher continuously checked if students 
remembered and applied the aspects involving their corrected errors, as they continued with 
similar questions during different phases of Van Hiele phase-based instruction. She then 
recorded her impressions in her notebook. For example, when an error involving students 
misreading or not following instructions was corrected, the researcher checked if the students 
correctly read and followed instructions in subsequent phases of the instruction. She then wrote 
down this information as field notes resulting from participant observation. The information 
was then analysed and reported on, as part of answering the second research question.  
 
4.8.4. Stage 4: Analysis of students’ responses from the post-test 
 
Data involving students’ performance in, and responses to the post-test were analysed in order 
to answer the second research question. The question was: “To what extent can Van Hiele 
phase-based instruction be used to address students’ errors and misconceptions involving 
transformation geometry?” The researcher had already started to answer this question before, 
at the first level, when students’ errors and misconceptions were addressed by the researcher 
as they emerged during the lessons presented in the intervention programme (see discussion in 
the previous Section 4.8.3).  The analysis of students’ responses to the post-test was the second 
level of analysis to answer the same question. Data analysis at this level sought to find out if 
students’ responses showed improvement in terms of errors committed.  
 
4.9. Trustworthiness of the study 
 
Qualitative research is often criticised for lack of scientific rigour (Ngulube, 2015), and is 
labelled as “subjective, anecdotal, subject to researcher bias, and lacking generalizability by 
producing large quantities of detailed information about a single, unique phenomenon or 
setting” (Cope, 2014, p. 89). Therefore, the challenge for researchers would be to convince the 
reader that their qualitative studies, despite being characterised as subjective, are trustworthy. 
Hence the researcher in the current study had to ensure that this study does not carry with it 
notions of untrustworthiness that will expose the study to such criticism. The researcher had to 
ensure the soundness of the research conducted, in terms of how appropriate the methods used 
are, and the trustworthiness of the conclusions reached (Noble & Smith, 2015).  
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Trustworthiness refers the extent to which those who assess the research study are confident of 
the study and its conclusions (Robson, 2011).  
 
Lincoln and Guba (1985) initially suggested four criteria that can be used to develop 
trustworthiness in qualitative research, namely, credibility, dependability, confirmability and 
transferability. These terms, in essence, “replace the more conventional views of reliability and 
validity” (Cohen, Manion & Morrison, 2007, p. 158) and should be applied to both the research 
process and the results so as to ensure high rigour and robustness (Leung, 2015). In the current 
study, various strategies were used to enhance the trustworthiness of the study. These strategies 
are discussed, in the context of the four criteria, below. 
 
4.9.1. Credibility 
 
The credibility of research describes the extent to which the researcher truthfully represents 
and interprets data (Noble & Smith, 2015), so that the findings and conclusions reached are 
believable. In the current study, the researcher used several strategies to enhance the credibility 
of the study. For example, the researcher had a prolonged engagement with participants 
(students) with the aim of building trust with them (Petty, Thomson & Stew, 2012). The 
researcher’s success in creating a relationship of trust with students in the current research 
resulted in students scribbling freely (on encouragement by the researcher) explanations that 
accompanied their answers, for both the tests and the interviews. This enabled her to gain a 
deeper and enriched understanding of the phenomenon being studied, from their rich and thick 
descriptions, thus reducing the possibility of researcher bias resulting from her own opinions. 
“Rich data are a hallmark of qualitative inquiry and are frequently regarded as key to lending 
credibility and persuasive strength to qualitative studies” (Schultze & Avital, 2011, p. 1).  
 
To further offset the researcher’s bias, the researcher captured accurate observations of 
participants’ actions, using a video camera during both interviews and intervention programme 
lesson presentations. The use of video camera enabled the researcher to truthfully represent, 
analyse and interpret participants’ opinions, as opposed to possibilities of reporting inaccurate 
data due to her limited memory. She was then able to provide rich descriptions of participants’ 
ideas, when writing and communicating the report of data analysis. The report includes 
quotations of students’ own words as well as researchers’ interpretations which were confirmed 
and verified by students themselves, through member checking (Cope, 2014; Leung, 2015). 
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The reader of this current research can therefore provide a meaningful critique of the credibility 
of this study and authenticate the interpretations of the researcher.  
 
Triangulation, that is “the process of using multiple sources to draw conclusions” (Cope, 2014, 
p. 90), was used to increase the credibility of the study. Tests, interviews, participant 
observation and field notes were all used to produce more comprehensive findings of the 
research. These sources or methods of collecting data supported each other to produce 
consistent findings. In addition, the researcher recorded details from sources such as interviews 
and field notes immediately after analysis, while the details were fresh in her mind, so as to 
avoid inconsistencies between observed (or spoken) data and recorded data. The literature 
supports the idea that, when information from data sources is recorded and reflected soon after 
observation, this carries more credibility (Walliman, 2011; Schwandt, 2015). Walliman (2011) 
further argued that immediate recording and reflection allows the researcher to identify gaps in 
the data and be more receptive to new ideas that challenge the researcher’s assumptions and 
biases. 
 
As mentioned before, as part of data analysis in the current study, the researcher had to immerse 
herself in the data. However, she also had to “conversely distance herself” from the data for 
some time, so as to do the analysis by assessing and examining the accuracy of the coding and 
theme development processes from an “outsider perspective” (Vaismoradi, Jones, Turunen & 
Snelgrove 2016, p. 106). This allowed her to “maintain a sense of self-criticism” (Vaismoradi, 
Jones, Turunen & Snelgrove 2016, p. 106). Particularly because this is an action research study, 
in which the researcher had a vested interest in the outcomes of the research; she had to 
critically reflect on her biases. For example, during data analysis, she had to sometimes reject 
certain themes which were initially developed, when new data emerged, even though she had 
her own pre-conceived and convincing ideas about the relevance of such themes. Petty, 
Thomson & Stew (2012) are of the opinion that, when a researcher acknowledges his or her 
own biases and does ongoing critical reflection on sampling methods, data collection 
techniques and analysis, this contributes towards the credibility of the qualitative study. In the 
current study, reflection by the researcher involved, for example, her decision to combine the 
questions of the two pre-tests into one post-test during the final stage of data collection. She 
did this to avoid students discussing the next test before they wrote it (if the two were not 
combined), and thus compromising the level of credibility of the test results.  
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4.9.2. Dependability 
 
“Dependability refers to the logical, traceable, and carefully documented research process” 
(Kihn & Ihantola, 2015, pp. 235-236). It is important to corroborate the findings of a research 
study in terms of consistency and the extent to which they can be repeated. This would allow 
someone else who was not part of the original research to “follow, audit, and critique the 
research process” (Moon, Brewer, Januchowski-Hartley, Adams & Blackman, 2016, p. 18). In 
the current study, the researcher applied certain strategies to ensure the dependability of the 
study. These strategies are discussed below.  
 
The researcher maintained an “audit trail” which documents the procedures and processes 
followed while doing the research (Ngulube, 2015, p. 149). The audit trail would then allow 
the readers of the research to track these processes in order to understand how decisions were 
made by the researcher. Cope (2014) listed examples of documents and materials that can be 
used to check the trail, involving decisions and assumptions made by the researcher. These are 
interview transcripts, data analysis and process notes and drafts of the final report. In addition, 
Ngulube (2015) suggested that one of the elements that help maintain an audit trail is a record 
of how codes were identified and themes developed. For the current study, detailed documents 
such as interview transcripts and data analysis process notes were used or reviewed by other 
researchers to draw similar conclusions to those of the current study. Even if there were to be 
cases of variations in findings and conclusions (Petty, Thomson & Stew, 2012), such variations 
are “essential and inevitable” as they “add extra dimensions and colours to enrich the corpus 
of findings” (Leung, 2015, p. 324). 
  
While extracting data from original sources, the researcher should validate the accuracy of the 
data by doing a constant comparison and comprehensive data analysis that includes references 
to quantitative aspects where possible (Leung, 2015). In the current research, the researcher 
provides a comprehensive analysis of data that includes quantitative data in tables. Any outside 
researcher can then refer to this analysis to explore and possibly challenge data analysis 
processes and procedures, as well as to understand the interpretation of findings that were 
made. In this way, they would be able to establish whether the study is dependable or not.  
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4.9.3. Confirmability 
 
Confirmability refers to the extent to which data are neutral, accurate and are not the product 
of the researcher’s bias (Petty, Thomson & Stew, 2012; Houghton, Casey, Shaw & Murphy, 
2013). In one way, therefore, confirmability is closely connected to credibility in that in both 
cases the researcher has to show that the findings of the research are linked to the data that was 
provided by the participants. In another way still, confirmability is also linked to dependability 
because, in both cases, the processes followed and decisions made should be traceable. That is, 
anybody reading the research should be able to link the data presented, interpretations made 
and conclusions reached. In the paragraphs that follow, the researcher provides a discussion of 
the strategies used in this current research to establish confirmability.  
 
As mentioned before, the researcher kept records that demonstrated a clear audit trail which 
showed that analysis, interpretations and conclusions are transparent, and were reached directly 
from the data. Moreover, the researcher accounted for her own personal biases, as mentioned 
in the preceding discussion on the credibility of the study. Other examples of personal biases 
include the fact that the participants were the researcher’s own students, which she knew very 
well. Therefore, it could have happened that, during interviews, for instance, she might have 
assisted students whom she knows are not that articulate at expressing themselves, to 
communicate their ideas, by asking them leading questions. These questions might have been 
influenced by the researcher’s philosophical position, her experiences as well as her personal 
viewpoints (Noble & Smith, 2015). Barrett and Twycross (2018, p. 63) advised that, to 
minimise the problem of researcher bias, the researcher must “avoid leading questions or 
providing non-verbal signals that might influence the responses of participants. However, in 
the current study, the use of rich data, including quotes from the participants, confirms that the 
findings were a product of meaning making by participants, rather than of “the biases, 
motivations, interests, perspectives and so on, of the inquirer” (Moon et al., 2016, p. 18).  
 
Researcher bias was also reduced through triangulation of data. For example, researcher 
interpretations of the kind of errors and misconceptions emerging from pre-tests were 
confirmed during interviews. Moreover, verification through member checking, as mentioned 
in a preceding section, contributed towards increasing the confirmability of the study.  
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4.9.4. Transferability 
 
In qualitative research, data are usually are collected from a few participants, and so findings 
cannot be generalised to a bigger population (Anderson, 2010). The findings can; however, be 
transferred to or applied in other contexts or settings (Kihn & Ihantola, 2015). Hence in 
qualitative research, the term “transferability” is used. Transferability refers to the degree to 
which the findings of a particular research study may be applicable in other contexts or with 
participants in other settings (Petty, Thomson & Stew, 2012; Moon, et al., 2016). 
 
Even though the findings of a qualitative study are usually context-specific and are not meant 
to be generalised (Petty, Thomson & Stew, 2012), researchers of qualitative studies need to 
“clearly state the extent to which findings may or may not be relevant to other contexts” (Moon, 
et al., 2016, p. 19). They have to provide enough information about the research context so that 
individuals outside the research can be able to evaluate whether the findings are fit for or 
transferable to their own experiences and contexts (Leung, 2015). In the current study, the 
researcher provided details of how participants were chosen; that is why they were thought to 
be suitable to answer the research questions. For example, purposeful sampling was used to 
select students for interview so as to get relevant thick descriptions from them, based on the 
errors detected from their test scripts. Thick descriptions of data collected and detailed 
procedures for data analysis were provided (Moon et al., 2016). Examples of raw data, such as 
snippets of students’ written responses to tests and quotes from their interviews, are included 
“so that readers can consider their interpretations” and ultimately decide “whether or not the 
findings are transferable to another context” (Houghton, Casey, Shaw & Murphy, 2013, p. 16). 
 
The preceding discussion of the trustworthiness of qualitative research has revealed that there 
are some connections among the four criteria. This has been evident from the strategies used 
to establish the trustworthiness of the current study. For example, triangulation, thick 
descriptions, audit trail and member checks were applicable in more than one of the criteria. 
Therefore, the researcher concurs with Petty, Thomson and Stew (2012) when they claim that 
transferability is dependent on credibility, which in turn is dependent on dependability and 
confirmability.  
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4.10. Ethical considerations 
 
Research ethics involve the moral aspect of doing research. Researchers need to consider how 
participants in their research study are treated, in terms of researcher honesty and openness, as 
well as how results are reported (Mertler, 2009). For example, the researcher has “the academic 
and ethical responsibility to inform the subjects about the purpose of the study, seek written 
consent” (Khan 2016, p. 2), treat individuals involved in the research “fairly, sensitively, with 
dignity, and with the ethic of respect” (British Educational Research Association (BERA) 
2011, p. 5). For example, in the current study, the researcher had to make decisions regarding 
the amount of students’ time to use for the research, without infringing on their rights to engage 
with their other academic and personal commitments. Such decisions led to her using times 
that were outside the normal hours of lecture time to conduct the research, as discussed earlier 
in the section on data collection. In the sections below, the researcher discusses how ethical 
issues pertaining to the current research have been addressed, through seeking permission to 
conduct research, informed consent, confidentiality and privacy. 
 
4.10.1. Permission to conduct research 
 
The researcher first obtained approval to conduct the research from the university where the 
research participants were enrolled. After the presentation of the proposal to conduct the 
research, the Ethics Committee of the university with which the researcher is enrolled, was 
satisfied that the proposed study met all the university academic and ethical standards. Ethical 
clearance was then granted to the researcher, giving her permission to proceed with the 
research. 
 
4.10.2. Informed consent 
 
Before the commencement of the research activities pertaining to the current study, written 
consent, in the form of consent forms, was obtained from the participants in the study. Written 
information on the consent forms included details about the purpose of the research, procedures 
involved in and benefits of the research, participants’ voluntary participation, their safety upon 
choosing to participate, as well confidentiality of the information they would supply.  
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In addition to the written information on the consent forms, the researcher further explained in 
detail what the information meant. First, she gave clarity to students about “consent”, by 
ensuring that they had an adequate understanding (instead of mere information) of the meaning 
of the term (Hammersley & Traianou, 2012). Logically speaking, students’ knowledge of what 
exactly the research entailed and their role in and potential benefits of the research would 
contribute towards them making informed judgments and decisions about whether to 
participate or not (Fouka & Mantzorou, 2011). For this reason, the researcher explained the 
purpose of the study, how participants would be selected for the various stages of data 
collection, the procedures to be followed during the research, and the benefits of the research. 
The explanation of procedures included the researcher divulging information about the kind of 
data to be collected, such as students’ written work, their verbal communication as well as 
video images of some of the activities they would perform during the research.  
 
The researcher informed students that they would further be reminded of the details of their 
choice of participation as they continued with the research. This included their right to 
withdraw from participation at any stage of the research if they wanted to. Furthermore, given 
that this is an action research study where the researcher is the students’ lecturer, the researcher 
had to reflect on this “dual role” so that any chances of tensions would be minimised (BERA, 
2011, p. 5). She therefore informed students that if some of them chose not to participate, they 
would not be penalised in any way. For example, the tests written during the research would 
not contribute towards their formal assessment for the Mathematics module registered for. 
 
After the explanations of what the research entailed, all 100 students in the target group 
consented to participation. However, for various reasons, only 82 students ultimately 
participated in all the stages of the collection of data in this study.  
 
4.10.3. Maintaining confidentiality and privacy 
 
The researcher informed students about the confidentiality issues, in terms of information 
obtained from the research and their identities which were not going to be divulged when 
reporting on the results of the research. She explained to students that all participants would 
remain anonymous, to the best of the researcher’s ability. Their names would not be used in 
any research publications or presentation of the results of the research. Even though video 
recordings were to be used, these would not be communicated in a way that showed their 
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identities (see example of an image showing students performing practical activities during the 
research in Figure 4.11). This was possible because students’ faces were not important for the 
credibility of the study. Students were further assured that all raw data which contained 
information with their identities, such as test scripts, would be kept in a locked and secure 
facility for safe-keeping.  
 
BERA (2011, p. 5) believed that students should be informed about how the research will be 
used and “to whom it will be reported”. In the current study, for example, students were 
informed that the results of the research would be shared with other academics and researchers 
in the education field. They were further assured that, to the best of the researcher’s ability and 
knowledge, publication of the results of the research would not “directly or indirectly lead to a 
breach of agreed confidentiality and anonymity” (BERA, 2011, p. 8). 
 
4.11. Chapter summary 
 
This chapter discussed the processes that constitute the research design and methodology of 
this study are presented. An account of the processes and procedures followed, as well as 
justification for the choices made in order to address these goals of the research, were outlined. 
The processes and procedures included the description of the paradigm underpinning the study 
and the method as well as the approach to research that was followed. Data collection methods 
were explained and an account of how data were to be analysed, was given. Lastly, issues 
pertaining to reliability, validity and ethical considerations were discussed. 
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CHAPTER 5 
RESULTS AND ANALYSIS 
  
5.1. Introduction 
 
In this chapter, data are presented, analysed and findings are summarised in order to answer 
the research questions. First, data from the first stage of data collection are presented. They 
comprise students’ responses from the two pre-tests that they wrote. However, interviews were 
used to triangulate and clarify the meaning of the data from the pre-tests. Therefore, analysis 
of data from Stage 1 (pre-tests) and Stage 2 (interviews) is done concurrently. At the same 
time, literature that relates to the findings from the two stages is incorporated into the analysis. 
Thereafter, a summary of the findings from an analysis of pre-tests and interviews is presented, 
in a manner that indicates how the findings provide answers to the first research question.  
 
Following analysis of data from Stage 1 and Stage 2 of data collection, the researcher goes on 
to analyse and interpret data, as well as communicate findings from Stage 3 (lesson 
presentations during intervention programme) and Stage 4 (post-test). These findings are linked 
to findings from Stage 1 and Stage 2, in the sense that errors and misconceptions established 
through the interpretation of data from pre-tests and interviews, determined the kind of 
intervention that needed to take place. The findings from the third and fourth stages provide 
answers to the second research question. Finally, the extent to which the errors and 
misconceptions have been addressed in the study is discussed within the context of previous 
literature that provides insight into possibilities for steps to be taken going forward.  
 
5.2. Presentation and analysis of data to answer the first Research Question 
 
The first research question for this study was: 
 
What misconceptions and associated errors do BEd (Foundation Phase) students possess and 
display when solving transformation geometry problems? 
 
In order to answer the first research question, the researcher had to analyse data from the first 
two stages, namely, data from the two pre-tests and data from the interviews. Error analysis as 
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the broad explanatory framework (Willis, 2005; Zehetmeier et. al., 2015) was used to analyse 
data from the data. As mentioned before, some of the data that emerged from the third stage, 
that is, from lesson presentations during the intervention programme, were also used to answer 
the first research question. This was the case because some additional errors (or explanations 
of why the errors occur) were picked up during the implementation of these lessons. The next 
section deals with the presentation and analysis of data from Stages 1 and 2. 
 
5.2.1. Analysis of data from Stage 1 and Stage 2: Students’ responses to pre-tests and 
interviews 
 
After the researcher had immersed herself in the data from the MC pre-test, and assigned codes 
for student names and their answers, as discussed in the previous chapter, she developed the 
table on the next page. It should be noted that where a question mark (?) is used, this indicates 
that the students concerned did not indicate their option for the particular questions.  
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Table 5.1: Students’ responses to questions in the MC pre-test 
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By capturing the data in the table as indicated above, the researcher could immediately see the 
striking features in the visual data (Saldaña, 2013). For example, it can be seen at a glance that 
very few students (two only) chose an incorrect option for Question 10. Hence this question 
does not feature in the analysis of the pre-tests and the interviews, since it does not give data 
that would help answer the research question about errors displayed by students.  
 
Another feature of the data in the table is that the number of students who participated in the 
test was distributed almost equally between students who did Mathematics (denoted by M) and 
those who did Mathematical Literacy (denoted by ML) at high-school level. To be exact, there 
were 41 ML students, 40 M students and 1 student who did neither of the two subjects at matric 
(he did matric before M or ML were made compulsory at high school). Some interesting 
features can be noticed and interpreted of the performance of students according to whether 
they did M or ML.  First, both students who got all their answers correct for the MC Test did 
M at school. Second, ML students generally performed poorly compared to M students: 13 M 
students obtained more than 80% correct answers while only 3 ML students obtained more 
than 80% correct answers. These numbers might not have meant much if it were not for the 
comments made by some ML students much later during the intervention programme, that their 
teachers never taught them much about transformation geometry. The researcher will talk later 
about the significance of this realisation when she makes recommendations in the next chapter.  
 
The use of the different colour (grey) as part of coding for the given options made the researcher 
notice, even without counting, that “many” students chose the same incorrect option for various 
questions. Braun and Clarke (2006, p. 87) supported the idea of “representing prevalence in 
thematic analysis that does not provide a quantified measure”, such as the use of the words “the 
majority of participants”, “many participants”, and so on. After noticing the striking 
prevalence, the researcher then decided to look more into the questions concerned, to determine 
if this discovery might have any significance. For example, she had to ask herself questions 
such as: Could this lead to the identification of themes that are related to the occurrence of a 
particular (common) error and associated misconception? The researcher had to investigate, as 
discussed in the next section.  
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 Analysis of data emanating from MC pre-test questions that involve prevalence 
of same incorrect options 
 
Braun and Clarke (2012) argued that thematic analysis allows for flexibility in terms of 
determining prevalence. Therefore, there is no correct and incorrect manner of deciding which 
codes or patterns to label as prevalent, in terms of the number of times they occur. Based on 
this idea, the researcher decided to use her own criterion to determine the idea of prevalence of 
incorrect options chosen by students. She did this by relating prevalence to the number of 
options and the total number of students who wrote the test. Eighty-two (82) students wrote the 
MC pre-test. There were four options to choose from for each of the questions on the test. 
Given that the test was derived from proven Guven’s (2012) Transformation Geometry 
Achievement Test (TGAT) and the Learning Levels of Transformation Geometry Test 
(LLTGT), the items on the test would have a likely equal (25%) chance of being chosen by 
students. Therefore, if the four options were to be chosen equally for each question by the 82 
students, then about 20 (or a quarter) of the students would choose each option for each 
question. Hence the researcher considered incorrect options that were chosen by more than 20 
students in a particular question as being “Prevalent incorrect options”.  
 
The table below has been derived from Table 5.1 to indicate the prevalence of incorrect options 
for each question. 
 
Table 5.2: The prevalence of incorrect options chosen by students in the MC pre-test 
Question 
number 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 
Prevalence 8 16 9 20 29 22 17 3 10 none 8 27 10 13 14 18 19 
 
Following the explanation of how the researcher determined prevalence in the preceding 
paragraph, it is clear from Table 5.2 above that questions with “Prevalent incorrect options” 
would then be Questions 5, 6 and 12. However, the researcher decided to include in this group 
also, for the benefit of the doubt, questions that had 17 (about 20%) and more students choosing 
the same incorrect answer. She felt that, for a qualitative study, 20% of the students choosing 
the same incorrect answer might have some significance. That is, the prevalence is likely not 
to be a result of random acts of guesswork or coincidence. Therefore, questions 4, 7, 16 and 17 
are also included here. Besides, Braun and Clarke (2006, p. 82) further argued that “the 
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‘keyness’ of a theme is not necessarily dependent on quantifiable measures, but in terms of 
whether it captures something important in relation to the overall research question”.  
 
In the paragraphs below, the researcher provides a presentation and analysis of data from the 
questions with the prevalence of the same incorrect options. The data came from both the 
students’ MC pre-test scripts as well as from interviews with selected students. That is, the 
researcher read the students’ responses and scribblings, where these were made, and then tried 
to make meaning out of the responses. Where she felt that information from the scripts was not 
enough, or not making sense for her to meaningfully analyse the data for a particular question, 
the researcher then noted this question for further investigation in the next stage of analysis, 
namely, interviews. This detailed note-taking is referred to as “reflexive journaling” (Nowell, 
Norris, White & Moules, 2017, p. 4) and can be used to establish the trustworthiness of the 
study. The researcher had to, later on (during sampling for interviews), identify some student(s) 
who chose the said option for that particular question, so as to get more clarity. It is not 
surprising that the researcher had to think, reflect and go back and forth in her analysis, since 
it is a characteristic of inductive thematic analysis to use “iterative coding” (Neale, 2016, p. 
1097) in order to generate themes and concepts that are relevant for answering the research 
question. This reflective process was also made possible by the nature of the action research 
study, which allowed the researcher to continuously look back at what still needed to be done 
as she continued to interact with participants. 
 
Question 4 
Each of the diagrams below represents a different transformation of triangle ABC in each case. 
Which, among the transformations shown below, represents a rotation of 90˚ about the origin? 
Circle the correct one. 
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According to the information in Table 5.2, almost a quarter of the students chose option B as 
their answer to this question, instead of option C. This was intriguing to the researcher because 
she could not see, immediately, any obvious connection between option B and a rotation of the 
given triangle through 90˚ about the origin. Moreover, it did not help that most students did not 
scribble much for this question (even though they had been encouraged to do so), to give the 
researcher an idea of the kind of thinking that occurred for them to choose this option. From 
the one scribbling of a particular student (see snippet below), the researcher started interpreting 
the data in order to get some impressions. 
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Figure 5.1: Snippet showing an example of a student’s scribbling in trying to answer 
MC Question 4 
 
The researcher got the impression that the student meant that in option B, the given triangle 
was rotated through 90˚ about the origin, and then the resultant triangle was rotated again (in 
the same direction) through 90˚ about the origin, so as to land where the image is. However, 
the researcher had to ascertain that this was what the student meant. Therefore, she had to 
triangulate the data by interviewing the student (S27) and get the actual meaning of the given 
data. Upon interviewing S27, the researcher’s impression was dismissed. S27 mentioned that 
“B is the only one that looks like a rotation” because “A and C show a reflection”. On further 
probing as to why option C represented a reflection, she explained that “one triangle is on this 
side … and the other triangle is on the other side of the line”. Therefore, it seemed that, to S27, 
if a figure and its image are found directly across each other on the other side of a line (for 
example, x-axis or y-axis), then the figure has been reflected, irrespective of its orientation in 
respect to the image. This misconception confirms research findings that most students lack 
basic knowledge regarding “the meaning and characteristics of the three rigid geometric 
transformations” (Luneta, 2015b, p. 268), namely, reflection in this case. 
 
Two key phrases that emanated from the above S27’s interview, with the potential of becoming 
themes, were “Properties of transformations” as well as “Recognising a transformation”. S27 
thought it would suffice to identify a reflection by only looking at the image on either side of 
the reflection line (option C). She disregarded other properties of a reflection, such as the fact 
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that the image must be laterally inverted on the other side of the reflection line. Therefore, S27 
made an error involving her lack of knowledge of the properties of a reflection. Second, her 
response suggested that she did not know how to correctly recognise a transformation (rotation 
in option B) by relating the figure and its image.  
  
Question 5 
Describe the transformation done on ΔFKW to form ΔRNG. Circle the correct one from the 
options given below. 
                 
 
a. rotation about the origin 90° counter-clockwise 
b. rotation about the origin 90° clockwise 
c. reflection over the x-axis 
d. translation 5 units right and 9 units up 
 
Just over 35% of the students chose the prevalent incorrect option A instead of the correct 
option B, for this question. Out of all the questions, this question had the highest number of 
students (29 students) choosing a Prevalent incorrect option. The researcher’s impressions and 
initial interpretation (Gale, et al., 2013), based on the prevalence as it appears in Table 5.1, 
were that the students must have confused the meaning of the terms “clockwise” and “counter-
clockwise”. She noted these terms as codes, with the plan to develop them and cluster them 
later on, with other related codes, around themes (Vaismoradi, et al., 2016).  
 
However, when she looked at the scribblings on students’ scripts, as depicted in the snippet 
below, the researcher realised that some students apparently swapped the image for the object. 
That is, they approached the question as if the transformation was done on triangle RNG to 
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form FKW, as indicated by the scribbled arrow in the example below. It looked like the students 
did not follow the instructions given in the question.  
 
 
Figure 5.2: Snippet showing an example of a student’s scribbling in trying to answer 
MC Question 5 
 
Therefore, the researcher had to modify her initial interpretation of the students’ choice. She 
then formulated a new potential code, “Instructions”. Furthermore, this was another example 
where the researcher identified data that she would later follow up on during interviews. That 
is, she was interested in knowing typical student reasoning for this question. An example of an 
interview with a student in relation to this question, appears in the space below.  
 
Interview with S80 
I didn’t understand the word “count” (meaning “counter”) because they are both saying 
clockwise (referring to options A and B). 
…and then I looked…So this one is transformed this side…. (pointing at the shape and its 
image)….So where does this “count”…? I never seen it before… Then when I went outside 
(that is, after writing the test), I asked “what is ‘count’”? They told me it’s anti-clockwise. 
Then I said, oh this one …oh it’s wrong, it means it doesn’t have to be anti-clockwise, it’s 
clockwise. I was confusing that… 
 
Student S80’s error, therefore, involved typical language-related errors that students display 
because they lack the appropriate vocabulary that is associated with the transformation being 
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described (Hoong & Khoh, 2003). Following this interview with S80, the researcher then 
decided to keep all the codes “Clockwise”, “Anti-clockwise/counter-clockwise” and 
“Instructions” that she derived from students’ responses to this question.  
 
Question 6 
What transformation was performed on ΔTNZ to form ΔCRM? Circle the correct one. 
  
 
 a. reflection over the x-axis 
b. reflection over the y-axis 
c. rotation about the origin 90° counter-clockwise 
d. rotation about the origin 180° 
 
About a quarter of the students chose option B, instead of the correct option D, for this question. 
The researcher’s impression was that these students must have considered features of the given 
triangles such as the “opposite” direction they are facing. That is, thinking of reflection as a 
case in which the figure is laterally inverted, without considering the fact that the figure and its 
image in a reflection are found perpendicularly across each other from the reflection line. The 
researcher’s impression was confirmed when student S9, whose scribbling appears in the 
snippet below explained during interviews: “It is a reflection on the y-axis because it is on the 
other side of the y-axis”.  
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Figure 5.3: Snippet showing an example of a student’s scribbling in trying to answer 
MC Question 6 
 
The researcher then associated the response and explanation of S9 with the code that had 
already been formulated, namely, “Properties of transformations” at van Hiele level 2: 
Discovers properties of changes to figures resulting from specific transformation. The student 
in this case, and many others who chose the prevalent incorrect option B for this question, did 
not fully know or understand the properties of a reflection. They confused reflection with 
rotation. Another student, S30, hinted at this confusion when he left a message or a question 
(seemingly for the researcher), shown in the snippet below, at the end of his test script.  
 
 
Figure 5.4: Snippet showing an example of a student’s confusion with reflection and 
rotation 
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The problem of students confusing reflection with rotation was also picked up by Luneta 
(2015b, p. 5) in his study involving Grade 12 students, where he found out that “the common 
errors showed the students’ lack of knowledge of the difference between rotation and 
reflection”. 
 
Question 7 
A shape is rotated clockwise about the given point O. What size is the angle of rotation, in 
degrees? Circle the correct answer. 
  
  A. 90     B. 360     C. 180    D. 270 
 
Only 38 students (46%) got the answer correct for this question, even though its “Prevalence 
of incorrect option” (option B) was not that high (at around 22%), compared to those of 
Questions 4, 5, 6 and 12, whose “Prevalence of incorrect option” was around 25% and above. 
Many of the students did not really understand how to rotate the figure as required by the 
instruction in the question. The students used a variety of (incorrect) methods and reasoning 
strategies. For example, it seemed as if the student, whose snippet is shown below, was simply 
looking at the “size” of the angle, rather than at a figure that is being rotated. For this student, 
she just looked at the way the angle is “open” and then related that to sizes of angles she knows. 
Therefore, this student did not understand the essence of what it is to rotate a geometric shape. 
Hence the researcher created the initial code “Incorrect rotation”. 
 
 
 
Figure 5.5: Snippet showing an example of a student’s scribbling for MC Question 7 
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Another student, whose snippet is shown below, “counted in 90˚” starting from where the 
given figure lies. Hence this student chose option D as her answer. Again, the researcher’s 
impression was that the student did not know how to perform a rotation.  
 
 
Figure 5.6: Snippet showing an example of another student’s scribbling for MC 
Question 7 
 
Data from the interview of one student, S3, show the student’s reasoning that led to her 
choosing option B as the answer to the question. The interview data appear below.  
 
Interview with S3 
Researcher: Please explain:  how did you come up with the answer? … You can also 
scribble on the paper…as you explain to me….  
S3: Because full angle is 360 degree…  
Researcher: Where is the full angle in this case? 
S3: Here … (points at Point O). And then this is 90 (draws a small rough diagram showing a 
system of axes, at the bottom right corner of the paper) … this is 180 ….360….so this is how 
I realised this is a full angle… 
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Figure 5.7: Snippets showing a student’s rough work that lead to her answer  
 
Researcher: So you were looking at this dot… (pointing at Point O)…Did you use these 
two? (pointing at the two figures given on the diagram)  
S3: No 
Researcher: What did you think they were?   
S3: I didn’t look at them… 
Research: So, you didn’t even consider them? …What did you think the question wanted?  
S3: It wanted the size, using this dot… so… (pauses)… 
Researcher: The size of what? 
S3: The size of the shape,…these shapes…(pointing at the two figures) 
Researcher: These two…. (points at the two figures)…did you use them to find that size? 
S3: No… 
 
The researcher’s interpretation of the above interview data is that the student did not understand 
what she needed to do in order to get the answer tos this question. She did not know the meaning 
of “angle of rotation”. This confirms the findings of other research studies. For example, in a 
study by Evbuomwan (2013) students experienced difficulties with the description of the 
characteristic features of rotation, such as the centre and angle of rotation. The fact that the 
student referred to above, simply drew angles around the point, without considering how the 
shape has been rotated from the original figure to the image, shows that she did not know how 
the rotation of a figure is done. Therefore, the researcher confirmed the relevance of the code 
“Inability to perform a rotation” with this student as well. Furthermore, the use of language by 
the student, to describe what is going on during the transformation of a figure, was confusing. 
Terms and phrases such as “this is 90” (without mentioning the units of measure, degrees), “the 
size of the shape” indicate that there were errors involving the use of language to explain the 
student’s thinking and actions. The current study therefore confirms the findings of many 
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studies that highlight language issues as one of the challenges facing students when they have 
to solve geometric transformation problems (Harper, 2003; Evbuomwan, 2013; Luneta, 
2015b). 
 
In another interview with S5, she gave an explanation of how she arrived at the answer for 
question 7. Among the things she said was: “Sometimes you can rotate shapes from the x-axis, 
sometimes from the y-axis…”. Besides this being a language-related error, in terms of 
inappropriate terminology used for describing a rotation, the researcher interpreted such 
statements as an indication of the extent to which students struggled with descriptions and a 
basic understanding of what rotation entails. In this case, a description of a rotation should 
include mentioning the angle of rotation, the point about which the shape is rotated, as well as 
the direction of rotation, and not the axes. Given the various misconceptions displayed by 
students in trying to interpret and answer this question, as discussed above, the researcher 
supports the assertion by Xistouri and Pitta-Pantazi (2011, p. 5) that “the most difficult tasks 
for the students seem to be the rotation tasks”. 
 
Question 12 
What are the coordinates of the vertex if the figure is rotated 180° clockwise about the origin? 
Circle the correct answer. 
 
a. A' (-2; -2), B' (-5; 2), C' (-3; 6), D' (3; 4) 
b. A' (2; -2), B' (-2; -5), C' (-6; -3), D' (-4; 3) 
c. A' (-2; -2), B' (2; -5), C' (6; -3), D' (4; 3) 
d. A' (2; 2), B' (-2; 5), C' (-6; 3), D' (-4; -3) 
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Almost 33% (27 students) of the students chose incorrect option C, instead of option B, in this 
question, which was set at van Hiele level 2. This was the second highest number of “Prevalent 
incorrect option”. An example of a student’s (S53) work showing a diagram she drew in order 
to answer the question, appears below. 
 
 
Figure 5.8: Snippet showing a student’s response to MC Question 12 
 
When the student was interviewed, she explained: “it says rotate 180˚…180˚ is a straight 
line….so the points must be in a straight line…”. Therefore, S53 drew the image in such a way 
that the corresponding vertices of the shape and its image lie on a vertical straight line. It 
seemed as if she made an association between “rotated 180˚” and “a straight line”. That is, she 
thought each vertex of the given shape should be joined by a straight (and vertical) line to a 
corresponding vertex of the image. Hence, she chose option C, after she “tried all the given 
points” (meaning that after she checked out which of the given options would result in the 
vertices of the shape and its image being connected by vertical lines). Analysis of data from 
this question, therefore, lead to the existing code of “Cannot perform a rotation”, since students 
seemed unable to rotate a shape according to a given angle of rotation.  
 
Question 16 
A triangle has vertices at A (1; 3), B (4; 2), and C (3; 8). Which transformation would produce 
an image with vertices A'(3; -1), B' (2; -4), C'(8; -3)? Circle the correct one. 
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a. A reflection over the x-axis 
b. A reflection over the y-axis 
c. A rotation 90 degrees clockwise 
                        d. A rotation 90 degrees counter-clockwise 
 
Almost 22% of the students chose option D, instead of C, for this question, which was set at 
van Hiele level 2. An example of a student S1’s response (including some scribblings) to the 
question appears in the snippet below. 
 
 
Figure 5.9: Snippet showing a student’s use of incorrect rules  
 
Looking at the scribbling on the script, the researcher could recognise immediately that S1 used 
the wrong “Rules of transformations” for this question; the rule scribbled in pencil here is 
correct. However, the student, even though he wrote the correct rule, associated it with the 
wrong case/option. The scribbled rule in the above snippet is that of a rotation of 90˚ clockwise, 
and not for counter-clockwise, as chosen by S1. Therefore, S1 forgot which of “clockwise” or 
“counter-clockwise” the rule belonged to. Students’ errors involving rules of transformations 
in the current study confirm the findings in Ilaslan’s (2013) study, that the use of rules 
sometimes caused problems because students could not always remember the rules involved. 
 
Another student, S80, who also chose the incorrect option D as her answer, scribbled on her 
answer script as depicted in the snippet below.  
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Figure 5.10: Snippet showing a student’s incorrect response to MC Question 16 
 
S80’s rough diagram indicates that she correctly plotted the points (roughly) for the given 
coordinates of both the triangle and its image. Then when she had to choose the correct option, 
based on her diagram, she chose the wrong option, namely, D, instead of C.  When S80 was 
interviewed by the researcher regarding this question, she picked the error she had made, on 
her own. She acknowledged, after explaining the diagram she drew, that she “made a 
mistake…answer should be … clockwise, not anti-clockwise. This was therefore a case of an 
“unintended mistake” (Luneta & Makonye 2010, p. 38). 
 
Question 17 
In which of these drawings is translation and reflection used? Circle the correct answer.  
 
 
 
About 23% of the students chose the incorrect option B, instead of C, for this question. An 
example of a snippet showing the reasoning behind the choice made by one student, S30, is 
depicted below.  
 
208 
 
 
Figure 5.11: Snippet showing a student’s incorrect response to MC Question 17  
 
During interviews, S30 explained that the shape on the right above the line is a translation of 
the one on its left, which he called the “original”. When the researcher asked him why he said 
that it was a translation, he mentioned that the shape “has changed position”. He did not realise, 
or he ignored the fact that, the shape he was referring to has changed orientation as well. 
Therefore, the researcher linked his response to this question, to the code “Confusing a 
translation with a reflection”. An interesting comment made by S30, when asked how he knew 
that the shape was a translation, was “…because in South Africa, we start from left going to 
right” (and then he indicated by gestures that the shape has therefore “moved from left to 
right”). This gave the researcher the impression that S30 does not think a shape would ever be 
translated from the right towards the left. The student, therefore, was not aware of the properties 
of a translation, making it difficult for him to see the difference between a shape that has been 
translated and one that has undergone a different transformation (Mateya, 2008). 
 
A related error involving translation for this question was made by another student, S56. She 
also chose option B as her answer. When explaining why she chose that option, she said that 
the two figures above the line showed a translation, because “…if you are translating you take 
it as it is”. Yet the two figures she was referring to were different. This confirms the findings 
of Kaplan and Öztürk’s (2014) study that students experience some confusion between the 
properties of figures after translation and reflection.   
 
Back to S30, when asked how he knew that the shape at the bottom of the line was a reflection, 
he explained that “…it is reflected because there is the line in the middle”. By implication, 
therefore, whenever there is a line in the middle and shapes on either side of the line, then those 
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shapes are reflections of each other. He did not consider any of the properties of a reflected 
shape. It should also be noted that S30 is the same student who wrote the note, depicted in 
Figure 5.4, involving the confusion he had about the rules for a reflection and a rotation. Then, 
for this Question 17, it seems that, as discussed in the previous paragraph, he confused 
translation with reflection as well. 
 
After analysing the data from the above questions, the researcher looked at the responses of the 
students to the rest of the other MC pre-test questions. The next section discusses the data and 
analysis obtained from the other questions.  
 
 Analysis of data emanating from other MC pre-test questions  
 
As mentioned in the previous chapter, the researcher had encouraged students to scribble on 
the test scripts as much as possible. Even though some students did not follow this instruction, 
and some only scribbled for certain questions and not for others, some scribblings helped the 
researcher to make sense of the students’ thinking and reasoning. She therefore analysed these 
scribblings in connection with the choices for each question, and then further interviewed some 
students for clarity. The table below presents data from the remaining questions, together with 
corresponding data from student interviews, where applicable. In certain instances, the data 
from students’ scribblings in their test scripts was sufficient, and the researcher did not have to 
interview a particular student, especially because the whole student group could not be 
interviewed due to time constraints. The table below depicts data presentation and analysis 
based on the other questions of the MC pre-test.  
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Table 5.3: Data presentation and analysis from other questions in the MC pre-test 
Question 
number 
Examples of students’ responses with errors Related interview data 
with error/misconception 
(where applicable) 
Initial coding Emerging themes 
1  
 
“This one looks the same as 
original… must be rotation 
of 360”. 
Confusing 
translation 
with rotation 
 
Incorrect properties of 
transformations 
 
2 
 
 
 
“… count from the 
end….then when you reach 
the diagram … then you 
count down…” 
Incorrect 
translation 
Incorrect properties of 
transformations 
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3 
 
 
 
 
 
 
“Triangle XPL moves to 
(become) triangle DWT…” 
instead of “…triangle DWT 
to triangle XPL…” 
 
Formed by “…rotating 
clockwise…” 
 
Instructions 
 
 
 
 
Confusing 
reflection with 
rotation 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Incorrect 
rotation 
Misunderstanding 
instructions 
 
 
 
Incorrect properties of 
transformations 
 
 
 
 
 
 
 
 
 
 
Incorrect properties of 
transformations 
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8 
 
“- 4 -2 = -2” … “sign of the 
bigger number” 
Algebraic 
signs 
Errors involving basic 
operations 
9  
 
 Algebraic 
signs 
Errors involving basic 
operations 
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11 
 
  
 
To plot coordinates for B(-4; 5), another student starts at 4 on the y-axis and then 
counts 5 spaces towards the left 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
“… -4 is here…I start 
counting from here, then 5 
times to the left…” 
Incorrect rule 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Plotting points 
Application of 
incorrect rules of 
transformation 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Incorrect plotting of 
points 
13 
 
Double error:  
Interpretation of translation – two units to the right becomes -2 
Calculation - -2 -2 = 0 
  
Incorrect 
translation  
 
 
 
 
 
 
 
Algebraic 
signs  
 
Incorrect properties of 
transformations 
 
 
 
 
 
 
 
Errors involving basic 
operations 
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14  
 
 
Correct diagram drawn, incorrect transformation chosen 
“vertical line is x-axis … 
translation over the x-axis”  
 
Confusing x-
axis and y-axis 
during 
reflection 
Incorrect properties of 
transformations 
15 
 
“The triangle is on the 
other side of y-axis…. it is a 
reflection on the y-axis”. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Confusing 
reflection with 
rotation 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Incorrect properties of 
transformations 
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Plotting of 
points 
 
 
Incorrect 
reflection 
 
Incorrect plotting of 
points 
 
 
Incorrect properties of 
transformations 
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Various errors that were displayed by students in their responses to the MC pre-test were 
common between different questions, as depicted in the Table 5.3 below. That is, students 
would, for example, make errors involving the plotting of points in one question, and a similar 
error in another question. The misconceptions and associated errors identified from the MC 
test in the current study, on the whole, confirm the findings of various studies that have been 
done on students’ (mis)conceptions in transformation geometry. For example, errors involving 
language-related issues have been documented by Evbuomwan’s (2013) as well as Alex & 
Mammen (2014). Errors involving the incorrect application of rules and poor algebraic skills 
were part of the findings in Naidoo and Bansilal’s (2010) study. Studies by Yanik (2013), 
Kaplan and Öztürk (2014) and Luneta (2015b) confirmed students’ misconceptions involving 
properties of the different types of transformation. Furthermore, the analysis of the MC pre-
test in the current study confirms that most students’ levels of thinking in transformation 
geometry are below Level 3 of Van Hiele.  That is, these students were not able to solve 
problems that involved analysis, deduction and rigour (Kambilombilo & Sakala, 2015). 
 
The researcher decided not to determine students’ overall performance per question on the MC 
pre-test. Most of the MC pre-test questions involved students having to work through different 
types of transformation in the same question, in order to choose an option as an answer. 
Therefore, an interpretation of data on overall performance per question might be flawed or not 
be significant for answering the first research question. For example, in Question 5 in the above 
discussion, the question involved rotation, reflection and translation. Therefore, if a student got 
the answer incorrectly, and did not provide much explanation or scribbling, the researcher 
would not be able to know for sure which of the types of transformation presented a challenge 
to the student. Unless the researcher was to interview all the students, in which case time 
constraints would not allow that.  
 
The researcher, therefore, relied on interviews with selected students, based on issues of 
interest, such as “Prevalent incorrect options”, as discussed above.  The explanations provided 
by these students allowed her to pick up some errors associated with different types of 
transformation, as mentioned in the preceding discussion. Furthermore, the Discussion type 
test was more appropriate for an analysis of student responses (and therefore errors) in the 
context of the different types of transformation. Therefore, the researcher had planned to 
analyse the overall performance according to the types of transformation using students’ 
responses in the Discussion type test, and that analysis follows in the next section.  
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 Analysis of data emanating from Discussion type (D) pre-test  
 
The initial coding of students’ answers to the D pre-test, as explained in the previous chapter, 
appears in the table found on the next three pages. The meaning of the codes that are used in 
the table was given in the previous chapter but is also repeated here for ease of reference: 
Y = Yes, the answer is correct 
N = No, the answer is incorrect due to some other reasons not listed below 
Y lang = The answer is partially correct due to the language used 
N lang = No, the answer is incorrect due to the language used 
N x-axis = No, the answer is incorrect due to x-axis related response 
N y-axis = No, the answer is incorrect due to y-axis related response 
Y incomp = Yes, the answer is partially correct due to incomplete information 
N incomp = No, the answer is incorrect due to incomplete information 
N blank = No response/answer is given to the question 
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Table 5.4:  Table showing coding for student answers in the Discussion type pre-test 
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Similarly to the MC pre-test initial coding, the initial coding of students’ responses in the D 
pre-test, as it appears in Table 5.4 above, allowed the researcher to notice immediately, striking 
features of the data in the table. For example, most students (71) answered Question 9 correctly, 
meaning that 87% of the students could easily draw a vertical line of reflection when given a 
figure and its image (refer to Appendix B and also see Table 5.5 in a section below). This 
striking observation made the researcher curious to know if the students in the current study 
found it easier to determine the line of reflection if it is “in a standard direction” Pelczer (2017, 
p. 50). That is when the line is vertical (or horizontal; see performance in related MC pre-test 
Question 10) compared to when it is oblique or slanted. An earlier study by Bordewyk (2016) 
revealed that students found reflections in horizontal or vertical lines to be an easier task than 
in lines with other orientations. The researcher in the current study, therefore, looked for a 
question in which a reflection in a slant line was applicable, to determine students’ performance 
in the question. In the case of the D pre-test, that would be question 16. The analysis of data 
for this question is given in the next paragraph.  
 
In D pre-test Question 16, students had to determine the kind of transformation involved in the 
figure below, if triangle CEF is formed by transforming triangle ABC.  
 
 
Figure 5.12: Diagram for D pre-test Question 16 - Triangle ABC is transformed to 
triangle DEF 
 
Only 13 students (16%) realised that triangle CEF could also be a reflection of triangle ABC 
on (slanted) line CD (which they had to recognise and draw). Instead, most of them only 
mentioned the translation involved, hence the prevalence of the code “N incom” for this 
question, as it appears in Table 5.4 above. This confirms research findings that students have 
“limitations with questions on reflection which required them to find images of objects 
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reflected in slant lines” (Kambilombilo & Sakala, 2015, p. 147). The above example, Question 
16, is just one way in which the coding used in Table 5.4 led to the subsequent formulation of 
themes such as “Incomplete descriptions of transformations”. A further analysis of data found 
in Table 5.4 is done in the paragraphs that follow. In many cases when this analysis is done, 
reference will also be made to data appearing in Table 5.5 below.  
 
Table 5.5, as it appears over four pages below, indicates the overall performance of students 
per question in the D pre-test. The researcher felt that, unlike in the MC pre-test, overall 
performance in the D pre-test would give an indication of students’ performance in relation to 
the different types of transformation since most questions dealt with a specific type. 
Performance per type of transformation was of interest to the researcher because the literature 
suggests that students’ performance and understanding in the different types of transformation, 
generally, is not the same (Xistouri & Pitta-Pantazi, 2011; Evbuomwan, 2013). Therefore, the 
researcher needed to create an opportunity for analysis of data according to students’ 
performance in the various transformations, to see if the results of the current study would 
match those of other researchers.  
 
The data in Table 5.5 also includes the arrangements of the D pre-test questions according to 
Soon’s levels, as already discussed in the previous chapter on data collection. Soon’s levels are 
aligned with Van Hiele levels of geometric thinking.  Therefore, by arranging and displaying 
data in this kind of a table, the researcher was able to make the connections between Van Hiele 
levels of geometric thinking and students’ performance in the various transformations 
according to these levels. These connections will be discussed, as already mentioned in a 
previous paragraph, in conjunction with, and with reference to Table 5.4.  
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Table 5.5: Overall student performance per question in the Discussion type pre-test 
 
Type of 
transformation 
Soon’s 
level 
Description of question Question 
number 
Percentage of correct 
answers 
Translation  1 Name and describe transformation 3.1 28
82
 = 34% 
2 Draw image – figure translated over given number of units 
 
Draw translation vector 
 
Name type of transformation, given coordinates 
 
5 
 
10 
 
13 
53
82
 = 65% 
28
82
 = 34% 
42
82
 = 51% 
3 Argue whether the given transformation is a translation or not 
 
Draw image of given figure according to given coordinate rule 
7 
 
13 
47
82
 = 57% 
25
82
 = 30% 
4    
Reflection 1 Describe the changes in the picture 
 
Name and describe transformation  
2.2 
 
3.2 
49
82
 = 61% 
8
82
 = 10% 
224 
 
2 Draw shape in correct position after reflection 
 
Draw image if figure is reflected in y-axis 
 
Reflect figure across ‘non-axis’ line 
 
Draw line of reflection  
1 
 
4 
 
6 
 
9 
58
82
 = 71% 
64
82
 = 78% 
21
82
 = 26% 
71
82
 = 87% 
3 Reflect a given figure on any of its sides to create a quadrilateral 22 11
82
 = 13% 
4    
Rotation 1 Describe changes in the picture (90˚ rotation) 
 
Describe changes in the picture (45˚ rotation) 
 
Name the transformation 
2.1 
 
2.3 
 
11.1 
70
82
 = 85% 
43
82
 = 43% 
68
82
 = 83% 
2 Locate/draw centre of rotation and angle of rotation 
 
Find coordinates of image given a figure and its image 
  
Determine coordinates, given pre-image, rotation of 90˚ clockwise 
about origin 
11.2 
 
12 
 
14.1 & 
 
5
82
 = 6% 
51
82
 = 62% 
16
82
 = 20% 
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Explain how coordinates of image are obtained 
 
Explain the relationship between lengths of sides of pre-image and 
image 
 
Identify properties that describe a rotation 
 
Rotate figure through 90˚ clockwise about origin 
 
Determine angle through which figure has to be rotated to fit exactly 
onto original 
 
Describe how to figure out the angle of rotation to obtain a given 
condition 
14.3 
 
14.2 
 
14.4 
 
 
14.5 
 
15.1 
 
15.2 
   
 
15.3 
56
82
 = 68% 
6
82
 = 7% 
38
82
 = 46% 
 
3
82
 = 4% 
 
2
82
 = 2% 
19
82
 = 23% 
 
7
82
 = 9% 
3 Describe the kind of transformation given a figure and its image 
 
Motivate why a rotated figure and its image are congruent 
17 
 
19 
3
82
 = 4% 
8
82
 = 10% 
4    
1    
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Composition of 
transformations 
2 Describe the difference between translation and rotation 8 
 
21
82
 = 26% 
3 Determine the possible types of transformation, given a figure and its 
image 
 
Describe two different transformations undergone by a figure to 
become its image 
 
Describe how transformation can be used to make a given tiling 
pattern 
 
16 
 
 
18 
 
 
21 
 
13
82
 = 16% 
 
4
82
 = 5% 
 
0
82
 = 0% 
4 Prove why a given rule represents a combination of different 
transformations 
20 1
82
 = 1% 
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One other feature that can be identified in the data in Table 5.4 is the concentration of the codes 
“N”, “N incom” and “N blank” towards the right-hand side of the table. Considering the 
meaning of these codes, as explained earlier on, this suggests that students made more errors 
(or had more challenges) as they worked on the questions towards the end of the test. Questions 
that appear towards the end of the test are those that are set at higher Van Hiele levels. For 
example, looking at Table 5.5, one will notice that questions starting from Question 16, 17, 18 
and so on, for example, are set at Soon’s (and therefore Van Hiele’s) level 3 and above. 
Therefore, the presence of the codes mentioned at the beginning of this paragraph, towards the 
end of the table implies that the students struggled to reason at levels higher than Van Hiele 
level 2, in the D pre-test, hence they made errors (codes “N” and “N income”) or did not attempt 
to answer the questions (code “N blank”).  
 
To give a quantified picture of the comparison in students’ performance between Van Hiele 
lower- and higher-level questions in the current study, reference can be made to performance 
according to percentages. For example, for the questions listed in the first five columns in Table 
5.4, students’ percentages of correct answers are 71%, 85%, 61%, 43% and 34% respectively 
(refer to Table 5.5 for percentages). On the other hand, percentages of correct answers for the 
last five columns are 5%, 10%, 1%, 0% and 13% respectively. This shows clearly that students 
mostly performed poorly in the questions that were set at higher Van Hiele levels. These 
findings support various studies (Alex & Mammen, 2014; Luneta, 2015b; Kekana, 2016) which 
made similar conclusions about the performance of students in geometric transformation tasks 
that are set at higher Van Hiele levels.  
 
A similar feature and interpretation between the D pre-test Table 5.4 and the MC pre-test Table 
5.1 is that of the performance of students according to whether they did Mathematics (M) or 
Mathematical Literacy (ML) at matric level. In the current study, students who performed 
better—in terms of the number of correct answers provided—are those who did Mathematics, 
compared to those who did Mathematical Literacy. For example, out of the 13 students who 
obtained 50% or more in the D pre-test, 12 of the students did M and only one student did ML 
in his matric level Mathematics. The researcher tried to find out if this fact has any significance 
for the current study. This is further discussed in the next chapter as part of reflection on the 
extent to which the action research facilitated learning.  
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In the paragraphs below, a question-by-question analysis of students’ responses to the D pre-
test is done, also incorporating some data that came from student interviews, to support some 
of the statements and calculations made by students on their test scripts. It must be noted that 
interviews did not cover students’ responses to the D pre-test as much as they covered 
responses to the MC pre-test. The reason for this is that questions for the D pre-test, by design, 
gave more opportunity for students to explain their thinking, on the test script itself, thus 
allowing the researcher to get insight into their reasoning even without the need for interviews, 
in many cases.  Just like it was the case during the analysis of MC test, the researcher 
formulated some codes and emerging themes based on data analysis of students’ responses to 
the D pre-test. Most of these codes and themes; however, matched those that have already been 
formulated after the analysis of the MC pre-test and interviews. Nevertheless, the researcher 
mentions the themes and codes again since they are applicable under different contexts for most 
of the questions. 
 
Question 1 
 
In this question, which is set at Van Hiele level 2, students were required to draw a shape in a 
correct position after reflection on a mirror, according to the instruction given. They did not do 
too badly in this question, with 58 students being able to draw correctly the figure required. 
Those who did not succeed made errors mostly relating to misunderstanding the instruction to 
this question. For example, the student who drew the diagram shown at the top in the snippet 
below, explained during interviews: “I skip one unit and then place it here close to the 
mirror…”. For this student, the meaning of “towards the mirror” was interpreted as “leaning 
upon the mirror”. Similarly, another student, whose answer is shown at the bottom in the 
snippets below, explained that she thought when a figure is moved, it is shifted to the left or 
right, and up or down. Therefore, this student considered translating a figure as always 
involving movement in two different directions. These finds are supported by Yanik (2013), 
whose study revealed that pre-service teachers have difficulties with geometric translations, in 
terms of, among other things, performing and representing this kind of transformation.  
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Figure 5.13: Snippets showing examples of students’ answers for D pre-test Question 1 
 
The analysis of data from this question, towards answering the first research question, led to 
the codes “Instructions” and “Language”, as well as the themes “Misunderstanding 
instructions” and “Errors involving language issues”. 
 
Question 2 
 
Here, students were required to describe changes that happened in a picture. The changes 
involved reflection and rotation. Since descriptions inevitably involve the use of language, the 
challenges experienced by students in this question were language-related. Examples of 
students’ responses are given below. 
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“… card has turned 1 unit”   
  
 
 
“… card is like it is still on process for rotating or falling…”  
 
Figure 5.14: Examples of students’ answers for D pre-test Question 2 
 
It can be seen from the above examples that students did not use appropriate language for a 
particular transformation. For example, in the top picture in Figure 5.11 above, the student used 
the word “unit” to describe a change associated with a rotation, even though the word “turn” 
was used appropriately. Some of the reasons that have been suggested for students’ use of 
inadequate language of geometric transformation have been linked to teachers and their lack 
of communication skills (Luneta, 2015a). For example, teachers do not provide sufficient 
opportunities for students to “predict, justify or construct mathematical knowledge” (Luneta, 
2015a, p. 5). This manifests in students’ deficiencies in the use of appropriate language when 
describing transformations. Hence the researcher created the code “Inappropriate language” 
and theme “Errors involving language issues” from the above data. 
 
Question 3 
 
In this question students had to name and describe the transformation depicted in the diagram; 
see examples of students’ work below. Only 34% of the students named the transformation 
correctly and even fewer students (10%) described it correctly. Mostly, students struggled to 
determine correctly how the figure has been shifted. Just like the researcher has discovered 
with the MC question 3 (see Table 5.3 above), students count the number of units by shifting 
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from one far end of the given shape, towards the image, and then stop as soon as they touch 
any part of the image.  
 
The student whose work appears at the top in the snippets below explained: “… I start here… 
on B….then count 1, 2, 3, I reach this line… I cannot count anymore…”. When asked what if 
she had started counting at another point, such as C, or at any other point on the shape, the 
student explained that then she would count 5 units towards the image. Therefore, students do 
not understand that the shifts translate the entire shape and that all points associated with the 
shape should be translated by the same number of units. Hence one has to relate a point on the 
shape to a corresponding point on the image, in order to determine and describe the translation 
that has occurred. This example also confirms Yanik’s (2013) findings that students have 
difficulty executing translations. Considering responses such as that of the student referred to 
above, the researcher formulated the code “Incorrect translation” and the theme “Properties 
of transformations”. 
 
 
 
 
 
 
 
 
 
     
Figure 5.15: Snippets showing examples of students’ answers for D pre-test Question 3.1 
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Other students were confused, not sure whether to call the transformation a translation or a 
reflection. Some also did not provide a meaningful description of the transformation in 
Question 3.1. The student whose response appears at the bottom of the above figure, for 
example, called this a translation. However, then he went on to describe it, in a not so articulate 
manner, by introducing the notion of quadrants in the picture. This particular student mentioned 
that “…it’s like… it is shifted to the next quadrant…”. From the errors picked up in the work 
of this particular student, the researcher formulated the codes “Language” and “Transformation 
occurs on quadrants”. The two codes were then clustered into the bigger themes of 
“Incomprehensible descriptions of transformations” and “Introducing a system of axes where 
it does not exist”, respectively. 
 
For Question 3.2, even though many students named the type of transformation correctly as a 
reflection, only 10% described it correctly as a reflection on line CB. Most students described 
this as a reflection on the x-axis. The student whose response is shown in the snippet below, 
even went on to state (correctly) the rule for a reflection on the x-axis, which was totally not 
applicable in this case. After analysing this question, the researcher formulated the code 
“Transformation in axes” and theme “Introducing a system of axes where it does not exist”, 
respectively 
 
Figure 5.16: A snippet showing an example of a student’s answer for D pre-test 
Question 3.2 
 
The researcher interpreted the error of introducing a system of axes where it is not applicable 
as an indication that students are familiar with reflections that occur mainly on the x-axis or 
y-axis. This might be attributed to the fact that, in the South African school curriculum, it is 
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stipulated that reflection of figures is done in the x-axis, the y-axis and the line x = y 
(Kekana, 2016). Furthermore, teachers have a tendency to use prototypical figures when 
doing geometric transformations (Alex & Mammen, 2014), leading to students not being 
exposed to unfamiliar cases.  
 
Question 4 
 
Most students (78%) managed to draw a reflection of the given figure on the y-axis, as required 
in this question. Some of the students who did not draw the correct reflection made errors with 
calculations, such as the example shown in the snippet below. Reading from her scribbling on 
the test script, the student in this case tried, unsuccessfully, to apply the rules for reflection on 
the y-axis. The incorrect application of rules, together with faulty plotting of points, resulted in 
the student drawing an incorrect reflection of the given figure.  
 
 
Figure 5.17: A snippet showing incorrect application of rules to answer D pre-test 
Question 3.2 
 
The codes that resulted from the analysis of the data in the above case were “Incorrect rules” 
and “Incorrect plotting”. These two codes were then further classified under the two broader 
themes of “Errors involving incorrect rules of transformation” and “Errors involving plotting 
of points”. This question, therefore, is another example that confirms Ilaslan’s (2013) findings 
about the fact that students’ use of rules of transformations sometimes is a source of error when 
students apply the rules incorrectly. Interestingly; however, in the current study, while some 
students did not seem to discern when it is convenient to use visualisation to draw the image 
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and when to use the rules, some weighed the advantage of each option (see interview extract 
with student 57 in Appendix C). 
 
The student whose work appears in the snippet below drew an incorrect reflection and argued, 
during interviews, that “… reflection of this shape cannot be over the x-axis when it is reflected 
on the y-axis”. Upon probing by the researcher, the student explained that the image cannot be 
found above the x-axis; it must be “somewhere down here” on the other side of the y-axis”. It 
was interesting yet not surprising that this was the same student, S9, whose work for MC 
Question 6 appeared in Figure 5.3 under the discussion of the analysis of the MC pre-test. The 
student made similar arguments to support her reasoning and answers for both MC pre-test 
Question 6 and D pre-test Question 4. 
 
 
Figure 5.18: A snippet showing an example of an incorrect reflection for D pre-test 
Question 3.2 
 
Question 5  
 
For this question, 65% of the students were able to translate the figure correctly over the given 
number of units. There was not much similarity in errors committed by students for this 
question. Unfortunately, the one student, S58, who was selected for interviews to explain how 
she came up with the “translation” as done in the figure below, could not provide any 
meaningful explanation to the researcher. She started by saying that she “cannot remember 
everything…” and when the researcher probed further, she kept quiet for a long time, then 
seemed very nervous. The researcher decided to let her go.  
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Figure 5.19: A snippet showing an example of an incorrect translation for D pre-test 
Question 5 
 
Question 6 
 
In this question, students were required to reflect the given shape over the line x = 1. Only 26% 
of the students managed to draw the correct picture, compared to 78% of students who could 
reflect a given figure across the y-axis in Question 4. Students had the general perception that 
“reflection can only be done on the x-axis and y-axis”, as suggested by some students during 
interviews. The examples shown in the snippets below were some of the common responses to 
this question, where students either reflected the given shape across the y-axis (top picture) or 
across the x-axis (bottom picture). Seemingly, these students had their “own mental image” 
(Makhubele, 2014, p. 189) of a reflection as only applicable in the axes, due to their previous 
experience of “prototypical representations” (Pelczer, 2017, p. 3) that involved reflections only 
in the axes. Students who were interviewed by the researcher also indicated that they did not 
know “which line is x = 1”. The code and emerging theme formulated after the analysis of this 
question were “Incorrect reflection” and “Cannot perform a correct reflection” respectively”. 
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Figure 5.20: Snippets showing examples of incorrect reflection for D pre-test Question 6 
 
Question 7 
 
With this question, set at Van Hiele level 3, students were required to say, giving reasons, 
whether a given diagram showed an example of a translation or not. Quite a large number of 
students (more than 40%) answered “yes”, with different reasons being given, some more 
confusing than others. For example, in the snippets below, both students mentioned that the 
shape had been translated, yet they added that the size of the shape has changed. Meaning that 
they did not understand fully what happens when a shape is translated on a plane. The use of 
“non-examples” so that students could “discuss whether or not these transformations are 
examples of translations” (Flores & Yanik, 2016, p. 8) created an opportunity for the researcher 
to identify some of the students’ errors involving properties of translations.  
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Figure 5.21: Snippets showing examples of students’ responses to D pre-test Question 6 
 
The codes, after analysis of this question, were “Language” and “Confusing translation with 
enlargement or reduction” while the themes under which the two codes fell were “Errors 
involving language issues” and “Incorrect properties of transformations” respectively. 
 
Question 8 
 
Students had to reason at Van Hiele level 2, in order to answer this question. The question 
required them to describe the difference between a translation and a rotation of a geometric 
shape. Only 26% of the students gave a correct and satisfactory answer that captured the 
difference in the properties of the two types of transformation. The rest of the students used 
inappropriate language, confused the two types of transformation or gave incomplete 
descriptions. The figure below displays examples of some of the students’ responses to this 
question.  
 
“Translation is when you move a shape to other positions, using the given numbers” 
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“…figure shifts along the axis (y-axis and x-axis) to new coordinate either left or right, or 
up and down” 
 
“Rotation is when we use angles to move that particular shape into other positions” 
 
 
 
 
Figure 5.22: Snippets showing examples of students’ responses to D pre-test Question 8 
 
The literature reveals that students do struggle with descriptions of transformations because of, 
among other things, a “lack a basic understanding of rotations, reflections, and translations of 
points within the co-ordinate plane” (Bordewyk, 2016, p. 5). For example, Luneta (2015b, p. 
5) in his study of the misconception of Grade 12 learners in transformation geometry, found 
out that most of the learners “could not tell the difference between a rotation, a reflection and 
a translation”, as well as “the difference between a rigid and a non-rigid transformation”. The 
table below shows the codes and corresponding themes that were developed from data based 
on students’ responses to this question. 
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Table 5.6: Codes and themes stemming from students’ responses to Question 6 
Codes Emerging themes 
Confusing translation with enlargement or reduction Incorrect properties of transformations 
Confusing rotation with translation  Incorrect properties of transformations 
Language  Errors involving language issues 
Incomprehensible descriptions Errors involving language issues 
Transformation occurs on axes Introducing a system of axes where it does not exist 
In rotation, one point of the figure is fixed Incorrect properties of transformations 
 
Question 9 
 
Students’ performance was the highest in this question, with 87% of them giving the correct 
answer. This question, set at Van Hiele level 2, required students to draw the line of reflection, 
given a figure and its image. As mentioned in an earlier section, this high performance was a 
striking feature which the researcher could pick up immediately from Table 5.4. An example 
of an incorrect answer that was given by one student appears in the snippet below.  
 
 
 
 
Figure 5.23: A snippet showing an example of a student’s incorrect response to D pre-
test Question 9 
 
The student whose work appears in the above snippet was interviewed so that the researcher 
could get insight into the reasoning behind her answer. In her own words, she mentioned that 
“the lines…the arrows indicate that you see [the triangle] on the other side of the mirror”. 
Further probing revealed that the student did not understand the instruction, as well as the 
meaning of a “line of reflection”. She thought she was asked to indicate or draw lines showing 
how the reflection of the shape happens in the mirror. That is, as she put it “…from one side of 
the mirror you see the picture of the shape on the other side…”. Hence, she drew those lines 
pointing in opposite directions. From the analysis of this kind of data, the researcher formulated 
the codes “Instructions” and “Terminology relating to reflection”, which were further clustered 
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into the themes “Misunderstanding instructions” and “Errors involving language issues” 
respectively.  
 
Question 10 
 
This question is similar to Question 9 but is asked in the context of translation. Students were 
required to draw a translation vector. The researcher was not surprised that many students 
would not know what a “translation vector” is; hence, she included an explanation of its 
meaning, in the question. However, despite this effort, only 28 students (34%) drew the correct 
translation vector. The others provided different kinds of (incorrect) lines in different positions 
on the diagram. Some interesting and significant responses include the example given below, 
in which a student (plus a few more) drew a line between the two figures. The student supported 
his response by saying that he had “…never heard of a translation vector” and that “…only line 
I know is line of reflection”.  
 
 
Figure 5.24: A snippet showing an example of a student’s incorrect response to D pre-
test Question 10 
 
When asked whether the diagram then showed a reflection now that he drew a line of reflection, 
he was hesitant in answering but still said “yes”, it did. This response was surprising to the 
researcher for two reasons. First, it showed that the student did not quite understand the 
properties of reflection as a type of transformation. For example, he did not seem to understand 
the fact that the image is found perpendicularly across the original figure on the other side of 
the reflection line. Clearly this was not the case in his diagram, after he drew in the “line of 
reflection”. Second, when the researcher checked this particular student’s response to Question 
3, which showed the same diagram and asked students to name and describe the transformation 
(see Appendix B), he had answered the question correctly. That is, the student was able to 
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determine the number of units according to which the figure was translated, as well as the 
direction of translation of the figure. Yet in this Question 10, the student was now naming the 
transformation of the same figure a reflection. This, again, speaks to students’ confusion 
between properties of a translation and those of a reflection. Alternatively, this could be a case 
of the instability regarding Van Hiele levels (Sinclair & Bruce, 2015), whereby the student was 
“thinking from more than one level in the same or different tasks, in different contexts” (2000, 
p. 80). In this particular case, Question 3 was set at Van Hiele level 1 while question 10 was 
set at Van Hiele level 2. 
 
The analysis of data from this question produced the code “Language” and the emerging theme 
“Deficient knowledge of transformation concepts”. As mentioned in an earlier discussion, pre-
service teachers’ challenges with understanding translations has been presented in the findings 
of other studies, such as that of Yanik (2013). 
 
Question 11 
 
In this question, a figure and its image are given. Students are then required to name the 
transformation, draw/locate the centre of rotation and the angle of rotation. According to the 
information in Table 5.5, only five students (6%) correctly located the centre of rotation and 
the angle of rotation, which are, according to Soon’s levels in the table, skills at Van Hiele 
level 2. The rest of the students made several different errors, which were somehow common 
among a few individuals. For example, some students simply wrote the sizes of angles at 90˚ 
corners on the diagram; others indicated the direction of rotation anywhere on the diagram. 
Others also drew a system of axes and then showed the direction of rotation from the centre 
(origin) to any one of the two figures, and so on. In addition to that, they also wrote down some 
coordinate points which they explained later during interviews, that: “I thought locate means 
where is it… the coordinates”. Besides students’ language-related errors in this question, many 
of them struggled with interpreting and carrying out the instruction to this question correctly; 
hence, their performance was one of the lowest out of the questions set at Van Hiele level 2 
(see Table 5.5). Students’ challenge of finding the centre of rotation in the current study 
confirms the findings by Acquah (2011), whose study concluded that student teachers found it 
difficult to determine the centre of rotation. 
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A unique but interesting response is shown below, by which the student joined all ‘corners’ of 
one shape to the corresponding ‘corners’ of the other (image), and then he did not indicate any 
centre of rotation or angle of rotation.  
 
 
 
Figure 5.25: A snippet showing an example of a student’s incorrect response to D pre-
test Question 11 
 
It seemed as if the student had an idea about the method of finding the centre of rotation by 
construction of the perpendicular bisectors of the lines joining corresponding points on the 
figure and its image. Only that he did not finish this task, hence he did not indicate either the 
centre of rotation or the angle of rotation. At first, the researcher got the impression that the 
student “had problems in using mathematics instruments (protractors and pairs of compasses)” 
(Kambilombilo & Sakala, 2015, p. 147). During interviews, the student explained: “I heard 
once that you must join the same corners…. I mean, the same … where they are looking the 
same…you find the centre in the middle” (pointing at the intersection/s of the lines). It seems 
as if this student did not realise that the centre of rotation (as well as the angle of rotation) 
cannot be different for different points in the same figure.  
 
Following the analysis of this question, the researcher formulated the codes: “Instructions”, 
“Language” and “Confusing rotation with reflection”. These codes then found their way into 
the bigger themes of “Misunderstanding instructions”, “Errors involving language issues” and 
“Incorrect properties of transformations”. 
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Question 12 
 
This question, with several sub-questions, was set at Van Hiele level 2 and had 62% of the 
students giving the correct answer. Many of those who did not get the correct answer made 
mistakes involving omitting the negative sign when writing down the answer. This was the 
case in the example given at the top of the snippets below. However, some students chose to 
use the rule for rotating a figure through 90˚ clockwise, which they did not apply correctly. An 
example of such incorrect application of rules appears at the bottom of the snippets given 
below; see a student’s scribbling on the right-hand side of the script. The student explained 
later on during interviews that he “looked at the reflection of points B and C in the diagram” 
in order to get the coordinates of E and D, because he “could not remember the rules …”. He 
then scribbled these coordinates down. Therefore, the student confused reflection with 
rotations, a common misconception which has been discussed in a previous section before. In 
this case, however, the student obtained the correct answer for the question, in the end, since 
he just read the required coordinates directly from the diagram.  
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Figure 5.26: Snippets showing examples of students’ incorrect responses to D pre-test 
Question 12 
 
The codes: “Omitting a sign”, “Incorrect rules” and “Confusing rotation with reflection” were 
formulated from the analysis of this question. The three codes then fell under the broader 
themes of “Missing information”, “Application of incorrect rules of transformations” and 
“Incorrect properties of transformations” 
 
Question 13 
 
With this question, students were required to draw the image of a given figure according to a 
given rule. Only 30% of the students could answer this question correctly. Causes of incorrect 
answers ranged from reading coordinates of points incorrectly, doing incorrect calculations, 
plotting points incorrectly, as well as not understanding what the question required them to do. 
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This, despite the fact that in the snippets below, the example at the top shows a students’ 
incorrect plotting of the points (-4; 1) and (2; 6), even though both calculations were done 
correctly; see scribbling on the left-hand side of her test script. This resulted in a wrong image 
being drawn. The example at the bottom shows how a student made errors first by not following 
the instructions of the question, in that she did not draw the required image. Second, she made 
an error by interpreting “x – 2” as “two units to the right”. For this question, the researcher 
formulated the codes: “Incorrect reading of coordinates”, “Incorrect plotting”, “Incorrect 
calculations” and “Instructions”. These codes were further clustered under the themes: 
“Incorrect reading and plotting of points” “Errors involving basic calculations”, 
“Misunderstanding instructions”. 
 
 
  
 
Figure 5.27: Snippets showing examples of students’ incorrect responses to D pre-test 
Question 13 
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Question 14 
 
Most students could not do the rotation correctly in this question. Only 20% of them gave the 
correct coordinates for Cꞌ. Instead of rotating the point C(4; 1), 90˚ clockwise through the 
origin, to get Cꞌ(1; -4), most students reflected the point on the x-axis and obtained Cꞌ(4; -1). 
Their (faulty) reasoning was explained in Question 14.2, as seen in the example on the top 
picture below, where the student explains the rule she used. In this case, she used the rule for 
reflection of a point in the x-axis. It should also be noted in the example below that the student 
made another error by omitting the negative sign in the y – coordinate of Cꞌ, which ended up 
not matching her explanation in Question 14.2. This student picked up the “careless mistake” 
when she was interviewed, as she commented: “…oh…there should be negative here … -1… I 
forgot to put negative here…”. 
 
 
Figure 5.28: Snippets showing examples of students’ incorrect responses to D pre-test 
Question 14 
 
An explanation by another student, who did perform a rotation as required in this question, 
shows that she made an error by using an incorrect rule for rotation (see example at the bottom 
of Figure 5.26. This particular student applied the rule incorrectly as follows: 
                                                            (x; y) → (x; -y) 
This, in effect, ended up being the rule for reflection on the x-axis. Hence, she obtained 
incorrect coordinates Cꞌ(4; -1) as well. 
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Another common error made by students in this question, especially those who did rotate the 
point C as required in the question, is to give an incomplete statement when they describe the 
rotation. For example, one student wrote the explanation for his answer as: “…by drawing the 
reflection on the diagram after rotating it 90˚ clockwise”. The confusion of reflection and 
rotation can be seen here because he used words that are pertinent to a rotation, to describe a 
reflection. However, he also left out the centre of rotation in his explanation. This error of 
describing a rotation by using only the angle and direction of rotation was common with the 
students. This seems to confirm the results of a study involving pre-service teachers, by Pelczer 
(2017), that student teachers tend to focus on the visual aspects of the transformation (rotation 
in this case), and ignore the parameters that are used to describe the transformation. For this 
question, the researcher created the codes and themes as depicted in the table below. 
 
Table 5.7: Codes and themes emanating from students’ responses to Question 14 
Codes Emerging themes 
Omitting a sign Missing information 
Confusing rotation with reflection  Incorrect properties of transformations 
Incorrect rule of rotation Application of incorrect rules of transformation  
Incomplete description of rotation Deficient knowledge of transformation geometry 
concepts 
 
Question 15 
 
Students had the lowest performance in this question (only 2% gave the correct answer for 
Question 15.1), compared to all other Van Hiele level 2 questions. The question required them 
to rotate a given figure through 90˚ clockwise about the origin. Although there were other 
questions involving rotation in this test, in which they performed well, none of those questions 
required them to rotate a figure without being given some other steps of the rotation process. 
For example, in Questions 12, which was discussed in an earlier section above, the figure and 
image were already given and they were required to find the coordinates of the image. 
Similarly, in Question 14, the rotation of one point of the figure was already given. 
Furthermore, both Questions 12 and 14 had triangles with one of their vertices being on the 
origin, which was also the centre of rotation.  
 
The difference with Question 15 was that none of the vertices of the given figure was on the 
origin or centre of rotation. Hence, for example, the student whose response appears in the 
snippet below, rotated the figure about one of its vertices, instead of rotating it about the origin. 
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Figure 5.29:  A snippet showing an example of a students’ incorrect response to D pre-
test Question 15.1 – one point on the shape is fixed 
 
When the researcher interviewed the student referred to above, she explained: “One point on 
the shape must be fixed” because “...centre of rotation must be on the figure” as she put it. It 
should be noted that this was one of the very few students (13) who managed to get 50% or 
more of the questions correct in this D pre-test. Therefore, it was not surprising that many 
students performed very poorly in this question, besides the fact that 28 students (34%) did not 
provide any response to the question (the “N blank” code was assigned to them for this 
question). Other studies have confirmed students’ challenge with rotating a figure about a point 
that is outside the figure. For example, in a study by Edwards (2003, p. 7) students “had a hard 
time seeing rotation as occurring ‘at a distance’ from the object. This ‘misconception’ cropped 
up among approximately a third of the students”.  
 
Many other incorrect answers provided by the students involved them trying to use 
(incorrectly) rules for a 90˚ anti-clockwise rotation about the origin, incorrect plotting of points, 
as well as reflecting the figure instead of rotating it. The example below shows the response of 
a student who reflected the figure on the x-axis, instead of rotating it. Again, this was another 
case of confusing reflection with rotation, as discussed before.  
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Figure 5.30:  A snippet showing an example of a students’ incorrect response to D pre-
test Question 15.1 – the figure is reflected instead of being rotated 
 
The table below shows the codes and corresponding themes formulated by the researcher for 
this question.  
 
Table 5.8: Codes and themes stemming from students’ responses to Question 15 
Codes Emerging themes 
Incorrect rules of rotation Application of incorrect rules of transformations 
Incorrect plotting Errors involving incorrect reading and plotting  of points  
Incorrect centre of rotation Incorrect properties of transformations 
Confusing reflection with rotation Incorrect properties of transformations 
 
 
Question 16 
 
A detailed analysis of Question 16 has already been done in an earlier section. The researcher 
mentioned examples of the striking features of the information in Table 5.4, by using Question 
16, comparing it to other questions that required students to draw a line of reflection; see Figure 
5.10 and the discussion accompanying it.  
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Question 17 
 
Only three students described correctly and fully the kind of transformation, given a figure and 
image as shown in the diagram below, for this question. Most students (about 60%) who 
identified the transformation as a rotation, used mostly only one or two of the parameters of 
the transformation to describe it. Examples of their responses were “The rectangle was 
rotated”; “Rectangle CDEF has been rotated 90˚ clockwise”; “Rotation”; “Anti-clockwise 
rotation”. Hence the code “N incom”, as it appears in Table 5.4, is prevalent for Question 17. 
The code was used mainly for those who gave two features, such as the correct type of 
transformation and the correct direction. Similar findings were obtained by Harper (2003), in 
her study with pre-service teachers. These teachers “were unaware of the components needed 
to define geometric transformations and hence did not use or refer to them”, at least not until 
she implemented an intervention programme with them. 
 
 
 
 
Figure 5.31: Snippets showing examples of students’ incorrect responses to D pre-test 
Question 17 
 
Some students described the transformation as a translation (see top picture in the snippets 
below), while others described it as a reflection (with some rotation-related terminology thrown 
into the description; see the bottom picture in the above snippets). The researcher formulated 
the codes “Incomplete description of rotation” and “Confusing rotation with translation or 
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reflection”. Both codes were then clustered under the theme: “Incorrect properties of 
transformations”. 
 
Question 18 
 
In this question, set at Van Hiele level 3, students were asked to describe two different 
transformations undergone by a given figure to become its image;  see diagram below. Only 
three students described correctly and fully the transformations that took place. It can be seen 
in Table 5.4 that quite a number of students left the question blank (unanswered) while even 
more students gave incomplete descriptions or incorrect descriptions. For example, the student 
whose script is shown in the top picture of the snippets below described correctly the translation 
part of the move but his description of the rotation was vague and incorrect.  
 
 
 
 
 
Figure 5.32: Snippets showing examples of students’ incorrect responses to D pre-test 
Question 18 
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The student whose description appears at the bottom of the above snippets, did not describe the 
size of the angle of rotation as well as the direction of rotation, even though he got the centre 
of rotation, as well as the translation move, correctly. Other examples of students’ responses to 
this question appear in the snippets below.  
 
 
 
 
 
‘ 
 
          
                  
 
Figure 5.33: Snippets showing more examples of students’ incorrect responses to D pre-
test Question 18 
 
It can be seen from the above responses that the students struggled to correctly describe the 
transformation. Some only named the type of transformation without describing it, while others 
used language that was not easy to understand or was not appropriate for describing 
transformation. Hence the codes: “Instructions”, “Language” and “Incomplete description” 
were formulated from the data in this question. Then the corresponding themes for these codes 
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were “Misunderstanding instructions”, “Errors involving language issues” and “Incorrect 
properties of transformations”. 
 
Question 19 
 
It has been mentioned earlier on that the questions that appeared towards the end of the D pre-
test were set at higher Van Hiele levels. For example, as from Question 16 onwards, none of 
the questions was at a level lower than Van Hiele level 3. The performance of students in these 
questions became poorer as the researcher neared the end of the test in her analysis. It was also 
not helping that many students left blank spaces and therefore the researcher could not get 
much insight into their thinking. Although the interviews were meant to provide the somewhat 
hidden meaning behind students’ responses (or non-responses), these could only be held with 
a limited number of students.  
 
Question 19 was not an exception to the researcher’s challenge of blank spaces left by quite a 
number of students. Only 10% of the students answered the question correctly, by providing 
an example of a diagram to motivate that a rotated figure and its image are congruent. Most of 
the students who attempted to work out the solution for the question drew figures that were 
congruent but not involving rotation. Some drew figures, without explanation, in ways that 
could involve other types of transformation, not necessarily a rotation. The snippet below 
shows the response of one student who drew two congruent figures which were not rotations 
of each other, according to the explanation she gave.  
 
Figure 5.34: A snippet showing an example of a student’s incorrect response to D pre-
test Question 19 
 
254 
 
In fact, the student mentioned that one figure was a reflection of the other, even though that 
was not true either, according to the figures she drew. The so-called reflection also did not 
include any visible line of reflection. In this example, therefore, there was a confusion between 
a rotation and a reflection. The codes that resulted from this question, were: “Language”, 
especially because students’ explanations were inadequate due to deficiencies in language 
associated with transformation geometry; “Incomplete descriptions/explanations” and 
“Confusing rotation with reflection and translation”. These codes were incorporated into the 
themes, “Errors involving language issues” and “Incorrect properties of transformations”.  
 
Question 20 
 
With this question, students were given a certain rule that relates coordinates after a 
combination of a reflection followed by a translation had been applied to a figure. They were 
then required to prove that this rule does apply to the given situation, by using diagrams and 
some explanations. This question was set at Van Hiele level 4 and only one student drew a 
correct or relevant diagram with a satisfactory explanation. Besides the 26 students who left a 
blank space for this question, some of those who attempted to answer the question made various 
errors. For example, some simply drew a shape and then reflected it either on the x-axis or the 
y-axis and thereafter translated their shape 2 units towards the left and 3 units upwards. In 
trying to do this, some students made errors such as incorrect plotting of points, incorrect 
calculations, interchanged the signs associated with up/down and left/right. The example in the 
snippet below shows a student’s response where he made errors with the plotting of points 
(compare the student’s scribblings and the plotted coordinates, as well as the error of having 
two figures instead of three.  
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Figure 5.35: A snippet showing an example of a student’s incorrect response to D pre-
test Question 20 
 
The formulated codes for this question were: “Incorrect plotting”, “Incorrect calculations”, 
“Instructions” and “Confusing reflection with rotation”. The themes were “Errors involving 
incorrect plotting of points”, “Errors involving basic operations”, “Misunderstanding the 
instructions” and “Incorrect properties of transformations”. 
 
Question 21 
None of the students could answer this question fully and correctly. The question was set at 
Van Hiele level 4 and involved a combination of different types of transformation. Students 
were required to describe in words how transformations could be used to the given tiling 
patterns. As it had been the challenge with other questions, the issue of the use of 
(in)appropriate language of transformation geometry was key with this question as well.  For 
example, in the top picture of the snippets below, the student used words such as “…moving 
the tile from its origin and not change anything…”. This does not say much because the 
keywords that are pertinent to a translation are not mentioned here. That is there is no mention 
of the direction of this movement or the number of units over which the tile is “moved”. 
Moreover, one cannot know for sure which “origin” the student meant in this case. It is also 
not clear what the student meant by “not change anything”, since the tile pattern does suggest 
a change in the layout of the tiles as one continues tiling, assuming there are no spaces in 
between the tiles. Therefore, translation (of the “original” tile) alone would not produce this 
tiling pattern.  
 
 
 
256 
 
 
 
 
Figure 5.36: Snippets showing examples of students’ incorrect responses to D pre-test 
Question 21 
 
The middle picture in the above snippets captures the essence of the kind of transformation that 
had to happen in order to produce the tiling pattern. However, using terminology such as 
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“reflection about the x-axis” is not totally correct because there is no system of axes in the 
given diagram. Therefore, one could not be sure which line of reflection (the x-axis) the student 
is referring to here. Several other descriptions of the tiling pattern by other students were not 
entirely correct because they did not explain clearly which tile to begin with. That is the case 
in the bottom picture of the above snippets. Furthermore, the tile should rather be shifted 2 
units downwards, not 1 unit. Again, assuming that the whole surface is being tiled with no gaps 
in-between, one would have to flip the tile somehow, in order to create the pattern. 
 
The codes that were created from students’ responses to this question were: “Language”, 
“Incomplete descriptions” and “Incorrect transformations”. The codes were then clustered into 
the themes: “Errors involving language issues” and “Incorrect properties of transformations”. 
 
Question 22 
 
Students’ performance in this last question of the test was poor as well, with only 11 students 
(13%) being able to correctly reflect the triangle, name the quadrilateral formed, as well as give 
a correct description of the properties of the quadrilateral. For example, some students who 
reflected the triangle correctly on one of its sides did not give the correct properties of the 
quadrilateral (kite) formed. An example of such a case is given in the top picture of the snippets 
below.  
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Figure 5.37: Snippets showing examples of students’ incorrect responses to D pre-test 
Question 22 
 
 
It was also interesting to notice that none of the students reflected the triangle on its shortest, 
slanted side. Rather, they reflected it on the horizontal side. As was mentioned in an earlier 
discussion, and supported by finding from other studies (Bordewyk, 2016; Pelczer, 2017), for 
students, rotation only occurs on the x-axis or the y-axis. 
 
Most students who got the answer wrong in this question reflected the triangle incorrectly to 
form a parallelogram. Therefore, these students did not take into consideration the properties 
of a reflection. More specifically, they did not consider the position and orientation of the 
image, in relation to the original figure.  
  
The codes that emanated from responses to this question were: “Incorrect reflection”, 
“Incorrect property of shape”. These were associated with the themes “Incorrect properties of 
transformations” and “Errors involving properties of 2-D shapes” 
 
After reviewing, redefining and naming the themes (Phases 3, 4 and 5 of thematic analysis), 
that resulted from both pre-tests and the interviews, the researcher was able to come up with 
the findings that would answer the first research questions. These findings are discussed in the 
next section. 
 
5.2.2. Findings that provide the answer to the first Research Question 
 
The themes from the previous Section 5.2.1 were formulated in such a way that they linked 
directly to the research question. That is, they spelt out the misconceptions and associated 
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errors that students had. The table below depicts the themes that were generated after the 
analysis of data from Stage 1 (pre-tests) and Stage 2 (interviews). The information on the 
second column of the table, therefore, answers the research question: “What errors and 
misconceptions do BEd (Foundation Phase) students possess and display when solving 
problems involving transformation geometry?” 
 
It should be noted that students’ misconceptions and the associated errors that they displayed 
became more pronounced as the level of questions in the pre-tests became higher on the Van 
Hiele levels of geometric thinking. This current study therefore confirmed the findings of 
previous studies that have concluded that most high school students as well as pre-service 
teachers could not reason beyond level 2 of Van Hiele levels of geometric thinking 
(Evbuomwan, 2013; Luneta, 2015b) 
 
After the analysis of data that was meant to answer Research Question 1, the researcher realised 
that the errors and misconceptions emanating from the current study could be classified under 
two broad categories. These categories were “non-systematic” and “systematic” errors, as 
depicted in Table 5.9 below.  
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Table 5.9: Themes generated from the analysis of pre-tests and interviews, to answer Research Question 1 
 
Themes Errors and misconceptions 
Non-systematic Systematic 
Incorrect 
properties of 
transformations 
  Inability to recognise (visually or otherwise) the three rigid 
transformations, namely, translations, reflections and rotations. 
Examples: when a figure has changed orientation, or visualising what a 
figure should look like after a particular transformation.  
 Confusing, swapping or considering only some of the properties (and 
ignoring others) of the different types of rigid transformations.  
Example: Identifying a reflection as a rotation. 
 Inability to physically perform the different types of transformation, 
this being more prevalent in, but not limited to rotations.  
 Incorrect or inappropriate description of the different rigid 
transformations. 
Errors involving 
language issues 
 Carelessly reading/writing words 
without paying attention, such as 
reading “anti-clockwise/counter-
clockwise” as “clockwise” 
 
 Inadequate knowledge of, unfamiliarity with or confusing certain 
terminology used in transformation geometry, such as clockwise versus 
counter-clockwise, line of reflection, centre of rotation, translation 
vector, x-axis versus y-axis. 
 Inappropriate or incoherent vocabulary used when describing 
transformations, such as: “…measure the size of the shape...” or “…the 
card has turned 1 unit” (challenges with communicating using the 
correct language) 
Misreading or 
misunderstanding 
instructions  
 Reading instructions carelessly 
without paying attention or 
focusing on what is required.  
 Interpreting instructions incorrectly resulting in performing the wrong 
action on a given figure.  
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Application of 
incorrect rules of 
transformation 
 Carelessly relating a rule with 
the wrong option, and realising 
on their own that they had made 
a careless mistake.   
 Confusing a particular rule or forgetting when a particular is applicable 
and applying a rule incorrectly to a particular transformation, resulting 
in the wrong figure or image.  
 
Errors involving 
basic operations 
  Incorrect calculations resulting in plotting of incorrect points. 
Incorrect plotting 
of points 
 Leaving out a negative sign 
when writing coordinates. 
Plotting incorrect points, and 
then realising the error on their 
own.  
 Swapping x-coordinate with y-coordinate, or leaving out a negative 
sign from the x- or y- coordinate, leading to plotting of incorrect points 
and drawing of incorrect figures.  
 
Missing 
information 
 Leaving out a negative sign 
when writing coordinates and 
then realising their careless 
mistake on their own  
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5.3. Presentation and analysis of data to answer the second Research Question 
 
The second research question for this study was: 
To what extent can the Van Hiele theory be used to address BEd (Foundation Phase) students’ 
misconceptions when learning transformation geometry? 
In order to answer the second research question, the researcher had to analyse data from the 
last two stages, namely, data from the presentation of lessons during the intervention 
programme and data from the post-test. For this purpose, the framework of error analysis as 
suggested by Zehetmeier et. al.., (2015) was used, where errors that had been provoked, 
through the test items, were used to lead students to the awareness and final correction of such 
errors. The researcher had to implement the lessons in such a way that students’ misconceptions 
and related errors could be addressed. The analysis of data from the lesson presentations and 
the post-test are discussed below.  
 
5.3.1. Data analysis from Stage 3 and Stage 4 - Students’ responses and actions from 
lesson presentation during the intervention programme and from the post-test. 
 
The sections below provide the analysis of data from the implementation of the intervention 
programme as well as from the post-test.  
 Analysis of data obtained from lesson presentations during the intervention 
programme 
 
As mentioned in the previous chapter, in the current study, lessons were presented to students 
as a form of a Van Hiele phased-based intervention programme. Students had to go through 
five phases of learning for each of the three types of transformation (see Appendix D). At the 
same time, the researcher, in her role as the action research participant-observer, was helping 
them progress from one Van Hiele level to the next. As mentioned in the previous chapter, a 
process of thematic analysis was followed to analyse the data from lesson presentation sessions 
and to formulate codes and themes (see Table 4.9). Findings from the data are presented below, 
within the context of the errors and misconceptions that needed to be addressed. Otherwise, the 
second research question, which seeks to determine the extent to which the intervention 
programme addressed the misconceptions, will be answered when data from the post-test is 
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analysed.  The table below is a presentation of examples of data that show actions taken towards 
addressing some errors and misconceptions during lesson presentations. Some of the 
actions/strategies used were cutting across different skills and therefore addressed different 
errors and misconceptions at the same time. Data in the table should be read in conjunction 
with information that appears in Appendix D and it should be noted that the activities indicated 
under the column on the right-hand side are merely examples. The full manual/guidebook with 
all the activities done during the intervention programme is found in Appendix D. 
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Table 5.10: Examples of activities carried out towards addressing errors and misconceptions during lesson presentation 
Errors and misconceptions Examples of intervention strategies 
Errors involving properties of transformations 
 
 Inability to recognise (visually or otherwise) the 
three rigid transformations, namely, translations, 
reflections and rotations. For example, when a 
figure has changed orientation, or being unable 
to visualise what a figure should look like after a 
particular transformation.  
 Confusing, swapping or considering only some 
of the properties (and ignoring others) of the 
different types of rigid transformations.  
Example: Identifying a reflection as a rotation. 
 Inability to physically perform the different 
types of transformation, this being more 
prevalent in, but not limited to, rotations.  
 Incorrect or inappropriate description of the 
different rigid transformations. 
Example in the context of reflection, Van Hiele level 1 – Guided Orientation Phase 
 
Students go outside on the paving. The researcher asks them to physically perform the following 
tasks or to answer the following questions, which are discussed as students are gradually exposed 
to the skills characteristic of Level 1. 
(Students are given an opportunity to perform the actual motion implied by the 
transformation)  
 One student stands in a particular position on the floor, as directed by the researcher. 
A straight line is then drawn on the floor, a certain distance away from this student. 
 
Then the following question is asked: If this line represents a mirror in front of the student, what 
would be the position of the student’s reflection behind the mirror?  
A volunteer must come and indicate where the image would be and the rest of the class must say 
whether the student (image) is correct or not. The researcher then challenges the students by 
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standing in different positions behind the mirror line and asking why those positions are not 
correct positions of the image.  
(Researcher encouraged use of correct terminology, such as reflection, image, directly 
across, perpendicular, opposite side, same distance, mirror line/line of reflection, and 
so on) 
 The original student is asked to raise the left arm and then the ‘image student’ should 
indicate what the reflection would look like. Again the other students must confirm 
this is done correctly. 
 Different ‘original students’ and ‘image students’ are chosen to perform more 
activities to see how the position of the image in a reflection changes as the original 
object changes positions as follow: 
 The original student moves two steps towards the left. Where will be the new 
position of the image? 
 The original student moves three steps back and then lifts the right arm up. 
What will be the new position of the image and what will it look like? 
 Three students stand in different position as directed by the researcher.  Then 
they join hands to form a triangle on one side of the mirror line. Three other 
students must then represent the position of the image of the triangle on the 
other side of the mirror line. Original students are given names such as K, L 
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and M as labels of the vertices of the original triangle. Then the rest of the class 
must indicate which of the three ‘image students’ will be K', L' and M' 
Errors involving language issues 
 
 Carelessly reading/writing words without paying 
attention, such as reading “anti-
clockwise/counter-clockwise” as “clockwise” 
 
 Inadequate knowledge of, unfamiliarity with, or 
confusing certain terminology used in 
transformation geometry, such as clockwise 
versus counter-clockwise, line of reflection, 
centre of rotation, translation vector, x-axis 
versus y-axis. 
 Inappropriate or incoherent vocabulary used 
when describing transformations, such as: 
“…measure the size of the shape...” or “…the 
card has turned 1 unit” 
Example in the context of translation, Van Hiele level 1 – Information Phase 
 
A system of axes (Cartesian plane) is drawn on the floor and several students are asked to stand 
in different positions (representing points) on the plane and physically perform some translations 
of the “points”. Questions are asked, for example:  
 What is different about the positions in which students A, B and C are standing? (Students 
mentioned terms such as quadrants, points, positive/negative sign, left/right, x-axis/y-axis, 
and so on) 
 What would student B have to do in order to reach the position of student C? (Students 
mentioned terms such as move/walk/shift, spaces/steps/units, left/right, and so on. The 
researcher allowed students to use their own language at this phase, and then corrected 
the terminology at the next phase by using transformation terminology that is adequate 
for the Van Hiele level in which students are). 
 Use a line to join points G and M. Now shift the line two units up and then draw it in the 
new position. Does the new line have the same length as the original line? Does it have 
the same orientation? Why do you say so? (Researcher gave students an opportunity to 
mention some properties of translations) 
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Application of incorrect rules of transformation 
 
 Carelessly relating a rule with the wrong option, 
and realising on their own that they had made a 
careless mistake.   
 Confusing a particular rule or forgetting when a 
particular rule is applicable and applying a rule 
incorrectly to a particular transformation, 
resulting in the wrong figure or image.  
Example in the context of rotation, Van Hiele level 3 – Explicitation Phase 
 
 Using the diagram below, which single transformation will move triangle IJK to triangle 
IGH? 
                                   
 
(Students were not told which method to use in order to find the answer. The intention 
was to give them an opportunity to remember how the rules for rotation worked. For 
example, some students were puzzled to discover that the coordinates of points K and 
point H seemed not to be related by any rule that they know of. This realisation was 
desirable for many reasons. First, to make them aware that the rules they have been 
exposed to are applicable when the centre of rotation is the origin. Second, they were 
‘forced’ to physically perform the rotation to check the correctness of their answer. 
Third, they had to remember to mention all the three parameters that are used to 
describe a rotation. It was interesting, however, to notice that many of them still used 
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only two of those parameters, namely, clockwise rotation of 90˚. They were not so 
convinced about the centre of rotation being the point I). 
(The researcher also challenged the students to reason if it could have made a difference 
if the question did not include the word “single” before transformation. Then through 
guidance, the researcher led them to discover that a combination of two or more 
transformations could be applicable if the word “single” was not included in the 
instruction).  
 
Misreading or misunderstanding instructions 
 
 Reading instructions carelessly without paying 
attention or focusing on what is required. 
 Interpreting instructions incorrectly resulting in 
performing the wrong action on a given figure.  
Example in the context of translation, Van Hiele level 2 – Free Orientation Phase 
 
Students play a game called “I am. You are”.  Pairs of students are given cards with coordinate 
pairs. The cards are related to each other according to some “rule”. The researcher chooses the 
first pair of students to read the information on their card while all other student pairs are listening 
carefully and working out if the information being read relates to or refers to their card. Then the 
next pair whose card relates to the information read by the previous pair will follow by reading 
their own card. This continues until the information in all pairs’ cards has been read and shared. 
(This game encouraged students to listen carefully to instructions as well as challenged them to 
do algebraic calculations quickly in their heads, because they could not delay much with their 
answers since the other pairs were waiting to see who had the next card. At the same time, the 
game forced them to use algebraic rules and calculations because the system of axes is not drawn 
and there was no time for them to plot the points and physically count the number of units shifted. 
The purpose of using pairs was to allow students to help each other so that they could do the 
calculations faster). 
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For example: 
“I am point M with coordinates (2; 4). Who is 2 units to my right and 6 units below me?” 
“I am point B with coordinates (4;-2). Who is 4 units to my left and 5 units above me?” 
        “I am point A with coordinates (0; 3). Who is 1 unit below me and 2 units to my 
left?” (Starting with changes in the y-coordinate instead of the x-coordinate was done 
deliberately, so that students could read/listen to instructions carefully, rather than 
assuming that the first action always referred to x-axis). 
       “I am point R with coordinates (-1; 1). Who do I reach if I shift 6 units down and then 
3 units to the left?” (The phrasing of the question was changed so that students are 
familiarised with different ways of using language to refer to actions involving 
transformation) 
 
Incorrect plotting of points 
 
 Leaving out a negative sign when writing 
coordinates. Plotting incorrect points, and then 
realising the error on their own. 
 Swapping x-coordinate with y-coordinate, or 
leaving out a negative sign from the x- or y- 
coordinate, leading to plotting of incorrect points 
and drawing of incorrect figures.  
 
Example in the context of reflection, Van Hiele level 2 – Guided Orientation Phase 
 
A triangle is drawn on a system of axes as shown below: 
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 Write down the coordinate points of the vertices of the triangle. (This example gave 
students an opportunity to read coordinate points correctly, as well as to plot 
points correctly to get the correct image). 
 Reflect the triangle on the y- axis. (Students were first given a choice to use 
whatever method they wanted to use; some used rules for reflecting a figure on the 
y-axis. However, many of them used visualisation. Thereafter they were asked to 
use the second method which they did not use at first. Then they had to discuss 
which method they think would be easier in this case. This was meant to encourage 
them to know both methods as well as get into the habit of weighing up their 
options before answering such questions) 
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 Analysis of data obtained from the post-test 
 
As already explained in the previous chapter, the implementation of the Van Hiele phase-based 
lessons was followed by one post-test. The test items were exactly the same as the ones used 
in the pre-tests, except that they were combined into one test, with MC type questions as 
Section 1 and D type questions as Section 2, keeping the same question numbers for ease of 
reference and comparison.  
 
The results of the MC portion of the post-test showed a definite improvement in terms of 
students getting more correct answers than before. For example, out of the 82 students, 6 of 
them got a total in the MC portion of the post-test while only one student obtained a mark of 
less than 8. That is, only one student performed at less than 50% in terms of correct answers in 
the MC portion of the post-test. However, this being a qualitative study, the researcher had to 
determine if students were able to address their misconceptions, resulting in improvements in 
their understanding of transformation geometry. She was encouraged to notice how some 
students improved in terms of their reasoning and how they expressed it in writing, compared 
to how they did in the MC pre-test. For example, the following snippet shows how student S21 
scribbled on his script to show how he worked out the answer for Question 7. 
 
 
Figure 5.38: A snippet showing the scribbling of S21 in answering MC Question 7 of the 
post-test   
 
It is amazing how S21 showed that he made all the effort to insert a Cartesian plane into the 
diagram, correctly identify and label all the coordinate points of the given figures, as well as 
write and remember the correct rule for a 180˚ rotation. The use of diagrams, such as the one 
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above, confirms students’ improved understanding by being able to use “visual imagery” 
(Naidoo & Bansilal, 2010, p. 187) to communicate their understanding.  
 
Coming to the results of the D section of the post-test, on the whole, the results did not show 
huge improvement (also refer to Figure 5.11). However, in error analysis, it is common practice 
for the researcher to be interested especially in finding out which questions students struggled 
with and which ones did not pose much of a challenge (Herholdt & Sapire, 2014). Therefore, 
upon further investigation, the researcher found out that students’ responses in the D section of 
the post-test showed that they still struggled with some questions, especially those that were 
set at higher Van Hiele levels. Furthermore, improvement in the scores was proportional in 
relation to performance per question. That is most questions in which performance was lower 
in the pre-test still had lower performance in the post-test, compared to those in which 
performance was higher and vice versa. The researcher prepared a table of the D section of the 
post-test that is similar to the one she prepared for the D type pre-test. A feature that stands out 
in the table, found below, is that students’ performance in the questions of higher Van Hiele 
levels did not show much improvement.  Moreover, it seemed as if an improvement was not 
realised much with rotation questions, where, for example, Questions 11.2 and 14.3, both set 
at Van Hiele level 2, showed no improvement at all.   
 
On the other hand, Question 3.2 showed the biggest improvement.  This was not surprising 
though, given that firstly, the question was set at Van Hiele level 1, and, secondly, the 
misconception associated with this question is not one of those that have been found to be 
“resilient” (Xiaobao, 2006, p. 23). For example, the researcher had noticed as the lessons 
continued that students kept remembering to specify appropriate lines of reflection, rather than 
sticking to the old habit of thinking lines of reflection should either be horizontal or vertical 
(Bordewyk, 2016).  
 
The aspect of language of mathematics and particularly on communicative aspects of 
transformation geometry featured in the findings. For example, in Question 7, where students 
had to argue whether the given transformation was a translation or not, there was not much 
improvement (5%), given that they had to use language that would convince the researcher that 
they understood the different terms pertinent to the different types of transformations. At the 
same time, given that this question was also set at van Hiele level 3, students’ challenges with 
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this kind of question were to be expected because many students struggle to acquire level 3 of 
geometric reasoning (Abdullah & Zakaria, 2013). 
 
It is tempting to become uneasy when the results of an intervention programme do not show 
resounding improvement, such as the ones discussed in the preceding paragraphs. However, 
Bray and Santagata (2014) argued that educators should rather restructure their lessons in such 
a way that errors become a vehicle for improving student learning, instead of rushing to reduce 
the errors. This argument sits well with the researcher in the current study because, this being 
an action research study, plans are in place for the next cycle of action research to continue 
creating an environment in which errors support learning (Tulis, 2013) of transformation 
geometry. Besides, the process-oriented path of action of error analysis (Rach, Ufer & Heinze 
(2013, p. 23), used as a theoretical framework for this study advocates for the improvement of 
student learning through lessons that respond to their errors. 
 
 
274 
 
Table 5.11: Comparison of overall student performance per question in the Discussion type pre-test and post-test 
 
Type of 
transformation 
Soon’s 
level 
Description of question Question 
number 
Percentage of 
correct answers in 
pre-test 
Percentage of 
correct answers in 
post-test 
Translation  1 Name and describe transformation 3.1 28
82
 = 34% 
54
82
 = 66% 
2 Draw image – figure translated over given number 
of units 
 
Draw translation vector 
 
Name type of transformation, given coordinates 
 
5 
 
10 
 
13 
53
82
 = 65% 
28
82
 = 34% 
42
82
 = 51% 
67
82
 = 82% 
39
82
 = 48% 
56
82
 = 68% 
3 Argue whether the given transformation is a 
translation or not 
 
Draw image of given figure according to given 
coordinate rule 
7 
 
13 
47
82
 = 57% 
25
82
 = 30% 
51
82
 = 62% 
27
82
 = 33% 
4     
Reflection 1 Describe the changes in the picture 
 
2.2 
 
49
82
 = 61% 
65
82
 = 79% 
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Name and describe transformation  3.2 8
82
 = 10% 
58
82
 = 71% 
2 Draw shape in correct position after reflection 
 
Draw image if figure is reflected in y-axis 
 
Reflect figure across ‘non-axis’ line 
 
Draw line of reflection  
1 
 
4 
 
6 
 
9 
58
82
 = 71% 
64
82
 = 78% 
21
82
 = 26% 
71
82
 = 87% 
68
82
 = 83% 
75
82
 = 91% 
30
82
 = 37% 
79
82
 = 96% 
3 Reflect a given figure on any of its sides to create a 
quadrilateral 
22 11
82
 = 13% 
10
82
 = 11% 
4     
Rotation 1 Describe changes in the picture (90˚ rotation) 
 
Describe changes in the picture (45˚ rotation) 
 
Name the transformation 
2.1 
 
2.3 
 
11.1 
70
82
 = 85% 
43
82
 = 43% 
68
82
 = 83% 
73
82
 = 89% 
51
82
 = 62% 
68
82
 = 83% 
2 Locate/draw centre of rotation and angle of rotation 
 
Find coordinates of image given a figure and its 
image 
11.2 
 
12 
 
5
82
 = 6% 
51
82
 = 62% 
5
82
 = 6% 
55
82
 = 67% 
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Determine coordinates, given pre-image, rotation of 
90˚ clockwise about origin 
 
 
Explain how coordinates of image are obtained 
 
Explain the relationship between lengths of sides of 
pre-image and image 
 
Identify properties that describe a rotation 
 
Rotate figure through 90˚ clockwise about origin 
 
Determine angle through which figure has to be 
rotated to fit exactly onto original 
 
Describe how to determine the angle of rotation to 
obtain a given condition 
14.1 & 
 
14.3 
 
 
14.2 
 
14.4 
 
 
14.5 
 
15.1 
 
15.2 
   
 
15.3 
16
82
 = 20% 
56
82
 = 68% 
 
6
82
 = 7% 
38
82
 = 46% 
 
3
82
 = 4% 
 
2
82
 = 2% 
19
82
 = 23% 
 
7
82
 = 9% 
25
82
 = 30% 
56
82
 = 68% 
 
19
82
 = 23% 
43
82
 = 52% 
 
10
82
 = 12% 
 
11
82
 = 13% 
22
82
 = 27% 
 
15
82
 = 18% 
3 Describe the kind of transformation given a figure 
and its image 
17 
 
3
82
 = 4% 
6
82
 = 7% 
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Motivate why a rotated figure and its image are 
congruent 
19 8
82
 = 10% 
9
82
 = 11% 
4     
Composition of 
transformations 
1     
2 Describe the difference between translation and 
rotation 
8 
 
21
82
 = 26% 
32
82
 = 39% 
3 Determine the possible types of transformation, 
given a figure and its image 
 
Describe two different transformations undergone 
by a figure to become its image 
 
Describe how transformation can be used to make a 
given tiling pattern 
 
16 
 
 
18 
 
 
21 
 
13
82
 = 16% 
 
4
82
 = 5% 
 
0
82
 = 0% 
24
82
 = 29% 
 
5
82
 = 6% 
 
1
82
 = 1% 
4 Prove why a given rule represents a combination of 
different transformations 
20 1
82
 = 1% 
4
82
 = 5% 
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5.4. Chapter summary 
 
This chapter dealt with data analysis, interpretation and communication of findings according 
to the four stages of data collection in the current study. Data taken from students’ responses 
to the two pre-tests as well as to their interaction with the researcher during interviews were 
analysed in order to answer the first research question: What misconceptions and associated 
errors do BEd (Foundation Phase) students possess and display when solving transformation 
geometry problems? The researcher analysed and interpreted student’ work on the test scripts 
as well as the transcripts from the interviews in order to explore the kind of errors and 
misconceptions that students had. The errors and misconceptions were then discussed, in 
relation to literature, recorded and used as the starting point for the implementation of an 
intervention programme, whose aim was to address the misconceptions through lesson 
presentations.  
 
Following the intervention programme, students had written a post test to determine the success 
of the intervention programme. Therefore, data from lesson presentations as well as from 
student’s responses on the post-test were analysed in order to answer the second research 
question: To what extent can the Van Hiele theory be used to address BEd (Foundation Phase) 
students’ misconceptions when learning transformation geometry? The literature was 
interrogated again to help make sense of the findings relating to the second research question. 
To some extent, the intervention programme has succeeded in improving student’s 
performance in the post-test. Furthermore, the researcher had noticed some improvement in the 
occurrence of errors during the lesson presentations. However, some misconceptions seemed 
to persist because students did not show much improvement in their performance on questions 
that were set at higher Van Hiele levels. 
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CHAPTER 6 
 DISCUSSION, CONCLUSION AND RECOMMENDATIONS 
 
6.1. Introduction 
 
This chapter gives a summary of the findings that answer the research questions. Firstly, 
students’ misconceptions in transformation geometry are outlined. Then the role of the 
intervention programme in addressing the misconceptions is discussed, in the context of the 
extent to which it helped students to improve on their understanding. The results of the post-
test are then discussed. The issue of language barrier and communication, as it runs through 
the data, is discussed in line with the findings. An account of the researcher’s reflection on the 
action research process is given and then lastly, the implications, conclusion and 
recommendations are discussed.  
 
6.2. Research Question 1: What misconceptions and associated errors do BEd 
(Foundation Phase) students possess and display when solving transformation 
geometry problems? 
 
The following paragraphs summarise the findings of the current study in relation to the errors 
and misconceptions that were displayed by BEd students when solving transformation 
geometry problems.  
 
6.2.1. Non-systematic errors 
 
Carelessly reading/writing words without paying attention. For example, in MC Question 6, 
some students realised on their own, later, that they carelessly chose “counter-clockwise” 
instead of “clockwise’’ after correctly plotting the points to draw the figure and its image. 
 
Reading instructions carelessly without paying attention or focusing on what is required. For 
example, students carelessly swapped the figure and the image in a given diagram, resulting in 
an incorrect description of the transformation. 
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Carelessly relating a rule with the wrong option. Students would then realise on their own that 
they had made a careless mistake.   
 
Leaving out a negative sign when writing coordinates. For example, students would plot 
incorrect points, and then realise the error on their own. 
 
Leaving out a negative sign when writing coordinates. Students would then realise their 
careless mistake and correct it on their own. 
 
An additional discussion of the issues involving language and communication, since they 
feature prominently in both non-systematic and systematic errors, appears in a subsequent 
section 6.3 below. 
 
6.2.2. Systematic errors  
 
Inability to recognise (visually or otherwise) the three rigid transformations, namely, 
translations, reflections and rotations. For example, in MC Question 17, a student said that, in 
option B, one shape was a translation of the one next to it because it was taken “as it is”. Yet 
the shapes had a different orientation. Therefore, this student could not visualise how the shapes 
would look like if they were exactly the same (except being found in different positions). 
Students therefore failed to realise that some of the properties of the given geometric space are 
invariant under these transformations (Pelczer, 2017), while others are conserved.  
 
Confusing, swapping or considering only some of the properties (and ignoring others) of the 
different types of rigid transformations. For example, identifying a reflection as a rotation:  
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Figure 6.1: Identifying a reflection as a rotation 
 
Thus, students fail to recognise “the convention for labelling corresponding vertices” (Pelczer, 
2017, p. 102). For example, by looking at corresponding vertices P and W, one should be able 
to see that no rotation of 90˚ or 180˚ (whether clockwise or counter-clockwise) about the origin 
could turn point W to point P. This further speaks to students’ lack of “operative apprehension”, 
which is “the way students may gain insight into a figure by operating on it in some way, for 
example, dividing the figure into smaller figures, performing a transformation on it, etc.” 
(Forsythe 2010, p. 13). 
 
Another example: the figure “is reflected because there is the line in the middle”, without 
considering the properties relating to how the image should look on the side of the “line”. In 
MC Question 17, a student said that a particular shape was a translation of the other because it 
“has changed position”. He ignored the fact that the shape he was referring to has changed 
orientation as well. This student’s “skill of spatial ability” was possibly not well developed, so 
that he could use “visual imagery” in “constructing an image from pictures” (Naidoo & 
Bansilal 2010, p. 187) 
 
Inability to physically perform the different types of transformation, this being more 
prevalent in, but not limited to rotations. 
 
Rotation examples: “counting in 90 degrees” without indication of an understanding of a fixed 
point about which the shape is being rotated. Students performed a “rotation as a shape that 
kept moving in different direction without considering the angle and centre of rotation” 
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(Evbuomwan, 2013, p. 77). On the other hand, students assumed that the “centre of rotation 
must (always) be on the figure”. 
 
Reflection example: students had difficulty performing a reflection in a slant line. They found 
it easier to do reflections (or determine lines of reflection) involving lines with common 
orientations, such as horizontal or vertical lines (Bordewyk, 2016; Pelczer, 2017). 
Most of the students in the current study could not determine the centre of rotation when 
given a figure and its image.  They were also not confident in using mathematical instruments 
such as protractors and compasses. 
 
Incorrect or inappropriate description of the different rigid transformations. 
 
Examples: when a figure is translated, it is “moved from left to right”. For example, in MC 
17 (see Appendix A), option B, the shape on the right above the line is a translation of the 
one on its left.   
 
The shape (below) “is shifted to the next quadrant…” 
 
 
 
 
 
 
 Figure 6.2: Incorrect description of a transformation 
 
6.3. Research Question 2: To what extent can the Van Hiele phase-based instruction 
address students’ misconceptions in transformation geometry? 
 
The following paragraphs summarise the findings of the current study in relation to the extent 
to which the intervention programme helped students to improve on their errors and 
misconceptions in transformation geometry.  
 Students were given an opportunity to perform the actual motion implied by the 
transformation. 
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 The researcher encouraged the use of correct terminology, such as reflection, image, 
directly across, perpendicular, opposite side, same distance, mirror line/line of 
reflection, and so on. 
 Students were sometimes not told which method to use in order to find answers when 
performing a rotation. The intention was to give them an opportunity to remember how 
the rules for rotation worked. They also had to be aware that the rules they have been 
exposed to are applicable when the centre of rotation is the origin. Furthermore, they 
were ‘forced’ to physically perform a rotation to check the correctness of their answers. 
They also had to remember to mention all the three parameters that are used to describe 
a rotation. 
 The researcher encouraged the use of correct terminology, such as reflection, image, 
directly across, perpendicular, opposite side, same distance, mirror line/line of 
reflection, and so on. 
 
The following paragraph summarises the findings of the current study in relation to students’ 
performance in the post-test, thus establishing the extent to which the intervention helped to 
improve their performance in transformation geometry. 
 
The results of the MC section of the post-test showed a definite improvement in terms of 
students getting more correct answers than before. On the other hand, performance in the D 
section of the post-test did not show much improvement, especially with questions that were 
set at higher levels of Van Hiele. However, on the whole, there was a slight improvement in 
performance on the other questions.  
 
The issue of language, which appeared to be involved in many of the errors and misconceptions 
discussed in the preceding sections, requires more attention. For example, students used 
inappropriate or incorrect language and terminology to describe transformations, such as 
“clockwise” instead of “anti-clockwise”, “the card is in the process of falling” instead of “…has 
been rotated”. Other common instances that involved issues of language barriers were students’ 
inability to interpret instructions correctly. Therefore, it seems as if students draw on 
inadequate repertoire of language practices derived from their experiences of communicating 
to make meaning in mathematics (Barwell, 2018). Students’ language errors in the current 
study resulted in incomprehensible or incorrect descriptions of transformations, as well as 
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creation of a barrier in communication between the student and the lecturer or among students 
themselves. The fact that the study was based on a social constructivist paradigm meant that 
most of the time students had to explore, communicate and express their ideas to others 
(Kynigos, 2012). Therefore, findings of language barriers have serious implications for their 
learning, given that language impacts heavily on students’ cognitive development (Bodrova & 
Leong, 2017). The findings of the current study confirm the results of a study by Alex and 
Mammen (2016a), who concluded that competency has an effect on learners’ geometric 
reasoning, especially, on attaining higher levels of understanding.  
 
6.4. Reflection on the action research study 
 
As part of action research, the researcher spent a considerable period of time with the 
participants, in order to understand the social world under study and produce a convincing 
explanation (Andrade, 2009).  She had to reflect on what she has learned from the study, what 
worked, what did not work and what changes could be done and incorporated into the plan for 
the next cycle of the action research. This reflection includes looking into the usefulness of van 
Hiele phase-based instruction in addressing student errors and misconceptions, thus validating 
or refuting findings from other similar studies. 
 
The researcher was engaged in action research, a diligent enquiry to acquire information that 
had practical application to solving a problem that related to her work (Stringer, 2004). She 
attempted to improve her own practice and students’ understanding by exploring as well as 
addressing their errors and misconceptions with the topic of transformation geometry. Van 
Hiele phase-based instruction, by its nature allowed the researcher to spend considerable time 
with the students, as participant-observer, facilitating the progression of their geometric 
reasoning from one van Hiele level to the next. For example, some students tended to make 
errors relating to focussing on the visual aspects of the transformations. These students were 
guided by the researcher during the Guided Orientation phase, in order  to move from using 
visual means, such as manipulatives, to formulating rules that described the transformations. 
In this way they were able to compare their initial results based on visualisation, to the final 
results based on finding relationships based on informal deduction. In this process, the 
researcher had to be cautious not to promote level reduction (Pegg, 1995). This was a challenge, 
given the instructional complexity of the Guided Orientation (Ding & Jones, 2007), especially 
with a class of 82 students at most, with different levels of understanding. However, the van 
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Hiele theory did succeed, to some extent, in addressing student errors and misconceptions, 
especially because the researcher had the opportunity to intervene at the right time using the 
right strategies.  
 
Some of the strategies used by the researcher during the van Hiele phase-based instruction 
mainly involved creating opportunities for active participation of students during the learning 
activities, based on evidence that active engagement promotes development of understanding 
(Jenkins, 2000). The researcher is convinced that the role of the facilitator complements 
students’ active participation in that, constructing own knowledge requires support from an 
individual who is more knowledgeable that the student. Hence the need for scaffolding 
(Sundling, 2012). For example, some of the successes in addressing students’ errors involving 
language were possible because the researcher was able to pick up some of the incorrect 
terminology used by the students, and address it immediately, where applicable. For example, 
she guided students towards refining their explanations by using correct terms such as add, 
subtract, more, less, shift, translate, orientation, and so on.  
 
Similarly, the researcher was able to assist students by addressing errors involving incorrect 
interpretation of instructions, where the researcher could address such errors before the students 
advanced with their solutions strategies. The structured nature of van Hiele phases (Abdullah 
& Zakaria, 2013; Armah, Cofie & Okpoti, 2018) allowed the researcher to anticipate ahead of 
time where and when to intervene in order to ensure correct interpretation of instructions. For 
example, even though students had to work on their own, with little guidance, during the Free 
Orientation phase, she ensured that students understood the instruction before they worked on 
the activities. Realising the need for this early intervention and seeing it work was an example 
of a definite improvement in the researcher’s own practice.  
 
The researcher’s engagement with her students during the study gave her more insight into the 
kind of students she had in her class. The fact that, out of the 13 students who obtained 50% or 
more in the D pre-test, 12 of the students did M and only one student did ML in his matric level 
Mathematics seemed to suggest that ML students might need more focused or extra 
intervention than the M students. This especially because there is an indication in the literature 
that students who take ML at high school are those who performed poorly in Mathematics at 
Grade 9, with the result that ML classes end up having few students with strong competence in 
mathematics (Graven & Venkatakrishnan, 2006). Furthermore, research shows that “the use of 
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context outweighs the emphasis on content in the teaching and learning of the Mathematical 
Literacy curriculum” (Mhakure & Mokoena, 2011, p. 321). Based on the two preceding 
statements, the researcher is convinced that it is not a coincidence that ML students in the 
current study performed poorly in the tests, compared to M students. She further believes that 
this discrepancy needs to be addressed when doing interventions with students. Hence in the 
next cycle of action research the researcher would separate the ML students from the M 
students for some of the intervention sessions, especially those that involve higher van Hiele 
levels of reasoning, and give more time and focus to them. 
 
6.5. Conclusion, implications and recommendations 
 
Based on the findings of this study, BEd Foundation Phase students grapple with the learning 
of the topic of transformation geometry and display a range of misconceptions which need to 
be addressed in order to give them a better chance at teaching geometry to their own learners 
in the future. The findings suggest that, before the intervention, these students lacked both 
conceptual and procedural knowledge that would enable them to fully comprehend and to 
competently teach the topic. For example, their inability to discover properties of changes to 
figures resulting from specific transformations, or to work appropriately with correct and 
relevant rules and descriptions is an indication of a lack of understanding of the concepts 
involved in transformation geometry. These findings concur with the suggestion that students 
have “deficiencies of mastery prerequisite skills, facts and concepts and errors due to the 
application of irrelevant rules or strategies” (Egodawatte, 2011, p. 36). 
 
Students’ failure to visualise certain transformations that are performed suggests that they did 
not get enough opportunity to practise visualisation skills during their schooling years. This 
was acknowledged by students during interviews when they mentioned that their teachers at 
high school insisted on them using the rules for transformation geometry because then “once 
you ‘keep the rules in your head’ you will never go wrong”. This concurs with the notion that 
teachers may perfunctorily teach topics whose conceptual demand they do not appreciate 
(Chick, 2002). Students’ lack of visualisation skills implies that some students do not possess 
level 1 characteristics as depicted in Soon’s (1989) Van Hiele like levels of achievement in 
transformation geometry. Therefore, it is not surprising that none of the students in the study 
possessed characteristics that are required for level 4 reasoning.  
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The role of communication (visually and otherwise) in facilitating learning of transformation 
geometry cannot be over-emphasised. When teachers communicate at a level that is different 
from the one at which learners operate, the resultant discord diminishes the possibilities of 
learning with understanding. Hence students are prone to make errors (Hansen, 2017). 
Therefore, language barriers need to be identified and addressed.  
 
As part of recommendations towards addressing the misconceptions identified in this study, 
teachers should provide students with opportunities to experience hands-on manipulatives that 
will give them plenty of time and practice to manipulate in order to get visual perspectives of 
how the shapes move as they are translated, reflected or rotated. This should be achieved before 
any rules are learned or emphasised. The van Hiele phased-based instruction is one strategy 
that can be used to give students an opportunity to work on step-by-step instructions on how to 
relate the transformed shapes with the properties of both objects and images so that they can 
discover and master the rules themselves. However, students’ inability to follow instructions 
should not be underestimated. This relates to their inadequate language repertoire, which needs 
intervention from teachers, especially given that students’ ability to communicate their 
mathematics to their peers and others is an essential aim within the mathematics classroom 
(Brown, Jones, Taylor & Hirst, 2004).  
 
Lastly, teachers and learners alike could benefit if teachers could make the effort to familiarise 
themselves with their students’ errors and misconceptions and work on strategies to improve 
these misconceptions. This is especially crucial in the South African context in which error 
analysis and diagnosis are not part of courses offered in pre-service teacher education 
programmes (Luneta, 2008). To this effect, the researcher would recommend the analytic, 
process-oriented approach to error analysis as suggested by Rach, Ufer & Heinze (2013) and 
discussed here earlier on.  
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APPENDICES 
 
APPENDIX A: Pre-Test – Multiple Choice questions  
 
Name and Surname …………............................................................  
Did you do Mathematics or Mathematical Literacy at matric?.................................................... 
 
 
 
TRANSFORMATION GEOMETRY PRE-TEST (and POST-TEST) 
Instructions   
1. Take time to carefully read and then answer all questions in this test.  
2. The steps you took in arriving at a particular answer is of importance rather than the 
correct answer. Therefore you are encouraged to make any marks or rough work on the 
question paper and show the steps you took in arriving at your answer. 
 
Level 1 - Basic level (Visualization/Recognition) 
 
 
 • Identifies transformation by the changes in the figure  
 
(a) In simple drawings of figures and images 
 
1) Various transformations are carried out on the following shape. 
 
  
Which shape from those given below shows the position of the above shape according 
to 
i. Rotation 
ii. Translation 
iii. Reflection 
 
 
 
 
2)  Which one of the following shows 3 units to the right and 2 units down translation for 
the given shape? Circle the correct answer.  
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3) In this figure, ΔXPL was formed by what transformation of ΔDWT? Circle the correct 
one from the given options.  
 
                         
 
a. rotation about the origin 180° 
b. rotation about the origin 90° clockwise 
c. reflection over the x-axis 
d. rotation about the origin 90° counter- clockwise 
 
4) Each of the diagrams below represents a different transformation of triangle ABC in 
each case. Which, among the transformations shown below, represents a rotation of 90˚ 
about the origin? Circle the correct one. 
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 Solves problems by operating on changes of figures or motion rather than using 
properties of the changes. 
 
 
5) Describe the transformation done on ΔFKW to form ΔRNG. Circle the correct one from 
the options given below. 
                 
 
a. rotation about the origin 90° counter-clockwise 
b. rotation about the origin 90° clockwise 
c. reflection over the x-axis 
d. translation 5 units right and 9 units up 
                               
6) What transformation was performed on ΔTNZ to form ΔCRM? Circle the correct one. 
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 a. reflection over the x-axis 
b. reflection over the y-axis 
c. rotation about the origin 90° counter-clockwise 
d. rotation about the origin 180° 
 
 
7) A shape is rotated clockwise about the given point O. What size is the angle of rotation, 
in degrees? Circle the correct answer. 
  
  A. 90     B. 360     C. 180    D. 270 
 
 
 
8)  What are the coordinates of each vertex if the figure below is translated 3 units to the 
right and 2 units down? Circle the correct answer.  
 
  
 
 
a. A' (1; 5), B' (5; 3), C' (9; 1), D' (7; 2) 
b. A' (5; 0), B' (4; 8), C' (8; 6), D' (6; -2) 
c. A' (1; 0), B' (5; 3), C' (9; 1), D' (7; -6) 
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d. A' (-1; 0), B' (4; 2), C' (8; 0), D' (6; 0) 
                             
 
9) A triangle has vertices at A(-7; 6), B(4; 9), C(-2; -3). What are the coordinates of each 
vertex if the triangle is translated 4 units to the right and 6 units down? Circle the correct 
answer. 
 
a. A' (-11; 12), B' (0; 15), C' (-6; 3) 
b. A' (-11; 0), B' (0; 3), C' (-6; -9) 
c. A' (-3; 12), B' (8; 15), C' (2; 3) 
d. A' (-3; 0), B' (8; 3), C' (2; -9) 
 
 
10) In the coordinate plane, the point E' is the reflection of point E on the x-axis.  
 
  
Which point below represents the coordinates of E'? Circle the correct answer.  
a. E'(-2; -1) 
b. E'(-2; -2) 
c. E'(-2; -3) 
d. E'(-2; 0) 
 
11) What are the coordinates of each vertex if the figure is reflected over the y-axis? Circle 
the correct answer. 
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a. A' (6; -1), B' (-5; 4), C' (-4; 5), D' (-3; 3) 
b. A' (-1; 6), B' (-4; 5), C' (-5; 4), D' (-3; 3) 
c. A' (-1; -6), B' (-5; -4), C' (-4; -5), D' (-3; -3) 
d. A' (-6; 1), B' (-5; 4), C' (-4; 5), D' (3; -3) 
 
 
 
 
 
12) What are the coordinates of the vertex if the figure is rotated 180° clockwise about the 
origin? Circle the correct answer. 
  
a. A' (-2; -2), B' (-5; 2), C' (-3; 6), D' (3; 4) 
b. A' (2; -2), B' (-2; -5), C' (-6; -3), D' (-4; 3) 
c. A' (-2; -2), B' (2; -5), C' (6; -3), D' (4; 3) 
d. A' (2; 2), B' (-2; 5), C' (-6; 3), D' (-4; -3) 
 
 
13) In the coordinate plane, the point A' is obtained by translating the point A(-2; 3) first 2 
units to the right, and then 4 units up. Which one of the points below shows the 
coordinates of point A'? Circle the correct answer. 
 
a. (0; 5) 
b. (0; 7) 
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c. (0; 6) 
d. (0; 4) 
 
 
14)  A triangle has vertices at A(-3; - 1), B(-6; - 5), C(-1; - 4). Which transformation would 
produce an image with vertices A'(3; -1), B'(6; -5), C'(1; -4)? Circle the correct one. 
 
a. A reflection over the x-axis 
b. A reflection over the y-axis 
c. A rotation 90° clockwise 
d. A rotation 90° counter-clockwise 
 
 
15) Which transformation of the following figure would produce an image with vertices 
A'(-2; -2), B'(9; -6), C'(9; -2)? Choose the correct one. 
                                           
 
a. A reflection over the x-axis 
b. A reflection over the y-axis 
c. A rotation 90° clockwise about the origin 
d. A rotation 90° anticlockwise about the origin  
 
16) A triangle has vertices at A (1; 3), B (4; 2), and C (3; 8). Which transformation would 
produce an image with vertices A' (3; -1), B' (2; -4), C'(8; -3)? Circle the correct one. 
 
a. A reflection over the x-axis 
b. A reflection over the y-axis 
c. A rotation 90 degrees clockwise 
d. A rotation 90 degrees counter-clockwise 
 
 
17) In which of these drawings is translation and reflection used? Circle the correct answer.  
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THANK YOU FOR TAKING THE TIME TO TAKE THIS TEST!  
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APPENDIX B: Pre - Test – Discussion type questions 
 
Name and Surname ---------------------------------------------------- Maths/Math Lit ----------------
---------------- 
 
TRANSFORMATION GEOMETRY PRE-TEST (and POST-TEST) 
Instructions   
1. Take time to carefully read and then answer all questions in this test.  
2. The steps you took in arriving at a particular answer is of importance rather than the 
correct answer. Therefore you are encouraged to make any marks or rough work on the 
question paper and show the steps you took in arriving at your answer. 
 
 
1) The tetragon on the left is reflected and its image is also drawn. If the tetragon is moved 
1 more unit towards the mirror, what will be the position of the reflection (the image) 
of the tetragon? Show on the diagram.  
 
 
 
2) Look carefully at this picture of a playing card: 
  
 
What has happened to the cards below? In each case describe the changes that have 
happened from the original card. 
 
2.1.  
 
 
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
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-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------- 
   
2.2.-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------ 
   
2.3.-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------- 
 
3. The following figures have been transformed. Name and describe the transformation. 
 
 
 
3.1. Name of transformation – -------------------------------------------------------------------------- 
Description of transformation  
 
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
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-------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------- 
 
 
3.2.Name of transformation --------------------------------------------------------------------------
Description of transformation -------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------- 
 
4. Draw the image of the following figure if it is reflected in the y-axis. 
 
 
 
5. Draw the image of the figure below if it is translated 2 units to the right and 3 units up. 
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6. Reflect the figure below across x = 1. 
 
  
 
 
7. Look at the diagram below. Can this be an example of a translation? If yes, Why? If no, 
why not? 
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------- 
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8. How would you describe the difference between a translation and a rotation of a geometric 
shape? ---------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------- 
 
9. Draw the line of reflection when triangle ABC is reflected and the image is triangle ABC 
  
 
10. Figure ABCD is translated to image ABCD. Draw a translation vector (line showing 
direction of translation of the points of the figure) according to which the figure is 
translated.  
 
               
 
11. A figure and its image after transformation are given below.  
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11.1. Name the above transformation. ----------------------------------------- 
11.2. Draw or locate on the diagram the following: 
 
i. Centre of rotation 
ii.  Angle of rotation 
 
 
12. The triangle ADE is formed by rotating triangle ABC clockwise through 90°. A(0;0), 
B(1;3) and C(3;1) are given. Find the coordinates of points D and E.  
D(---; ---) 
E(---; ---) 
 
 
 
 
 
 
 
13. Draw the image of the following figure according to the rule and identify the type of 
transformation 
                             Rule:                3,2,  yxyx   
 
                                                    
Type of transformation ------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------- 
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14. The triangle ABC below, with coordinates A(0;0), B(2;2) and C(4;1) is rotated about the 
origin (0;0) through an angle of 90° clockwise to become triangle A'B'C'. The coordinates 
of B' are (2;-2).  
  
 
14.1. What are the coordinates of C'? ---------------------------- 
14.2.  Explain how you got the coordinates in 1.1 above. ---------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------- 
 
14.3.  What are the coordinates of B'? ------------------------------ 
 
14.4.  What do you know about the length of each side of the triangle ABC and 
triangle A'B'C'? ------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------- 
14.5.  Which of the following properties correctly describe the transformation on 14) 
above? 
 
a. Each line segment of the figure is congruent to the corresponding line 
segment of the image.  
b. Each angle of the figure is congruent to the corresponding angle of the 
image figure.  
c. The figure is congruent to its image. 
d. The orientation of the figure is different from its image. 
e. Each line segment of the figure is parallel to the corresponding line 
segment of the image. 
f. The figure is similar to its image 
 
Answer: -------------------------------------------------------------------------- 
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15. On the grid below, figure STUV is drawn on a system of axes:
  
15.1. Rotate figure STUV through 90° anticlockwise about the origin  
(0;0) and label the image S'T'U'V'. 
15.2. Through how many degrees anticlockwise can you rotate the same figure so that 
it can fit exactly onto the original figure? ------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------------ 
15.3. Describe how you arrived at the answer given in 1.2 above. -------------------------
-------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------
-------------------------------------------------------------------------------------------------
------------------------------------------------------------------------------------------------- 
 
 
16. B, E and C are the midpoints of AD, DF and AF respectively. Triangle CEF is formed by 
applying transformation to the triangle ABC. What could be this transformation?  
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17. Describe the kind of transformation below, where rectangle CDEF is transformed to 
rectangle C'D'E'F'.------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------- 
  
 
 
18. Describe 2 different transformations that would move the following figure onto the 
image. --------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------- 
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19. Consider the statement: When a figure is rotated, the figure and its image are congruent.  
Do you agree? Yes/No ---------------------------------- 
Motivate the answer you gave above with an appropriate diagram. Use the grid below. 
 
  
 
 
 
20. Prove, using diagrams and some explanations, that the rule (x; y) → (x – 2; -y +3) 
represents a combination of a reflection followed by a translation. Your diagram and 
explanation must clearly show the line of reflection as well as the units through which the 
figure is translated.  
 
 
 
Explanation: -------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
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----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
--------------------------------------------------------------------------------------------------------------- 
 
21. Describe (in words) how you could use transformations to make this tiling pattern. 
 
 
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------- 
 
22. Reflect the triangle below on any of its sides to create a quadrilateral. Write down the 
name of the quadrilateral formed and explain why you give it that name.   
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Name of quadrilateral ------------------------------------------------------------------------------------- 
Why this name ----------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------- 
 
 
 THANK YOU FOR TAKING THE TIME TO TAKE THIS TEST!  
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APPENDIX C: Examples of extracts from interview transcripts 
 
Interview with student S34 on MC Question 1 
 
(This student did not get this answer wrong, but the researcher noticed some interesting 
diagrams that were drawn/scribbled by the student on her script. She wanted to understand 
what those diagrams meant or why they were drawn, with the belief that the explanation 
might give the researcher insight into how students reason about transformation geometry 
problems) 
 
Researcher: I am interested in this (pointing at some diagrams drawn next to the question)... 
because I want to know what’s going on…it’s interesting. I just want you to explain to me.  
 
 
S34: I drew this because I want to see where … how does the shape ….I drew this because 
of rotation kahle kahle (meaning “actually”). 
Researcher: These two diagrams? (pointing at the two diagrams scribbled next to the 
question) 
S34: Yes. And then I followed the instruction here … “Which shape…” (Starts reading the 
instruction). And then for rotation I used this one (pointing at the diagram towards the far 
end of the paper) after drawing this … 
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Researcher: So how did you come from this (pointing at the given diagram ) to this (pointing 
at the rough diagram drawn by the student) 
S34: After drawing? 
Researcher: Yes…How did you decide that this must be it…explain these two diagrams to 
me… 
S34: Because in Maths, you must use angles to see whether the shape is rotating or 
translating 
Researcher: Angles? What angles did you use? 
S34: I used this one as 90 (pointing at the first rough diagram, at the L shape in, what looks 
like, the second quadrant) and then 180 (pointing at the L shape in the first quadrant) and 
then….(pauses) … then 270 or something (pointing at the L shape in the fourth quadrant), 
and then 360 (pointing at the L shape in the third quadrant). 
 
Researcher: Why did you draw this like this and this one like that? (pointing at and going 
over the L shapes with her pen) 
S34: Oh, after searching the…this ….. on the internet, there was a law that….(pauses) … 
Researcher: Oh! When did you search the internet? (laughing) 
S34: Before I wrote the test (laughing) 
Researcher: Oh! Alright… (laughing) .. and then there was what.? 
S34: It says for shapes that rotate you must draw like this (referring to one of her rough 
diagrams) to see how many times the shape rotates and how many degrees. And for 
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translation shapes, you must also draw this (referring to her second rough diagram) ….to see 
that the shape is the same but not standing in the same direction …that’s translation  
Researcher: It is the same but not standing in the same direction? 
Yes….And then for reflection there must be a mirror line for …In the mirror line, the sides 
of the shape must be equal and be the same …that’s how it is.  
 
Researcher Did you check the other ones (referring to the given options) 
Properties of transformations – translation being the same but not standing in the same 
direction 
Language issues – must be the same (meaning of “the same”? Same in what?) 
 
Interview with S3 on MC Question 11 
 
Researcher: How did you come up with that answer? 
S3: (Pauses for a long time - while looking at the question and putting her hand on the 
diagram as if she wants to write something but does not write anything…Starts doing some 
counting on the diagram….writes some dots…hesitates and stops…stares at the paper) 
 
 
 
Researcher: Explain to me, what are you trying to do now? 
S3: I am trying to reflect this point in the…. y – axis 
Researcher: What is this point (pointing at a dot on the other side of the y-axis) 
S3: Which one? 
Researcher: This one… this dot (pointing at the same point again) 
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S3: I just did …. oh, by the time I was …. I thought …oh, I got this answer by… I tried all of 
this ….answers here (pointing at the given options) 
Researcher: All of these?? You started with a, then b and so on? 
S3:Yes 
Researcher: How did you do that? 
S3: I plotted…. 
Researcher: Ok? And then how did you choose this option (pointing at the chosen option) 
But I didn’t see where you worked… So how did you come up with the answer? 
S3:I plotted…. then I erased  
Researcher: You erased? Oh I didn’t see that (looking closely at the diagram for rubber 
marks) 
(In this case, the student made errors with plotting, hence she got wrong option – C, which 
was, by the way, the prevalent incorrect option for this question, with 8 students choosing 
this option) 
 
Interview with S57 on MC Question 15 
(It should be noted that this was one of only 2 students who obtained a total for the MC pre-
test) 
 
Researcher: Explain to me, how did you come up with this answer (pointing at option D 
that is chosen by the student) 
S57: I just took these coordinates here (pointing at the given coordinates) and I drew them 
(meaning that he plotted the points represented by the coordinates) and then I just played 
around with the paper and did this (turning the paper around) and then it becomes this one 
exactly … (pointing at the original figure) 
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Researcher: So, what is your answer? 
S57: I rotated the paper and found that it’s a 90 degrees anti-clockwise rotation 
Use this example to introduce and emphasise the centre of rotation.  
Researcher: If they ask you…. for instance here (referring back to question 11) … you said 
the values change…you didn’t say you drew this and found these are …. 
S57: (interrupting) …Because I’ve done a similar problem on the other side 
Researcher: Here you said you played around with the paper …why didn’t you use 
“changing of the coordinates?” 
S57: The rules? 
Researcher: Ok, if you want to call it the “rules”… (laughs) 
S57: I’ve forgotten the rules but there’s always strategies to work around when you do 
Maths…So, it’s plain English…if they say rotate this anti-clockwise, then you do it just to 
see what happens to the shape… 
Researcher: So would you say there is a stage where this kind of image wouldn’t work and 
then you would use rules? When would you choose to use the “rules”? …For you personally. 
S57: For me? I think it will depend on the type of question… 
Researcher: Do you think there are questions that would need one to use rules? 
S57: Yes…. 
Researcher: In that case they wouldn’t work without the rules?  
S57: But this one did work…. 
Researcher:  …(laughs)…No, I mean …like for you…. when would you choose to use the 
“rules”? Or are there particular rules that you would choose to use?  
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S57: I would use them if I know them…because “angithi” (meaning “isn’t it that”) we are 
trying to earn the marker’s full support when we are trying to get the marks? So you want to 
show that you fully understand what you are doing. So if I use the rule it’s more 
understandable to the one marking that… no, they know what they are doing this one. But if 
I don’t remember anything I will use anything possible to get those marks…  
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APPENDIX D: Intervention programme based on van Hiele phases  
 
TRANSLATION  
Level 1- Basic level (Visualisation/Recognition) 
 
• identifies transformation by the changes in the figure; (a) in simple drawings of 
figures and images; and (b) in pictures of everyday applications. 
• identifies transformation by performing actual motion; names, discriminates the 
transformation. 
• names or labels transformations using standard and/or non-standard names and 
labels appropriately. 
• solves problems by operating on changes of figures or motion rather than using 
properties of the changes. 
 
The Information phase 
The teacher identifies, through discussion, what students already know about a topic and in 
this way the students become acquainted to the topic of interest. 
 
 Students’ attention is directed to two lines that cross each other, drawn on the floor, (no 
mention of a “system of axis” or “Cartesian plane”, by the researcher yet) and to letters 
such as A, B, C, D, and so on, that are written on the floor at different positions (no 
mention of plotting/points at this stage). 
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Three students are then asked to stand in the positions of A, B and C on the floor. Then the 
following questions are asked and various students are chosen to answer the questions. A 
discussion of the questions then follows after all the questions have been answered (The 
answers given by students helped the researcher to decide how to pitch the next activities and 
to assess what aspects of the topic need more attention): 
 What is different about the positions in which students A, B and C are standing? 
(Students mentioned terms such as quadrants, points, positive/negative sign, left/right , 
x-axis/y-axis, and so on) 
 What would student B have to do in order to reach the position of student C? (Students 
mentioned terms such as move/walk/shift, spaces/steps/units, left/right, and so on. 
Researcher allowed students to use their own language at this phase)  
 Use a line to join G and M. Now move the line two units up and then draw it in the new 
position. Does the new line have the same length as the original line? Does it have the 
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same orientation? Why do you say so? (Students’ answers gave an indication of their 
prior knowledge of translation) 
 Use lines to join E, J and K. What shape is formed? If this shape were to be moved first 
down and then to the left, in which quadrant is it likely to end up? (This question gave 
students an idea of what the topic is about). 
 Use lines to join G to A and M to F. Now answer the following question: 
True or false: If you shift/slide line GA to the right it is possible to lend exactly on (top 
of) line MF. (This question introduced level-specific vocabulary, namely, “shift/slide” 
and its meaning). 
 
Guided Orientation phase 
 
Students work on researcher-specified tasks and the researcher guides them so that they can 
make the necessary discoveries or notice possible relationships  
 
1. Students continue working on the system of axes that is drawn on the floor. The 
researcher asks them to physically perform the following tasks (Kinaesthetic stage), or 
to answer the following questions, which are discussed as students are gradually 
exposed to the skills characteristic of Level 1. 
  
 Describe the position of point K, in relation to point E (researcher encouraged use 
of correct terminology, such as point, units, above/below, down/up, 
shift/slide/translate) 
 Which direction and what distance should you move from point L if you want to 
reach point C? (students were given an opportunity to perform the actual motion 
implied by the transformation of the point) 
 If you are allowed to move/shift to the right or left and up or down only, which 
direction and what distance should you move from point B if you want to reach 
point H? 
 If you are allowed to move/shift to the right or left and up or down only, which 
direction and what distance should you move from point J if you want to reach point 
A? 
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 What would you say about the distance from point A to point G and the distance 
from point A to point M? Why do you say so? (students were guided to realise the 
importance of differences in direction of motion/shift, even when the “size” of shift 
is the same) 
 Explain and show how line OJ could possibly become the image of line IH (students 
are guided to solve problems by operating on changes of figures –emphasis on the 
importance of reading and re-reading the question, to differentiate which one is the 
original and which one is the image, as well as encouraging the use of the correct 
terminology, such as “image”). 
2. A number of students are given different shapes made of cardboard and asked to 
perform the following tasks by moving the cardboard pieces around on the chalkboard 
(they were guided to learn that when shapes are shifted or translated, only the position 
of the shape changes, not the size or orientation of the shape) – (Concrete stage): 
 Paste the shape piece somewhere in the middle of the chalkboard. (Then all 
students observed the position of the shape on the chalkboard). 
 Trace around the cardboard and draw the shape on the chalkboard. (Students 
noticed the size and orientation of the shape) 
 Now slide the shape piece down to a new position. 
 Trace around the cardboard and draw the shaped formed, that is, the image 
of the original shape.  
 Is the size of the image different from that of the original shape? How do 
you know? 
 Is the orientation of the image different from that of the original shape? How 
do you know? 
 
3. In each of the cases below, the shape/picture on the left is shifted or translated to a new 
position on the right. Which one of the three shapes on the right is a possible 
representation of this shift/translation? Circle the correct answer.  
 
                                          
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                                        
 
 
                                                                    
 
 
                                                                    
 
 
4. In the diagram below, which one of the two quadrilaterals, NOPQ or JKLM, is a 
translation of quadrilateral FGHI? How do you know? 
Now use a straight line to connect each corner of quadrilateral FGHI with the 
corresponding corner of the image you have chosen to show the direction and distance 
moved.  What do you notice? (Emphasis on the fact that when a shape is translated, 
every point of the shape must move the same distance in the same direction - semi 
concrete stage) 
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Explicitation phase 
 
Students explain and express their views about the observed structure, building on their 
previous learning experiences. They describe what they have learned about the topic using 
their own language, with the teacher introducing technical terms or standard vocabulary and 
correcting mathematical language.  
 
1 In transformation geometry, what do we mean by the term “shift or “slide”? 
2 When a figure is translated, certain features or characteristics associated with the figure 
change, while others do not. Expand on this statement by using an example.  
3 Refer to the diagram below and explain why the shape on the right cannot be a 
translation of the shape on the left. 
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Free Orientation phase 
Students are given more challenging tasks and are required to do investigations on their own, 
so as to discover certain relationships. Open-ended tasks with multi-path solutions are also 
provided to students, in order to encourage them to find their own solutions. During this phase 
they are required to justify their answers, using appropriate vocabulary as developed during 
the explicitation phase. 
 
1. Using the piece of cardboard shape supplied, trace around the cardboard to draw the 
shape anywhere in the Cartesian plane. Label the vertices of the shape according to 
your own choice. Then translate the shape to a different positions.  
2. Now, translate the shape in three different ways, by moving it up/down and to the 
right/left, such that the resultant image is 
 In the same quadrant as the original shape 
 In a different quadrant  
 Found somewhere in between or across two quadrants  
(Student were able to realise that translating the shape does not necessarily mean that the 
image will be in a different quadrant) 
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After each one of the translation motions has been performed, trace around the cardboard again 
and draw and label the image. Then describe fully, using appropriate vocabulary, what 
translation has taken place for each of the three cases.  
(For reinforcement after students have done the task, the researcher used Geogebra 
programme to demonstrate various possibilities of shifting the shape around in the Cartesian 
plane, as depicted in the Geogebra clip below) 
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3. Investigate whether one of the figures below can be a translation of the other.  
 
 
(This was an open-ended task of figures without a grid to enable students to come up with 
creative ways of finding out if the shapes are congruent or not. However, there were surprising 
and unexpected responses such as “They are not in the same line (assuming they mean not at 
the same horizontal level) and so cannot be a translation of the other”; or “Yes they are 
translation of each other because they look the same”. Expected creative answers involved 
students tracing the figures onto blank paper and then super- imposing them on each other to 
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see if they are congruent. A few students inserted a system of axes and tried counting units 
shifted by vertices from one figure to another) 
(Students were able to realise that each point/vertex of the figure is translated the same 
distance and in the same direction as all other vertices of the figure and that one does not 
always need to have a system of axes and a grid in order to translate shapes. Also, they got an 
opportunity to use their own (different) methods or strategies to arrive at the same conclusion. 
For example, some students started with the figure at the top as the original and the one at the 
bottom as the image. Others did the opposite) 
Integration phase 
Students review, integrate and summarize what they have learned in order to develop a new 
overall view. The researcher might assist, if necessary, by providing brief reference to what 
the students have learnt. 
1 What other words are used to mean the same thing as a translation in transformation 
geometry? 
2 Triangle FGH below is translated and the image, triangle F'G'H' is drawn. What are the 
two main things that you have to mention when describing a translation such as this 
one? 
 
 
 
3 When a shape is translated, what are the similarities and the differences between the 
shape and its image? 
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4 Say whether the following statement is true or false: When a figure is translated in a 
system of axes, the image of the translated shape has to be in another quadrant after the 
translation. Explain your answer.  
 
 
TRANSLATION  
Level 2 – Descriptive/analysis 
• uses the properties of changes to draw the pre-image or image of a given transformation. 
• discovers properties of changes to figures resulting from specific transformation. 
• uses appropriate vocabulary for the properties and transformation. 
• is able to locate/draw translation vector. 
• relates transformations using coordinates. 
• solves problems using known properties of transformations. 
 
The Information phase 
The teacher identifies, through discussion, what students already know about a topic and in 
this way the students become acquainted to the topic of interest. 
1. Students are asked to work in pairs and to refer to a system of axis drawn on the 
chalkboard: 
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Then the following questions are asked and various student pairs are chosen to answer the 
questions. A discussion of the questions then follows after all the questions have been answered 
(The answers given by students helped the researcher to decide how to pitch the next activities 
and to assess what aspects of the topic needed more attention): 
 How would you describe the positions of points A and B? (To check if students 
will use the coordinates in their description) 
 Which point is closer to point C? Is it point F or point B? How do you know? 
(Most students could relate the distances with number of units moved, as well 
as use appropriate vocabulary such as “to the right/left” or “down/up”) 
 Relate the position of point D to that of point B. What is similar about the 
positions of these two points? 
 Relate the position of point E to that of point D. What is similar about the 
position of these two points? (To see if students could relate the signs of the 
coordinate values to positions on either side of axes – this caused confusion 
about actually shifting a point to the left if the x-coordinate will still end up 
positive?) 
 Can point E be a translation of point A? Why do you say so? (To see if students 
could discover properties of changes to a point resulting from specific 
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transformation. They were able to differentiate which one is the object and 
which one is the image, according to the question) 
 Join points A, B and C. What shape is formed? Shift this shape one unit down. 
(To determine if students could recognise specific properties/features and 
names of shapes formed? Most of them used physical movement rather than 
coordinte values to determine the image of a given figure) 
   
Guided Orientation phase 
 
Students work on researcher-specified tasks and the researcher guides them so that they can 
make the necessary discoveries or notice possible relationships. 
 
1. Students play a game called “Who am I?” The purpose of the game is to practice relating 
the direction of translation with coordinates as well as to encourage the use of correct 
terminology such as points, coordinate pairs; y-axis; x-axis; right/left; up/down, 
above/below; intersection, point of origin]  
 
A system of axes is drawn on the ground.  
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Then various students are given cards with names of points and coordinates of those 
points. A random point is then called out by the researcher and the student whose card 
has the coordinates of the point in question will go and stand on the point. The rest of 
the students are then asked if the student is standing in the correct position.  
 
The student then describes his/her position, first whether he/she is to the right/left of 
the y-axis and above/below the x-axis (order of description is important so as to 
correspond with x-coordinate first and then with the y-coordinate last). Then the 
student will place his/her card at the point on the ground before leaving. The game 
continues until all students with coordinate pair cards have placed their cards on the 
correct position on the Cartesian plane. For example:  
 Researcher: point K!  
Student: “I am point K (3; 1) – (lifts card up to reveal coordinates). I 
am 3 units to the right of the y-axis and 1 unit above the x-axis” 
 
 
                
 Researcher: point N!  
Student: “I am point N (-2; -3) – (lifts card up to reveal coordinates). I 
am 2 units to the left of the y-axis and 3 units below the x-axis” 
 
 Researcher: point D! 
Student: “I am point D (0; -2) - (lifts card up to reveal coordinates). I 
am located on the y-axis and 2 units below the x-axis” 
 
 Researcher: point J! 
Student: “I am point J (0; 0) - (lifts card up to reveal coordinates). I 
am located at the intersection of the x-axis and the y-axis” [Researcher 
then adds: “I am often called the point of origin”] 
 
The researcher changes the phrasing of the statement and describes the position of the 
point while students say what point that is and what coordinates does it have.  
 
For example:  
 Researcher: “I am 4 units to the left of the y-axis and 3 units above the 
x-axis. Who am I?”  
Student: “I am point G and my coordinates are (-4; 3). 
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 Researcher: “I am 2 units to the left of the y-axis and I am located on 
the x-axis. Who am I?”   
Student: “I am point O and my coordinates are (-2; 0). 
 
2. Students play a game called “Attention, Move, Stop, Tell!” With their bodies 
representing points on the same Cartesian plane drawn on the floor, students learn about 
shifting/translation of points either left or right and up or down. 
 A number of students are given some cards with pairs of coordinates and then 
they are asked to take the correct position on the system of axes, next to points 
labelled A, B, C, D, and so on. (Researcher checked that they have taken the 
correct position – correct plotting of points). 
 While they are standing in these positions, an instruction is given for students 
to move a certain number of units towards a certain direction, right or left and 
up or down. So, they first pay attention to the instruction, move according to the 
given directions, stop after completing the shift and then tell the rest of the class 
what their new position (pair of coordinates) is. 
  The researcher then poses the question: How are the original coordinates of the 
point related to the new coordinates? (Students were thus guided so that they 
could make the necessary discoveries or notice possible relationships. Also, 
many examples with negative coordinates were used to give students an 
opportunity to work with negative integers).  
For example: 
 Researcher: “Attention, move 3 units to the left. Stop. Tell!” 
Student point B (4;-2): “My new coordinates are (1; -2). 
Relationship between original and new coordinates: “The x-coordinate of the 
new point is 3 units less than that of the original point. Or it is like I have 
subtracted 3 units from the x-coordinate of the original point, to get the x-
coordinate of the new point. The y-coordinate remains the same” 
 Researcher: “Attention, move 1 unit to the right and 2 units down. Stop. Tell!” 
Student point C (-3;-2): “My new coordinates are (-2;-4).  
Relationship between original and new coordinates: “The x-coordinate of the 
new point is 1 unit more than that of the original point. Or it is like I have added 
1 unit to the x-coordinate of the original point, to get the x-coordinate of the 
new point. The y-coordinate of the new point is 2 units less than that of the 
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original point. Or it is like I have subtracted 2 units to the y-coordinate of the 
original point, to get the y-coordinate of the new point.” 
 
3. The rules/instructions of the previous game are changed slightly. For example: 
 
 Researcher: “Attention, point N and point H: Hold hands to form a straight line. 
Move, without separating or breaking the line, 3 units to the right and 2 units 
up. Stop. Tell!” 
Student point N (-2; -3): “My new coordinates are (1; -1). 
Student point H (1; -3): “My new coordinates are (4; -1) 
 
Researcher: “What is the relationship between the coordinates of the original 
points and those of the new points?” 
Relationship between original and new coordinates: “The x-coordinate of the 
new point is 3 units more than that of the original point. Or it is like I have added 
3 units to the x-coordinate of the original point, to get the x-coordinate of the 
new point. The y-coordinate of the new point is 2 units more than that of the 
original point. Or it is like I have added 2 units to the y-coordinate of the original 
point, to get the y-coordinate of the new point.” 
 
 Researcher: “Has the straight line changed after the movement or is it still the 
same? 
Expected response: “No, the line has not changed. The size of the line is still 
the same and it is still lying flat, facing the same direction. Only its position has 
changed. The line moved as it is to a new position.” 
 
The researcher introduces the standard vocabulary: “The line as a whole has 
shifted 3 units to the right and 2 units up. It has been shifted or translated to a 
new position without changing its size and orientation. That is, it is still the same 
length and still lying in the same direction, horizontally. Only its position has 
changed since the coordinates of the points at the two ends of the line have 
changed. So the line moved as a whole to a new position.” 
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 Researcher: “Attention, point A, point G, and point M: Hold hands to form 
straight lines. Move 2 units to the right and 3 units down. Tell: What are your 
new coordinates and how are they related to the original ones?” 
 
Student point A (-2; 2): “My new coordinates are (0; -1). 
Student point G (-4; 3): “My new coordinates are (-2; 0) 
Student point M (0; 3): “My new coordinates are (2; 0) 
 
Researcher, to the whole class: “How many straight lines have been formed?”  
Expected answer: “Three.” 
 
Researcher, to the whole class: “What type of shape has been formed by the 
three straight lines?”  
Expected answer: “Triangle.” 
 
Researcher:  “Has the triangle changed after the movement or is it still the 
same?” 
Expected response: “No, the triangle has not changed. The size of the triangle 
is still the same and its orientation is still the same. Only its position has 
changed, since the coordinates of the 3 points at the corners have changed. So 
the triangle moved as a whole” 
 
The researcher emphasises the standard vocabulary: “The triangle as a whole, 
has been shifted 2 units to the right and 3 units down. It has been shifted or 
translated to a new position without changing its size and orientation. That is, it 
still has the same orientation and still has the same lengths of sides as the 
original triangle, forming the same sizes and orientation of angles as the original 
triangle. That is, it has the same size of angles, angle M at the top right vertex, 
angle G at top left vertex, as well as angle A at the bottom vertex, just like in 
the original triangle. Only its position has changed since the coordinates of the 
3 points at the vertices have changed”.   
 
4. Now students are asked to relate all the original coordinate pairs dealt with in 2 and 3 
above with their corresponding new coordinates. This must be done by working out 
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algebraically (through calculation and without making the actual movement of points 
or counting on the system of axes) how one gets the new coordinates from the original 
coordinates: 
 
Expected answers: 
 
 Move 3 units to the left.  
B (4;-2)  (4-3; -2)   B'(1; -2). 
 
 Move 1 unit to the right and 2 units down.  
             C (-3;-2)  (-3+1; -2-2)  C' (-2; -4). 
 
 Move 3 units to the right and 2 units up.  
N (-2; -3)  (-2 +3; -3+2)  N' (1; -1). 
H (1; -3)  (1+3; -3+2)  H' (4; -1) 
 
 Move 2 units to the right and 3 units down.  
A (-2; 2)  (-2+2; 2-3) A' (0; -1). 
G (-4; 3)  (-4+2; 3-3)  G' (-2; 0) 
M (0; 3)  (0+2; 3-3)   M' (2; 0) 
 (The researcher emphasised the use of correct/appropriate symbols such as A', read as “A 
prime”. Students were also guided to the manipulation of algebraic sums and differences) 
 
5. Students are asked to relate translations using coordinates as well as to draw translation 
vectors. The following information is given: 
 
A triangle has vertices at K (-2; 4), L (1; 3) and M (3; -5).  
 
 If the triangle is translated 3 units to the left and 2 units down, what are the 
coordinates of each vertex of the image? (Students are encouraged to use 
calculations and not to draw the triangle at this stage) 
 
Expected answer: 
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K (-2; 4)  (-2-3; 4-2) K' (-5; 2). 
L (1; 3)  (1-3; 3-2)  L' (-2; 1) 
M (3; -5)  (3-3; -5-2)   M' (0; -7) 
 
 Now use the coordinate points to draw and label both the original triangle and 
its image and then check if your calculations were correct, by physically 
counting and comparing the units shifted.  
(First the researcher allowed students to locate the positions of all the points of 
the vertices of the two triangles on the system of axis. This was meant to give 
students more practice in reading and correctly plotting the coordinates of 
points on a system of axes) 
 
Expected answer:  
 
 
According to the above diagram, the answers obtained through calculations 
match the coordinates of the image drawn.  
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 Use a straight line to connect each vertex of the triangle to the corresponding 
vertex of the image. What do you notice about the lines you have just drawn? 
Why do you think this is the case? 
 
Expected answer:  
 
“The three lines are parallel and equal. This is because all the three points have been shifted in 
the same direction and for the same distance” 
(The researcher introduced the appropriate term for the lines drawn, namely, translation 
vectors. For additional information and further explanation, the researcher showed students 
how the three translation vectors relate to the distances moved, as depicted in the diagram 
below:  
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Students were then referred back to the Free Orientation phase task number 2 of Level 2, where 
they were asked to investigate whether a figure is a translation of the other. Then the researcher 
asked them to use their knowledge of translation vectors that they have just gained to find the 
answer to that question: 
  
Question:  How would you know if the vectors are which vertices to connect? 
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                                       How would you know if the vectors are parallel? 
---------------------------------------------------------------------------------------------------------------- 
Explicitation phase 
 
Students explain and express their views about the observed structure, building on their 
previous learning experiences. They describe what they have learned about the topic using 
their own language 
1. Students, with help from the researcher, explain the “rules” relating to the following:  
 
 What happens to the coordinates of a point when it is shifted to the left? 
Expected answer: “Translation of a point to the left results in a 
reduction/decrease of (subtraction from) the value of the x-coordinate by the 
number of units it is shifted.” 
 
 What happens to the coordinates of a point when it is shifted to the right? 
Expected answer: “Translation of a point to the right results in an increase of 
(addition to) the value of the x-coordinate by the number of units it is shifted.” 
 
 What happens to the coordinates of a point when it is shifted up? 
Expected answer: “Translation of a point to the up results in an increase of 
(addition to) the value of the y-coordinate by the number of units it is shifted.” 
 
 What happens to the coordinates of a point when it is shifted down? 
Expected answer: “Translation of a point down results in a reduction/decrease 
of (subtraction from) the value of the y-coordinate by the number of units it 
is shifted.” 
 
 Choose the correct word in brackets: A movement towards the left or right shifts 
the shape in the (x/y) direction while a movement up or down shifts the shape 
in the (x/y) direction. 
Expected answer: Left/right shifts shape in the x direction. 
                               Up/down shifts shape in the y direction. 
 
375 
 
2. Based on the “rules" mentioned above, explain how you would determine the new 
coordinates of point L if it were translated two units to the right and three units down?  
 
L (-3; -4)  
Expected answer: “Add 2 to the x-coordinate of point L and subtract 3 from 
the y-coordinate of point L” 
 
L (-3; -4)  (-3+2; -4-3) L' (-1; -7).  
Therefore the new coordinates of point L, now represented by L', are (-1; -7). 
 
(The researcher, together with students, then did a physical movement of the 
point, namely, counting the number of units shifted on the system of axis to check 
if it correlates with the students’ calculations. Emphasis at this point was on the 
importance of knowing both the algebraic calculation method as well as the 
physical counting of units when figures are translated). 
 
3. Draw the image of quadrilateral HIJK below, according to the rule:  
(x; y)  (x + 1; y – 2)  
Expected answer: 
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4. A quilt design is formed by translating a polygon across the coordinate plane as shown 
in the figure below. Which is a translational rule that will translate point A to point B? 
 
A.    8,0,  yxyx            B.    2,4,  yxyx      C.    3,2,  yxyx    * D. 
   2,4,  yxyx    
 
 
------------------------------------------------------------------------------------------------------- 
 
Free Orientation phase 
Students are given more challenging tasks and are required to do investigations on their own, 
so as to discover certain relationships (Pusey, 2003). Open-ended tasks with multi-path 
solutions are provided to students, in order to encourage them to find their own solutions. 
During this phase they are required to justify their answers, using appropriate vocabulary as 
developed during the explicitation phase. 
 
1. Students play a game called “I am. You are”.  Pairs of students are given cards with 
coordinate pairs. The cards are related to each other according to some “rule”. The 
researcher chooses the first pair of students to read the information on their card while 
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all other student pairs are listening and figuring out if the information being read relates 
or refers to their card. Then the next pair whose card relates to the information read will 
follow by reading their own card. This continues until the information in all pairs’ cards 
has been read and shared. (This game challenged students to do algebraic calculations 
quickly in their heads, because they could not delay much with their answers since the 
other pairs were waiting to see who had the next card. At the same time, the game 
forced them to use algebraic rules and calculations because the system of axes is not 
drawn and there was no time for them to plot the points and physically count the number 
of units shifted. The purpose of using pairs was to allow students to help each other so 
that they could do the calculations faster). 
 
For example: 
“I am point M with coordinates (2; 4). Who is 2 units to my right and 6 units below 
me?” 
“I am point B with coordinates (4;-2). Who is 4 units to my left and 5 units above me?” 
        “I am point A with coordinates (0; 3). Who is 1 unit below me and 2 units to my 
left?” (Starting with changes in y-coordinate instead of x-coordinate was done 
deliberately, so that students could read/listen to instruction carefully, rather than 
assuming that the first action always referred to x-axis) 
       “I am point R with coordinates (-1; 1). Who do I reach if I move 6 units down and 
then 3 units to the left?” (The phrasing of the question was changed so that students 
are familiarised with different language used to refer to actions involving 
transformation) 
        “I am point L with coordinates (-4;-5). Who do I reach if I move 3 units to the 
right and then 2 units up?” 
 “I am point G with coordinates (-1;-3)”, and so on.  
  
 
2. Could the figure on the left be a translation of the figure on the right? Why do you say 
so? 
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Expected answer: “Yes. Every point on the figure is translated four units to the left and 3 units 
up”. 
Alternatively, students could draw translation vectors and check if they are parallel and equal. 
They could also talk about the size (area), shape and the orientation of the figure, which have 
all not changed.  
(Some students said no because the one on the right is the translation of the one on the left, 
“...not the other way round”.... Misconception about translation being always of the figure from 
the left to the right.) 
 
(Other students simply said “size and/or type of shape have not changed...” However, those 
arguments are not enough. For example, preservation of size alone does not mean it is a 
translation of the original figure. The figures in the example below were used to explain the 
misconception. First students were asked to investigate on their own if any of the figures below 
could be a translation of the other/s:  
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For example, both figures A and B have the same size as figure A (area = 7½ square units). 
However, none of them is a translation of figure A because they are not exactly the same shape 
as, or congruent to figure A. Put differently, figure A would not fit exactly on either of figure 
B or figure C. Secondly, preservation of “type of figure” is vague. For example, in the example 
above, both figure A and figure B are of the same “type” in terms of them being both hexagons. 
However figure C cannot be a translation of figure A, unless the two were exactly the same). 
(Students should understand that the figure as a whole is shifted to the new position, hence 
each vertex is shifted the same number of units in the same direction. They should also be able 
to notice that one does not always need to have labelled vertices, a system of axis or quadrants 
in order to carry out a translation. This activity also gave students the opportunity to think of 
their own solutions and argue convincingly when solving open-ended problems that might lead 
to multi-path solutions). 
3. Triangle FGH has coordinates of the vertices as follows: F (-4; -2), G (-2; 3), H (2; 1). 
Which of the following triangles cannot be a translation of triangle FGH? 
 Triangle XYZ with vertices X (-4; -1), Y (-2; 4), and Z (2; 2). (Translation of 1 
unit up) 
 Triangle AJB with vertices A (-2; -3), J (0; 2) and B (4; -1) (Some students 
chose (+2, -1), since two points satisfy this] 
 Triangle KLM with vertices K (-1; 0), L (1; 1) and M (5; -1) (some thought it 
was +3, -2, since two points satisfy this) 
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(Some students began to plot points but the researcher discouraged them in order to 
encourage them to relate the coordinates and do the algebraic calculations. Others (few) 
remarked that the names of the vertices were not related therefore could these be images 
of the given triangle? Others said that triangle XYZ only changed the y-coordinate and 
therefore this is not translation but reflection on the x-axis/y-axis) 
(After feedback through calculations, the researcher used Geogebra to prove that the 
last two triangles will not be exactly the same as, or identical/congruent to triangle 
FGH. This was done by trying to move the given triangle around to fit over the 
coordinate points of the other triangles. When this was done for triangle XYZ they were 
very pleasantly surprised when, as soon as the researcher matched only the first point, 
X, then the whole triangle FGH moved in such a way that points G and H fell exactly 
on top of the other two coordinates of the vertices of XYZ. Then again the fact that the 
whole shape or figure moves as a whole when shifted/translated was emphasized. The 
students were further impressed and surprised in the case of the other two triangles. 
They could see that the third vertex of triangle FGH fell on (4; 0) instead of (4; -1) and 
so triangle AJB could not be a translation of triangle FGH. The same goes for the last 
triangle KLM. The researcher, together with students, tried in various ways to fit the 
coordinates of the vertices of triangle FGH onto the coordinates of the vertices of KLM 
without success. The best that could be achieved was to match only two of the vertices) 
---------------------------------------------------------------------------------------------------------------- 
Integration phase 
Students review, integrate and summarize what they have learned in order to develop a new 
overall view. The teacher might assist, if necessary, by providing brief reference to what the 
student has learnt. 
1. Fill in the missing words:  
 
 After a translation (or a shift or slide), the figure still has the same -----, -----, 
and ------. It only changes its --------. 
 
Expected answer: size, shape, orientation, position 
 
 
 To translate a shape, every point of the shape must move the same ---------- in 
the same ----------. Hence the translation --------- have the same ----------- and 
are parallel to each other. 
 
Expected answer: distance, direction, vectors, length 
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2. Write down an algebraic expression that you would use to determine the coordinates of 
the image when a general point (x; y) is translated as follows: 
 
 2 units to the left and 3 units up. 
 
Expected answer: (x; y)   (x -2; y + 3) 
 
 1 unit down and 4 units to the right. 
 
Expected answer: (x; y)   (x + 4; y – 1) 
 
 3 units up. 
 
Expected answer: (x; y)   (x; y + 3) 
 
 
 
------------------------------------------------------------------------------------------------------- 
 
 
TRANSLATION  
Level 3 -• performs composition of simple transformations. 
• describes changes to states (pre-image, image) after composite transformations. 
• interrelates the properties of changes to a figure resulting from transformations. 
• given initial and final states, can name a single transformation. 
• given initial and final states, can decompose and recombine a transformation as a 
composition of simple transformations. 
(It should be noted that composite transformations involving different types of transformations 
could not be done at this point, since only translation has been done, no rotation or reflection 
had been done/taught yet).  
The Information phase 
The teacher identifies, through discussion, what students already know about a topic and in 
this way the student become acquainted to the topic of interest. 
1. Is translation involved in the following pattern? Explain your answer. 
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2. Is the following statement true or false about the diagram below: translation of the shape 
at the top is used to create the pattern below it? Why do you say so?   
 
 
 
Guided Orientation phase 
 
Students work on teacher-specified tasks and the teacher guides them so that they can make 
the necessary discoveries or notice possible relationships  
 
1. Follow the instruction below and then answer the questions that follow: 
 
 Draw the following figure on the grid. 
383 
 
 
 Translate the figure 2 units to the right and 2 units down. Draw the image.  
 
 Translate the image 2 units left. Draw the new image. 
 
 Translate the new image 1 unit up. Draw the image formed.  
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 Translate the latest image 2 units down. Draw the image formed.  
                     
 Translate the latest image 2 units to the right and 3 units up. Draw the image formed.  
 
 Translate the latest image 3 units down. Draw the image formed. 
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 Translate the latest image 2 units up. Draw the image formed.  
              
 Now draw the outline of the big shape formed after all the above transformations have 
been carried out. What shape is this? Why do you say so? 
 
               
Expected answer: It is a square. All the sides are equal to 4 square units.  
 
 
386 
 
 
 
2. Explain how you would use translation to create the pattern below, if you were to start 
with the triangle at the bottom left. 
 
 
Explicitation phase 
Students explain and express their views about the observed structure, building on their 
previous learning experiences. They describe what they have learned about the topic using 
their own language. 
Explain which one of the two figures, A or B, is a translation of the small triangle at the top: 
 
(Some students said that B was the translation, but “it’s just that it is bigger”. Others disputed 
figure A, saying that the triangles in A are not the same as the small triangle, “they are slanted” 
– Researcher used Geogebra to shift the small triangle around in order to convince students 
that figure A is a translation of the triangle, that resulted in the formation of the new figure.) 
Free Orientation phase 
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Students are given more challenging tasks and are required to do investigations on their own, 
so as to discover certain relationships (Pusey, 2003). Open-ended tasks with multi-path 
solutions are provided to students, in order to encourage them to find their own solutions. 
1. How would you use translation to change figure A on the left to become exactly the 
same as figure B? Explain fully the distances and directions of movement that 
would take place. 
 
2. Translate the following simple figure several times to create your own new figure: 
 
(Researcher used Geogebra to give feedback about other options that students could come up 
with, in creating own figures) 
 
Integration phase 
Students review, integrate and summarize what they have learned in order to develop a new 
overall view. The teacher might assist, if necessary, by providing brief reference to what the 
student has learnt. 
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1. An attempt was made to translate figure K on the left to figure B on the right. 
However, an error has been made. Identify, explain and correct the error.  
 
2. The following figure has been created by translating a particular simple figure 
several times: 
 
 Determine and draw this simple figure by decomposing the given figure into its 
composite simple figures. 
 Explain how the simple figure has been used to create the given, bigger figure.  
 
 
 
 
 
 
TRANSLATION  
Level 4 - • gives geometric proofs using transformational approach. 
• gives proofs using the coordinates and matrices. 
• thinks through multi-step problems and gives reasons for problems. 
How can translations be applied to real-world situations? 
 E.g. Prove that the car would never hit the truck if it continues straight ahead. Determine the 
shortest distance and the direction the car has to travel to reach the bus, etc. 
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 A car travelling along a straight road 
 A car travelling round a roundabout 
 Pushing a coin across the counter to pay for a magazine 
 Turning a page of this book 
 Looking at yourself in the bathroom mirror 
 Comparing the two sides of a soundbox of a violin 
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
----------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------- 
 
 
REFLECTION  
Level 1- Basic level (Visualisation/Recognition) 
• identifies transformation by the changes in the figure; (a) in simple drawings of 
figures and images; and (b) in pictures of everyday applications. 
• identifies transformation by performing actual motion; names, discriminates the 
transformation. 
• names or labels transformations using standard and/or non-standard names and 
labels appropriately. 
• solves problems by operating on changes of figures or motion rather than using 
properties of the changes. 
 
The Information phase 
The teacher identifies, through discussion, what students already know about a topic and in 
this way the student become acquainted to the topic of interest. 
 
1. A big mirror is brought to class and positioned against the wall. A few students are then 
asked to stand in front of the mirror, taking turns, one at a time, while the rest of the 
class is watching and listening. Each student is asked to describe what they see in the 
mirror. Then, all students are asked to go outside, find some “mirror-like” surfaces such 
as glass doors or windows and then perform the actions involved, following the 
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researcher’ instructions. The following questions are asked and all learners write down 
their answers, which are then discussed with the rest of the class : 
 Describe what you see in the mirror. (“my reflection”, “my twin”, “my 
picture facing me/looking at me” “myself standing in the opposite 
direction as I am standing” “I see an image of me looking straight at 
me”) (interesting how few students used the words “reflection” or 
“image” in their descriptions, despite the fact that the word “image” has 
been introduced before during translation) 
 What is the relationship between yourself and the reflection you see in 
the mirror? (Open question to allow them to use own familiar language 
such as “same”, “picture”, “size”) (“Doing everything I do at the same 
time”; “my twin, same size and everything like me”)  
 Describe your twin’s position in relation to yours. (“Opposite to me, 
looking at me”; “…on the other side (of mirror?) opposite my real self”; 
“… right in front of me … on the other side (of mirror?) alongside 
across the y-axis if I am to describe it in relation to a Cartesian plane; 
“position is equal distance from the mirror, is the same as mine”; “she 
is standing in front of me, with each part directly in front of me with 
the same distance from the window as me, in the opposite direction”; 
“His position is exactly 4 steps away from me as I am two steps away 
from the mirror. He is in front of me facing me”) 
 Move two steps closer to the mirror? What does your “twin” do? 
(“expands and grows, can see yourself more closer”; “moves with me, 
same way I moved”; “Getting closer, as in a zoomed image”) 
 Try to greet your twin using your right hand. What does your twin do? 
(“Also greets me using left hand”; “lifts left hand but same action and 
size lifts left hand but resembles exactly my right hand” – on further 
probing “I can see it is actually my right hand as I now touch it”; 
“Confusing because it is like he is lifting his right hand”; “Lifts her left 
hand to me because we are facing different positions (directions?)” – 
Researcher followed this up by asking one learner to stand with back on 
the mirror (so that person and image face same direction) and others 
observe what happens.) 
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 Move three steps towards your left. What does your twin do? (“moves 
three steps right, opposite direction”; “three steps to his right”; “three 
steps to his right but with the same pace as myself”; “three steps to her 
right, different from how I shifted because she moved to her right”; “to 
the right, the opposite of my directions”; “moving horizontally to the 
left meaning she is moving from the x-axis”; “moving along with me, 
doing the exact thing”; “moves three steps towards her left; moved 
three steps towards my left”) 
 Move four steps back. What does your twin do? (“She moves four steps 
back as I do”; “moves four steps away from me, it means that now she 
and I are 8 steps from each if we add our moves”; “She is moving 
vertical meaning she is moving taking at y-axis” – goes to show how 
misconceptions are stubborn???; “…four steps back, becomes far from 
my position”; “she moves back just like I did and she gets narrow”; 
“also moves back to her side and becomes small and changes in size” 
-  misconception; “moves fours steps back, creating a large distance 
in the middle” – Researcher capitalised on this terminology to bring in 
formal terms and characteristics of image in a reflection; “… four steps 
back too away from me in the same direction”; “…the timing is the 
same”; “…in the same position and direction” – had to explain meaning 
of ‘position’ in this case; “…four steps backward but starting with his 
right leg when I start with my left leg”; “moves four steps back also, 
away from me still facing towards me” – Researcher used this to relate 
to rigidity/not changing direction, of reflection; “… four steps back but 
facing a different direction” – Researcher had to tell students to be 
careful not to confuse with rotation changing direction; “… move the 
same steps back and away from the mirror”; “…moves four steps 
away from the mirror” – Meaning four steps from the original position, 
moving further away from the mirror;  “…image is zoomed out” – They 
had to be warned to be careful that use of zoomed in/out doesn’t make 
them confuse reflection with enlargement/reduction; ) 
 Do your own unique movements and look at the mirror to see what 
happens to your image. (“she does what I do … same angle, distance, 
speed, force and level”) 
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 Write a big letter E on an A4 paper and show it to your twin. What does 
your twin show you? Write it down the way you see it …….. 
(“An E facing towards his right/the left”; “same letter E but facing 
opposite side”; “ …something similar but his is facing the wrong 
direction” ; “…shows me the letter E …is upside down” – Researcher 
had to use a different letter F to convince students that the image is not 
upside down but “left to right change”.; “…letter facing in a different 
direction”; “… facing the other side/way”; “…twisted E facing back”; 
“ …the number 3”; “…the letter looks different it looks like it is 
flipped”; “… letter E who is looking backwards”) 
 
 Write the numbers 1 2 3 4 in big font, one next to the other, on an A4 
paper and show them to your twin. What does your twin show you? 
Write it down the way you see it …………. 
(“… the same numbers facing in opposite direction”; “…the numbers 
in reverse”; “Numbers are written backwards”. Picture of numbers in 
reverse… 
14 students failed to notice/realise that the order of numbers changes, 
on top of the fact that each symbol/digit faces different direction. One 
student only considered that the order of numbers is reversed, without 
indicating that each symbol faces a different direction. 
 
Guided Orientation phase 
 
Students work on teacher-specified tasks and the teacher guides them so that they can make 
the necessary discoveries or notice possible relationships  
 
1. Students go outside on the paving. The researcher asks them to physically perform the 
following tasks (Kinaesthetic stage), or to answer the following questions, which are 
discussed as students are gradually exposed to the skills characteristic of Level 1. 
(Students are given an opportunity to perform the actual motion implied by the 
transformation)  
 One student stands in a particular position on the floor, as directed by the researcher. 
A straight line is then drawn on the floor, a certain distance away from this student. 
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(Insert real original photo?) 
Then the following question is asked: If this line represents a mirror in front of the 
student, what would be the position of the student’s reflection behind the mirror?  
A volunteer must come and indicate where the image would be and the rest of the 
class must say whether the student (image) is correct or not. The researcher then 
challenges the students by standing in different positions behind the mirror line and 
asking why those positions are not correct positions of the image.  
(Researcher encouraged use of correct terminology, such as reflection, image, 
directly across, opposite side, same distance, mirror line, and so on) 
 The original student is asked to raise the left arm and then the ‘image student’ 
should indicate what the reflection would look like. Again the other students must 
confirm is this is done correctly. 
 Different ‘original students’ and ‘image students’ are chosen to perform more 
activities to see how the position of the image in a reflection changes as the original 
object changes positions as follow: 
 The original student moves two steps towards the left. Where will be the 
new position of the image? 
 The original student moves three steps back and then lifts the right arm up. 
What will be the new position of the image and what will it look like? 
 Three students stand in different position as directed by the researcher.  Then 
they join hands to form a triangle (include picture?) on one side of the mirror 
line. Three other students must then represent the position of the image of 
the triangle on the other side of the mirror line. Original students are given 
names such as K, L and M as labels of the vertices of the original triangle. 
Then the rest of the class must indicate which of the three image students 
will K', L' and M' 
2. In each of the cases below, the shape/picture on the left is reflected on the vertical mirror 
line. Which pairs show a possible representation of a shape and its reflection? Join the 
correct pairs with a line. [Hint: You can try folding the paper along the mirror line, also 
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called a line of symmetry, to see if the image and all its features falls exactly on top of 
the image] 
 
 
                                                     
 
                                                                                 
                                                                                         
 
  
 
                                           
                     
                                                                      
                                            
                                       
 
Term “laterally inverted” introduced, to describe image that is changed from left to right, or 
facing opposite direction. 
It was difficult for them to understand why the last one was a reflection when “image is not 
facing opposite direction” 
Explicitation phase 
Students explain and express their views about the observed structure, building on their 
previous learning experiences. They describe what they have learned about the topic using 
their own language 
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Answer the following questions about your experience with reflection of shapes on a mirror 
line or line of reflection: 
1. When a figure is reflected or flipped about a line of reflection: 
 
 Is the size of the image different from that of the original shape? How do you 
know? 
 What can you say about the distance of the image from the line of reflection, 
compared to the distance of the original figure from the line of reflection? 
 Is the orientation of the image different from that of the original shape? Explain. 
Free Orientation phase 
Students are given more challenging tasks and are required to do investigations on their own, 
so as to discover certain relationships. Open-ended tasks with multi-path solutions are 
provided to students, in order to encourage them to find their own solutions. 
1. Different students are given different shapes made of cardboard and asked to 
perform the following tasks (they are guided to learn that when shapes are reflected 
or flipped, the size and shape does not change. However, the position and 
orientation of the shape change) – (Concrete stage): 
 Paste the shape piece somewhere in the middle of the chalkboard. (Then all 
students observe the position of the shape on the chalkboard). 
 Trace around the cardboard and draw the shape on the chalkboard. Label the 
vertices. (Students notice the size and orientation of the shape) 
 Now draw a vertical or horizontal mirror line a short distance away from the 
original drawing. Indicate (by drawing) the position of the image on the 
other side of the mirror line. Label the vertices of the image appropriately. 
[Hint: Use your cardboard piece, by moving it around, to help you compare 
the original figure to the image so as to get the correct position of the image]  
 Does the image have the same size as the original shape? Explain. 
 Do they have the same orientation? Explain.  
 Place your shape in another position on the chalkboard and trace around it 
again. Label the vertices. Now draw a horizontal or vertical mirror line that 
touches one of the vertices of your shape. Draw and label the image on the 
other side of the mirror. Show that the image can be obtained by flipping 
the original shape on the mirror line.  
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 Go back to the other figure where the shape was reflected on the mirror line 
from a distance. Explain or show how that reflection can also be referred to 
as a “flip” of the original shapes. 
(Students confused flip (turn over) with possibility of “upside down” image (instead of side to 
side). Especially because when the mirror is horizontal, then the following reflections -which 
look like they are “upside down”, are correct: 
                                   
However, the following are not correct, where the mirror is vertical:  
                         
                                                                                                              
And these are the correct reflections for the above two cases:    
                    
 
2. Refer to the diagram below and answer the questions that follow: 
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 Explain why or how the image on the left can either be a translation or 
a reflection of the figure on the right. 
 Label the vertices of both the figure and the image in such a way that 
the transformation involved can no longer be a translation, but a 
reflection. Show where the mirror line would be.    
 
Integration phase 
Students review, integrate and summarize what they have learned in order to develop a new 
overall view. The teacher might assist, if necessary, by providing brief reference to what the 
student has learnt. 
1. Choose the correct word or statement to make the following statements true: 
 When objects are reflected, it is as if they are (flipped/shifted) over a line known 
as the line of (transformation/reflection). 
 In a reflection, the size of the image is (exactly the same as/different from) the 
size of the object. 
 When a figure is reflected on a mirror line, the image becomes (upside 
down/laterally inverted). 
 The figure and image in a reflection are found at (different distances/exactly the 
same distance) in front of the mirror and   
 
2. Explain why diagram B shows a reflection while diagram A does not:   
Diagram A 
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Diagram B 
 
 
REFLECTION  
Level 2 – Descriptive/analysis 
• uses the properties of changes to draw the pre-image or image of a given transformation. 
(draw image/original figure or picture – information phase) 
• discovers properties of changes to figures resulting from specific transformation (image 
same distance from mirror as object, each point joined by perpendicular line to 
corresponding point behind mirror – guided orientation). 
• uses appropriate vocabulary for the properties and transformation (perpendicular 
bisector- guided orientation). 
• is able to locate/draw the mirror line or line of reflection (guided orientation; free 
orientation. 
• relates transformations using coordinates (Relate to pre-test questions - guided 
orientation; free orientation; explicitation). 
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• solves problems using known properties of transformations (free orientation; 
integration). 
 
The Information phase 
The teacher identifies, through discussion, what students already know about a topic and in 
this way the student become acquainted to the topic of interest. 
 
1. The table below shows figures/pictures on the left and images on the right. If the vertical 
line in the middle of the table is the line of reflection, draw the missing figure or image 
in each case.  
 
 
 
(Some students ignored the distance of the figure/image from the mirror line and just 
drew the correct size and orientation of the figure/image in the wrong position on the 
other side of the mirror line; For some it was difficult to draw object/image of the last 
two pictures. It was helpful to ask leading questions such as: “On which side is the cut 
piece of the image of the cake?” “Therefore, on which side will the cut piece be in the 
original cake?” Similar questions had to be asked for the directions in which the two 
arrows were pointing, in the last example) 
Guided Orientation phase 
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Students work on teacher-specified tasks and the teacher guides them so that they can make 
the necessary discoveries or notice possible relationships  
 
1. Refer to the diagram below and then answer the questions that follow: 
 
 
 Draw and label the image if triangle OBZ is reflected in the mirror line 
 Join each vertex of triangle OBZ to the corresponding vertex on the image with 
a straight line. 
 Use a ruler to measure the length of the line from each vertex to the mirror line. 
Then compare this length to that of the line from the corresponding vertex of 
the image to the mirror line.  What do you notice?   
(The distance from the vertex of the figure to the mirror line is the same as that 
from the corresponding vertex of the image to the mirror line.) 
 Use a protractor to measure the angle formed where the line joining the 
corresponding vertices intersects the line of reflection. What do you notice?  
(This line is perpendicular to the line of reflection) 
 Based on the answers to the above two questions, complete the following 
sentence: 
Therefore, the line of --------------- is the --------------- bisector of the line joining 
any point and its image. (Reflection, perpendicular) 
(It was difficult for students to understand that each “point” on the figure has a 
corresponding “point” on the image – Also, there was a misconception that a 
point is not part of the line, it is rather the vertex) 
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The line of reflection is the perpendicular bisector of the line joining any point and its image. 
That is, for example: 
BBꞌ is perpendicular to the mirror line and BE = BꞌE. Similarly: 
ZZꞌ is perpendicular to the mirror line and ZF = ZꞌF and 
OOꞌ is perpendicular to the mirror line and OG = OꞌG  
 
2. A figure and its image after reflection are drawn:  
 
 Draw the line of reflection. 
 Test if your line of reflection is correct by determining if it is a perpendicular 
bisector of the lines joining points on the figure with corresponding points on 
the image.  
(Emphasis was put on the fact that the figure can be reflected even though it is 
not labelled. Also, any of the two figures (top or bottom) could be an image or 
the original figure.) 
3. Refer to the diagram with the given triangle and line of reflection. How would you 
determine where the image will be? (Some students suggested tracing the triangle and 
its line of reflection on top of squared paper, or superimposing it in a system of axis so 
that the line of reflection falls on either the x-axis or the y-axis but realised that it would 
be cumbersome, especially if some vertices do not fall on corners of the grid paper. 
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Others suggested folding the paper along the line of symmetry and then tracing over 
the shape to get its replica, that is, the image) 
Now follow the steps given to determine the position of its image: 
 
 Put your ruler in such a way that it is perpendicular to the line of reflection, 
using one of the marks on the ruler. 
 Slide your ruler until it reaches one of the corners of the triangle and then draw 
a straight line from the vertex to the line of reflection.  
 Measure the distance from the vertex to the line of reflection and then measure 
the same distance on the other side of the line of reflection to get the 
corresponding vertex of the image. Mark this point.  
 Repeat the above two steps with the other two vertices of the triangle and 
determine the position of their corresponding vertices on the image.  
 Join the three marks to get the image. Label the vertices appropriately.  
 
4. Below you are given a polygon and its image. How would you determine the line of 
reflection? (Again some students tried paper folding so as to align the two shapes and 
then press them together to get the crease that becomes the line of symmetry. This was 
rather clumsy as they struggled aligning the two shapes and ended up with many “fold 
lines”). 
Follow the steps to determine the line of reflection: 
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 Join the corresponding vertices of the polygon and its image. Measure the length 
of each of the lines. 
 Use your ruler to find the midpoint of each line and make a mark. 
 Join the five midpoints. The resulting line will be the line of reflection. 
 How do you think you can test the accuracy of your line of reflection? 
(Students were guided to realise that the line of reflection should intersect each 
of the four lines at right angles, as shown below) 
 
 
 
 
5. A triangle is drawn on a system of axis as shown below: 
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 Write down the coordinate points of the vertices of the triangle. 
 Reflect the triangle on the y- axis. (rather than : “draw the triangle when it is 
reflected on the y-axis”-since the use of this terminology was determined as one 
cause of misconception in the pre-test and during interviews) 
 Determine the coordinates of the vertices of the image formed.  
 Compare the coordinates of each vertex of the triangle with the coordinates of 
the corresponding vertex of the image. What do you notice? 
(Students were guided to discover the rule: (x; y)   (-x; y) 
 
6. A triangle is drawn on a system of axis as shown below: 
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 Reflect the triangle on the x- axis.  
 Compare the coordinates of each vertex of the triangle with the coordinates of 
the corresponding vertex of the image. What do you notice? 
 (Students were guided to discover the rule: (x; y)   (x; -y) 
 
Explicitation phase 
Students explain and express their views about the observed structure, building on their 
previous learning experiences. They describe what they have learned about the topic using 
their own language 
1. First explain why the following picture is not correct for a reflection and then correct 
it: 
 
(Most students could see the error, that is, that “the shaded parts should be on the opposite side” 
in one of the figures. However, only a few students noticed at first that the distance of the figure 
from the line of reflection is not the same as that of the image.) 
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2. An attempt was made by your friend to reflect triangle QRS on the line x = 2. However, 
an error occurred. Explain what the error is and convince your friend that this reflection 
cannot be correct: 
 
 
(A few students used coordinate rules for reflection on the y-axis and said the image was 
correct. For most students, however, it was encouraging to see that they could explain, through 
observation and measurement (counting units) among other things, why the image is incorrect. 
They were also quick to say that the “friend” simply reflected the triangle on the y-axis, without 
considering that the reflection is done on the line x = 2. In some groups of students there were 
arguments about the difference between the lines x = 2 and y = 2. Some thought that the 
mention of “x” means that the line should be horizontal, just like the x-axis, and vice versa for 
y = 2)  
Free Orientation phase 
Students are given more challenging tasks and are required to do investigations on their own, 
so as to discover certain relationships. Open-ended tasks with multi-path solutions are 
provided to students, in order to encourage them to find their own solutions. 
1. A triangle has vertices at A(-3; - 1), B(-6; - 5), C(-1; - 4). What would be the coordinates 
of the vertices of the image if it is reflected on the x-axis?  
(Many students used the rules for reflection on the x-axis and obtained the correct 
answer. Some struggled with algebraic manipulations involving negative integers, such 
as – (-1) A few decided to draw the triangle with the given coordinate. Then they 
counted units to determine the image. Finally they read the coordinates of the vertices 
of the image from the image they drew. A discussion was carried out to sensitise them 
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towards working efficiently with time, by possibly using rules where it is convenient to 
do so) 
  
2. Investigate the relationship between the coordinates of the vertices of a figure and its 
image if the figure is reflected on the line y = x. 
 
(Quite a number of students did not know where the line would be located. The 
researcher had to explain by showing them, on a system of axis, coordinate pairs that 
satisfy the equation y = x).  
 
 
 
Thereafter they were able to drawn own figures and reflect them on this line to get the 
image. (Include picture of students’ work as an example?) 
 
3. Use your own example to show that the rule (x; y)   (x; -y) is applicable when a figure 
is reflected across the x-axis.  
 
Integration phase 
Students review, integrate and summarize what they have learned in order to develop a new 
overall view. The teacher might assist, if necessary, by providing brief reference to what the 
student has learnt.  
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1. Fill in the missing words:  
 
 After a translation (or a flip), the figure still has the same ----- and ------. 
However, its position and ------------ changes. 
 
Expected answer: size, shape, orientation 
 
 
 To reflect a shape, every point of the shape must ---------- in the same ----------. 
Hence the translation --------- have the same ----------- and are parallel to each 
other. 
 
Expected answer: distance, direction, vectors, length 
 
 The ----------- is the perpendicular ------------ of the line joining any point and 
its ------------ 
 
3. Write down an algebraic expression that you could use to determine the coordinates of 
the image when a general point (x; y) is reflected as follows: 
 
 Across the y-axis. 
 
Expected answer: (x; y)   (- x ; y) 
 
 Across the x-axis. 
 
Expected answer: (x; y)   (x; -y) 
 
 Across the line x = y 
 
Expected answer: (x; y)   (y; x) 
 
 
 
 
 
 
 
 
